Imperial College of Science, Technology and Medicine
(University of London)
Department of Computing

Calculi for
Higher Order

Communicating Systems

by

Bent Thomsen

A thesis submitted for the degree of Doctor
of Philosophy of the University of London and for
the Diploma of Membership of the Imperial College.

September 20, 1990



Abstract

This thesis develops two Calculi for Higher Order Communicating Systems. Both
calculi consider sending and receiving processes to be as fundamental as nondeter-
minism and parallel composition.

The first calculus called CHOCS is an extension of Milner’s CCS in the sense
that all the constructions of CCS are included or may be derived from more funda-
mental constructs. Most of the mathematical framework of CCS carries over almost
unchanged. The operational semantics of CHOCS is given as a labelled transition
system and it is a direct extension of the semantics of CCS with value passing. A
set of algebraic laws satisfied by the calculus is presented. These are similar to the
CCS laws only introducing obvious extra laws for sending and receiving processes.
The power of process passing is underlined by a result showing that the recursion
operator is unnecessary in the sense that recursion can be simulated by means of
process passing and communication. The CHOCS language is also studied by means
of a denotational semantics. A major result is the full abstractness of this semantics
with respect to the operational semantics. The denotational semantics is used to
provide an easy proof of the simulation of recursion.

Introducing processes as first class objects yields a powerful metalanguage. It
is shown that it is possible to simulate various reduction strategies of the untyped
A—Calculus in CHOCS. As pointed out by Milner, CCS has its limitations when one
wants to describe unboundedly expanding systems, e.g. an unbounded number of
procedure invocations in an imperative concurrent programming language P with
recursive procedures. CHOCS may neatly describe both call-by-value and call-
by-reference parameter mechanisms for P. We also consider call-by-name and lazy
parameter mechanisms for P.

The second calculus is called Plain CHOCS. Essential to the new calculus is the
treatment of restriction as a static binding operator on port names. This calculus
is given an operational semantics using labelled transition systems which combines
ideas from the applicative transition systems described by Abramsky and the tran-
sition systems used for CHOCS. This calculus enjoys algebraic properties which are

similar to those of CHOCS only needing obvious extra laws for the static nature



of the restriction operator. Processes as first class objects enable description of
networks with changing interconnection structure and there is a close connection
between the Plain CHOCS calculus and the 7—Calculus described by Milner, Parrow
and Walker: the two calculi can simulate one another.

Recently object oriented programming has grown into a major discipline in
computational practice as well as in computer science. From a theoretical point of
view object oriented programming presents a challenge to any metalanguage since
most object oriented languages have no formal semantics. We show how Plain
CHOCS may be used to give a semantics to a prototype object oriented language
called O.
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Chapter 1

Introduction

1.1 Background

During the past two decades several notions for formal description of concurrent
and nondeterministic systems have been proposed. Such systems may be hardware
or software and they often involve some notion of processes which can evolve in-
definitely. The motivation for such notions can be found in the need for rigorous
specifications and formal verification of implementations meeting their specifica-
tions.

One may group the various theories into two classes according to their view
of “true”-concurrency and nondeterministic interleaving. Theories such as Petri
Nets [Rei85], Event Structures [Win80] and Mazurkiewicz Traces [Maz77] are rep-
resentatives of the class which treats concurrency differently from nondeterministic
interleaving. The second class mainly consists of the various notions of process
algebras or process calculi such as CCS [Mil80, HenMil85, Mil89], CSP [Hoa85],
SCCS [Mil83], ACP [BerKlo84], MELJE [Sim85]. We shall use the term process
calculus, as advocated by Milner in [Mil89], for the above class as opposed to the
more common term process algebra, since not everything in this class is done alge-
braically, logic and other mathematical disciplines are used. Although much effort
has recently been put into finding a commonly accepted theory for concurrent and
nondeterministic systems, to date no such unifying theory has emerged, though
the pioneering work by Boudol and Castellani [BouCas87], the work by Abramsky
[Abr90b] and the work by Aceto [Ace89] show some promising hopes for the future.

In the past decade process calculus has proved extremely successful as a de-
scription tool for specification and formal reasoning about concurrent and nonde-
terministic systems, and the international standardization organization (ISO) have
chosen to base its new standard for network specification LOTOS on the framework

of process calculus [BolBri87].
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Chapter 1: Introduction 11

Usually in process calculus the semantics of the specification language is given
in terms of a labelled transition system in the style of Plotkin [Plo81] thus yielding
an operational description of system behaviour.

On the basis of the operational semantics various notions of equivalence between
processes (or systems) have been proposed reflecting various views on observability.
Examples are Trace equivalence [Hoa81] identifying processes with the same be-
havioural language, Failure equivalence [Hoa85, Hen88] identifying processes with
the same set of failures (impossible actions or behaviour) after a trace, Bisimulation
equivalence [Par81, Mil83, Mil89] where processes must have matching states with
identical action capabilities.

In process calculus, specifications and implementations are often both expressed
in the same process language, the specification being a high level abstract process
and the implementation being a more concrete description, usually constructed of
several components in parallel. The equivalence relation is then used to relate pro-
cess descriptions on different levels of abstraction and verification or correctness of
the implementation with respect to the specification is then taken to be equivalence
of the two. Usually we do not expect to derive the implementation directly from
the specification. Rather we derive it through a series of small and successive re-
finements of the specification using the stepwise refinement approach. To ensure
correctness of the implementation with respect to the specification it is necessary
to prove equivalence of each refinement of the specification with its predecessor.
To keep the process of refinement manageable each step of the refinement process
usually consists of a small refinement of the current version of the specification. Let
p be the small part considered to be too abstract and subject to refinement and
let ¢ be the more concrete version which replaces p. If C' denotes the surrounding
specification which is left unaffected by the refinement step then C[p] is the speci-
fication before the refinement and Clq] is the specification after. To complete the
refinement step we have to prove that the new version is equivalent to its predeces-
sor. Such a proof would in general not only have to deal with p and ¢ but also the
context C'. Since (' is usually expected to be large relative to p and ¢ this calls for
an increasing amount of work. However, if the equivalence enjoys the property of
being a congruence relation then this ensures that to prove C[p] equivalent to Clq]
it suffices to prove p equivalent to ¢. This is one of the main reasons why so much
emphasis is put on ensuring that the equivalence relation under consideration in
most process calculi is in fact a congruence relation.

For some purposes an inequality theory based on a behavioural preorder may
refine the notion of equivalence. In [Hoa85] a preorder p T ¢ with the inter-

pretation of p being more nondeterministic than ¢ is used. One can use this
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to express a specification with nondeterminism built in. Implementations should
then resolve this nondeterminism and successively become more deterministic. In
[Mil81b, Hen84, Wal88, Abr87] preorders which refine the notion of bisimulation by
an explicit treatment of divergence were presented. [LarTho88] presents a preorder
which refines the notion of bisimulation by explicit treatment of under or partial
specification. It is pointed out that the stepwise refinement strategy normally used
in process calculus may have one drawback. The subspecification may be more
complex than strictly necessary because it has to cover not only the behaviour in
the particular system €' but in order to ensure congruence it has to cover behaviour
in any context. The preorder may be used to ease the task of stepwise refinement by
leaving parts of the subsystem unspecified, the only constraint being that the overall
specification is total. In [Wal88, LarTho88] the preorders under certain constraints
(e.g. absence of divergence resp. total specification) degenerate to bisimulation
equivalence.

Most process calculi provide a set of laws which are sound with respect to the
underlying operational equivalence/preorder. This allows the task of verification
to be subjected to algebraic reasoning. In many cases (see e.g. [HenMil85, Hen88,
Mil89]) sound and complete proof systems for laws concerning various sublanguages
are provided. Recently several proof checking systems have been constructed. Tools
like the Concurrency Workbench [CleParSte89], TAV [GodLarZee89] and AUTO
[LecMadVer88] may be used to construct specifications and implementations and
leave the task of verification to be carried out automatically by the system.

Instead of using the same language for both specification and implementation
logical languages have been developed to ease the task of specification. Languages
such as Hennessy—Milner Logic (HML) [HenMil85], Synchronization Tree Logic
(STL) [GraSif86] and also a Modal Process Logic (MPL) [LarTho88b] may be
viewed as representatives for this discipline. The task of verification then boils
down to showing that an implementation satisfies its logical specification. STL and
MPL may be seen as attempts to extend logical specifications with composition
operators relating to the constructs on the underlying process. This yields a form
of compositionality in the specification that gets inherited in the implementation.
Logical specifications may be used to do process synthesis automatically. Algo-
rithms that construct a process from the logical specification have been made see
e.g. [Lar87, BouLar89]. These processes may be taken as idealized implementations
and may of course be further refined by the usual algebraic methods.

Although denotational semantics have been used to validate equational laws in
process calculi [Hoa85, Hen88] the methods of denotational semantics have not been

widely used for verification purposes in process calculus though its inherent compo-
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sitional nature should encourage its use. To some extent the success of the opera-
tional approach has overshadowed the need for denotational descriptions. Another
reason may be early failures to find denotational semantics which were fully ab-
stract with respect to bisimulation equivalence, but recently very promising results
have shown how to obtain fully abstract denotational semantics for bisimulation
equivalence [Abr90a] enabling the use of denotational methods to be introduced in

process calculus.

1.2 Motivation

A calculus for computation should provide a mathematical framework for the de-
scription of and reasoning about computing systems all inside the calculus. CCS
has proved to be a very successful tool for reasoning about the complex nature of
nondeterministic and concurrent systems and it is an excellent representative for the
process calculus approach to specification and verification of such systems. Each
constructor in this calculus has been carefully chosen to provide a minimal set of
primitive constructions from which one may build more complex systems [Mil86].
At the same time CCS provides a rich and well developed theory and its expres-
sive power compares favourably with other process calculi [Sim85]. According to
[Mil80], one of the original intentions of CCS was that it should serve as the A—
Calculus of concurrent systems. Subsequent research shows that it serves well as
such for a large range of applications. But, as already pointed out in [Mil80], it
has its limitations when one wants to describe unboundedly expanding systems as
e.g. an unbounded number of procedure invocations in an imperative concurrent
programming language.

I believe that this deficiency is due to the first order nature of CCS and most
process calculi in general. Later extensions of CCS, such as SCCS [Mil83], ECCS
[EngNie86] and Mobile Processes [MilParWal89], which allow dynamic use of com-
munication channels, may be used to take care of the above problem.

I take the view that it is natural to attempt to solve the above problems by
introducing some notion of higher order constructs and treating objects of the lan-
guage as first class citizens. The extensions of CCS proposed in ECCS and Mobile
Processes seem low level and far removed from the A-Calculus analogy, since they
do not explicitly support any higher order constructions.

Higher order constructs arise in almost any branch of theoretical computer sci-
ence. The justification for having process passing in a calculus of communicating
systems may be found in the powerful and elegant abstraction technique it yields,

just as with (higher order) functions or procedures in traditional programming lan-
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guages. Many systems can be easily described using process passing, some are even
most naturally described in this way. As an excellent example take the system
consisting of a satellite and an earth station originally described by P. Christensen
in [Chr88]. One interesting property of this system is that the satellite is physically
far away from the earth station. If the program controlling the satellite has to be
changed, either because of a program error or because the job of the satellite is
to be changed, then it would be preferable to be able to send a new program to
the satellite, stop the old program and run the new program instead. Alternatively
we would have to send a space shuttle to take the satellite out of orbit to bring it
back to earth for reprogramming and then relaunch it, a rather expensive strategy.
A reprogrammable system consisting of two components could be specified, in a

CCS-like syntax, as follows:
sat = newprgle.(x | (int?.sat + error?.sat + end?.sat))

earth = newprg!job,.newprg!job,....

The satellite is ready to receive a new job on the newprg channel. After reception it
acts according to this job until it is “interrupted” either by a new job or because a
program error has occurred or because the job has finished. In this example we are
beyond CCS because of newprg?z.(x | ...), what we receive on the newprg channel
is a program (a process), we then run this program in parallel with the rest of the
system.

Recently some promising treatments of processes as first class objects in CCS-like
languages have been proposed [AstReg87, KenSle88, Chr88, Bou89, GiaMisPra89,
Nie89]. The SMoLCS-framework [AstReg87] is a general theory for specifying pro-
cesses as abstract data types including processes as values and higher order func-
tions. The framework includes operational semantics in the form of algebraic la-
belled transition systems [AstGioReg88] and denotational semantics [AstReg87b].
Both [KenSle88] and [Chr88] focus on formulating denotational semantics for CCS
respectively CSP with processes as communicable values. The main emphasis in
these references is to establish specialized functors for process passing and ensuring
that these have properties which enable them to be used together with standard
functors used in denotational semantics. In [Bou89] a CCS-like language with spe-
cial operators for “application” and process passing is presented. The language can
also be viewed as a variant of the A-Calculus extended with communication and
interleaving operators. It is shown how this language can describe an interpreta-
tion of the pure A—Calculus. A symmetric integration of concurrent and functional
programming is presented in [GiaMisPra89]. The language FACILE is a typed

higher order functional language with statements for channel creation and includes
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a process language with parallel composition and (nondeterministic) choice oper-
ators. The semantics of FACILE was given in terms of an abstract machine in
[GiaMisPra89], but has later been given an operational semantics in terms of la-
belled transition systems [GiaMisPra90]. This paper also presents an abstracting
equivalence and some of its algebraic properties. [Nie89] presents a mixture of a
typed A—Calculus and a CCS-like language, called TPL, with processes as first class
objects. It is shown how the types (including sorts of processes) of programs may
be used to detect certain errors statically. An operational semantics for TPL is
described, but no abstracting equivalence or preorder is considered.

To my knowledge, no study of process passing in its purified form has yet been
presented, except for [Tho89] where preliminary results from this thesis were pre-
sented. By process passing in its purified form I mean searching for a minimal set
of operators necessary and sufficient for this purpose along the line of viewing the
pure A—Calculus as a set of minimal operators for the study of functions in their
pure form.

We therefore set out to crystallize the foundations of process passing and study
calculi of communicating systems which consider sending and receiving processes
to be as fundamental as nondeterminism and parallel composition.

This leads us to:

e Find a process language consisting of a set of well chosen operators which
conforms to the principles of [Mil86] and provides a minimal but expressive

set of constructors, preferably including or encoding the operators of CCS.
e Find a semantic foundation for the process language and explore its properties.

e Study abstracting equivalences and preorders which preferably have the prop-
erty of being (pre-)congruences to ensure compositionality, enabling the use
of partial specification as described in [Wal88, LarTho88].

e Exemplify the expressive power of the theories by application to examples.

The introduction of processes as communicable values suggests that we have a
notion as powerful as higher order functions and the connection with the A-Calculus
should be investigated. In [MilParWal89] a framework for communicating systems
with dynamically changing interconnection structure is presented. It is suggested
that this may be used to simulate process passing; we should therefore investigate

the relationship between link passing and process passing.
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1.3 Overview

The main objective of this thesis is to study how processes as first class objects
can be introduced in process calculus and to contribute with an investigation of the
expressive power of doing so.

We stay firmly within the framework of process calculus and treat concurrency
as nondeterministic interleaving.

We put forward two calculi, CHOCS and Plain CHOCS, with slightly different
syntaxes, semantics and abstracting equivalences. Common to both is that they
consider sending and receiving processes to be as fundamental as nondeterminism
and parallel composition.

The thesis is divided into two parts. Part I consists of chapter 2 to 4 and
concerns the CHOCS calculus. Part II consists of chapter 5 and describes the Plain
CHOCS calculus.

The CHOCS calculus may be seen as an extension or an adaptation of CCS
with value passing. In chapter 2 we present the syntax and operational semantics
of CHOCS. Inspired by the developments of [Tho87] we propose a definition of
bisimulation which takes processes passed in communication into account, we call
this predicate higher order bisimulation and we investigate the algebraic theory of
CHOCS. This theory turns out to contain the algebraic theory of CCS, the only
addition being some natural laws concerning sending and receiving processes in
communication. We show how process passing can be used to simulate recursion
using a construction which resembles the Y-combinator of the untyped A—Calculus.
Clearly the set of port names which processes may use for communication through
their life time plays an essential role especially for implementation considerations.
We show how the concept of sort may be used when reasoning about higher order
communicating systems. We present a sort inference system inspired by the type
system of [Nie89]. The syntax and operational semantics of CHOCS may be formu-
lated using the SMoL.CS framework [AstReg87] and the definition of higher order
bisimulation may be obtained as a specialization of the generalized bisimulation of
[AstGioReg88] as demonstrated to me by Prof. E. Astesiano in [Ast89]. I shall not
pursue this any further in this thesis since the framework of SMoLCS [AstReg87]
does not seem to clarify the formulation of theories in this thesis. A bisimulation
predicate similar to higher order bisimulation has been presented in [Bou89]. This
predicate takes termination of processes into account to allow certain sequential
behaviour which we shall not study in this thesis.

A new theory of communicating systems should be able to describe interesting

systems which are hard or impossible to describe using existing theories. In chapter
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3 we study three applications of CHOCS in the description of higher order com-
municating systems. First we study the A-Calculus and we show how to encode
function abstraction and function application in CHOCS. We show how to obtain
different evaluation strategies such as lazy evaluation and call-by-value evaluation
by varying the interpretation. Secondly we study the imperative toy language P
from [Mil80] and we show how neatly process passing can cater for the problems of
unbounded number of call-by-value procedure invocations recognized as a problem
in [Mil80]. We also show how to describe call-by-reference procedure invocation in
P following ideas from [EngNie86]. A third case study consists of a description of a
fault tolerant editor inspired by systems investigated in [Pra88]. The editor system
is described with an automatic reboot system which in the case of a fault occurring
restarts the editor in the state just before the fault occurred, thus protecting the
user from errors out of his/her control. This system can easily be generalized to an
operating systems setting.

There have been a few attempts to give denotational descriptions of process lan-
guages with process passing [KenSle88, Chr88]. Both are formulated in a category
theoretical setting and the main purpose of both papers is to establish functors
describing the properties of process passing. A lot of effort is put into assuring
that these functors can be used together with standard domain constructors and
in recursive domain equations. I believe that it is not necessary to establish spe-
cial functors for this purpose and that standard domain theory is sufficient to give
denotational semantics for languages with processes as first class objects. In chap-
ter 4 we follow the ideas of [Abr90a] and construct a denotational semantics for
CHOCS which resides in a domain constructed using the standard constructions of
separated sum, Cartesian product, the Plotkin power domain constructor and re-
cursively defined domains. We show, under mild restrictions, that the denotational
semantics and the operational semantics of CHOCS are fully abstract. We also use
the denotational semantics to obtain a simpler proof of the simulation of recursion
result.

Inspired by the ideas of [EngNie86, MilParWal89] of the restriction operator
being a scope binder we put forward the Plain CHOCS calculus which includes
this facility in chapter 5. It turns out that this calls for a different operational
setting and we introduce the notion of higher order applicative transition systems
and propose a notion of applicative higher order bisimulation inspired by the notion
of applicative (bi)simulation from [Abr90] and the notion of strong ground bisim-
ulation of [MilParWal89]. We investigate its algebraic properties which are similar
to the algebraic properties of Mobile Processes [MilParWal89] with the addition of

laws for sending and receiving processes. We make the connection between process
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passing and link passing explicit by showing that they may be used to simulate one
another. As an example of the use of Plain CHOCS as a metalanguage we show
how one may give a formal semantics to an object oriented programming language
called O. The language O is a prototype object oriented programming language
which features most common concepts from object oriented programming such as
class, inheritance and even object passing in method calls.

Finally in chapter 6 we summarize the contribution of this thesis and we give

some directions for future work.



Chapter 2

Operational Theory of CHOCS

It has become almost a standard technique to define the semantics of process lan-
guages in process calculi in terms of labelled transition systems and thereby provide
an operational semantics framework. In this chapter we present the CHOCS calcu-
lus, its syntax and its operational semantics. We also present abstracting equiva-
lences and preorders built on the concept of bisimulation and we study the algebraic
properties these enjoy. We start by reviewing the definition of labelled transition

systems and the definitions and properties related to the notion of bisimulation.

2.1 Transition Systems and Bisimulation

When defining semantics of process languages in process calculi it has become al-
most standard to give the semantics in terms of a labelled transition system. This
yields a method of defining processes, concurrent or nondeterministic, by the set
of experiments they offer to an observer. Labelled transition systems are a simple

model of nondeterminism based upon the primitive notion of state and transition.

Definition 2.1.1 (Definition 1.4 in [Plo81])
A labelled transition system is a structure (St, Act,—), where St is a set of states
(or configurations), Act is a set of actions (or labels or operations) and —C

S5t x Act x St is the transition relation.

For (s,1,t) €— we shall write s L ¢ which may be interpreted as in state s
the system may perform a r action and in doing so evolve to a state . We use the
usual abbreviations as e.g. s L for At € St.s —— t and s 712> for =3t € St.s —— .

We shall identify the state of a process by the process, yielding a transition
system P = (Pr, Act, —) modelling the operational semantics of a system of pro-

cesses.

19
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As an abstracting equivalence between processes defined in terms of labelled
transition systems bisimulation [Par81, Mil83] is commonly accepted as the finest

extensional or behavioural equivalence between processes one would impose:

Definition 2.1.2 A bisimulation R is a binary relation on Pr such that whenever
pRq and r € Act then:

(i) Whenever p L P, then q L q for some ¢ with p'Rq'
(ii) Whenever q L q, then p LN p for some p' with p' Rq'

Two processes p and g are said to be bisimulation equivalent iff there exists a

bisimulation R containing (p,q). In this case we write p ~ q.

Note how the processes have to match each others actions by syntactically equal
actions. We shall relax this constraint in later parts of this thesis.
We may rephrase the above definition in terms of a functional B on the set of

binary relations on Pr:

Definition 2.1.3 (p,q) € B(R) iff:
(i) Whenever p LN P, then q LN q for some ¢ with p'Rq'
(ii) Whenever q L q, then p L p for some p' with p' Rq'

It is easy to see that B is a monotone endofunction on the complete lattice of
binary relations over Pr ordered by subset inclusion. Therefore by standard fixed
point result, originally due to Tarski [Tarb5], there exists a maximal fixed point for

B and this fixed point equals U{R : R C B(R)}. This fixed point equals ~. It is

easily verified that ~ is itself a bisimulation. Moreover ~ is an equivalence relation:
Proposition 2.1.4 ~ is an equivalence

In addition ~ enjoys the property of being a congruence relation with respect
to the process construction in CCS [Mil80]. (The class of constructions for which
bisimulation is a congruence has been studied in detail in [GroVaa89]).

In [Mil80] ~ (now usually denoted ~,,) was originally defined as the intersection

of a decreasing sequence of equivalences on Pr:

Definition 2.1.5

o p ~q q is always true (i.e. ~o= Pr x Pr)
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® p iy qiff Vi € Act:

(i) Whenever p L p', then q L q for some ¢ with
p/ ~p q/
(ii) Whenever q L q, then p L p for some p' with

/

P~k d
(i.e. ~pp1= B(~p)). Then ~,= Niew ~6= MNhew B”(PrQ)

This decreasing sequence is bounded below by ~ and we have ~Cn~y 1 C~y for
all k. The definition of ~ is not in general a fixed point. However, under the

condition that the transition systems is image finite it is.

Definition 2.1.6 A transition system P = (Pr, Act,—) is said to be image finite
iff for each process p of Pr and all actions T € Act the set {p’ : p L p'} is finite.

Proposition 2.1.7 If P is image finite then ~=~, on P.

~ and ~, are defined relative to a transition system. Often we want to compare
processes from different transition systems. This is done by taking their disjoint
union and use ~ resp. ~, on this new transition system. We shall freely use this

technique without further comment throughout this thesis.

2.2 Syntax and Semantics

In this section we introduce the syntax and operational semantics of a language
for description of higher order communicating systems. CHOCS extends CCS as in
[Mil80, Mil83, HenMil85] simply by allowing processes to be both sent and received
and, equally important: to be used when received.

We presuppose an infinite set Names of channel names ranged over by a, b, ¢, . ..
and an infinite set V' of process variables ranged over by x,y, z,.... A special symbol
7 not in Names will be used to symbolize internal moves of processes. Let p, q, 7, ...
(possible indexed and/or primed) range over process expressions with the following

possible forms:

1. Inaction nil. This process may be thought of as the stopped process with no

further communication capabilities.

2. Input prefix a?x.p. The prefix is a variable binder and = occurring free in p will
be bound by this construct. The process has the capability of receiving any
process on the a channel. The received process is put into use by substituting

it for the bound variable.
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3. Output prefix a!p’.p. This construct may be thought of as being able to send

the process p’ on the a channel and there after act as the process p.

4. Tau prefix 7.p. This process performs the silent action 7 and then behaves as
.

5. (Nondeterministic) choice p+p’. This process behaves as either p or p’. Which
process is chosen depends on the communication capabilities and the choice

may be nondeterministic.

6. Parallel composition p | p’. Processes composed in parallel act either asyn-

chronously interleaved or by synchronized message passing producing 7-actions.

7. Restriction p\a. This process acts like p except that communications on the a
channel with components in its surrounding context are prohibited. Inside p

communications along a can take place since they become silent T-moves.

8. Renaming p[S], where S : Names — Names. This process acts as p but
communication along channels are renamed according to S; e.g. if p can com-
municate via a then p[S] can communicate via S(a). We use the shorthand
notation p[a/b] for the renaming function which is the identity function on all

¢ € Names except b where it returns a.

9. Process variables x are to be bound by input prefix. They act as place holders

and do not occur free in programs.
The syntax of the expressions may be summarized as follows:
Definition 2.2.1

p u= nl
alx.p
alp'.p
T.p
ptp
ply
p\a
plS]
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To avoid heavy use of brackets we adopt the following precedence of operators:

restriction or renaming > prefix > parallel composition > choice.
We denote by Pr the set of processes built according to the above syntax. Readers
familiar with CCS will notice that there is no recursion construct in CHOCS. We
shall later see (Theorem 2.6.2) how recursive behaviours may be simulated using
only process passing in communication.

We focus on the process passing and leave out details about other values. Pure
synchronization may be obtained by ignoring the processes being sent and received.
We shall use the sloppy notation a?.p and al.p as action prefixing for pure syn-
chronization. Other types of values may — with little theoretical overhead — be
obtained simply by encoding the values in pure synchronization using the approach
of [Mil83] by introducing a family of value indexed guards and generalizing the
(nondeterministic) choice operator. We shall indeed use this technique in section
3.2 and we refer to this section for further discussion.

Input guards are variable binders. This implies a notion of free and bound

variables.

Definition 2.2.2 We define the set of free variables F'V(p) by induction:

FV(nil) = 0
FV(alep) = FV(p) {«}
FV(alp'.p) = FV(p)UFV(p)
FV(rp) = FV(p)
FV(p+p) = FV(p)UFV(p)
FV(plp) = FV(p)UFV(Y)
FV(p\a) = FV(p)
( [S)) = FV(p)
)

FV(x

A variable which is not free i.e. does not belong to F'V(p) is said to be bound in

The above definition may be rephrased as: x is free in p if x is not contained
in any subexpression a?z.p’. An expression p is closed if F'V(p) = (. Closed
expressions are referred to as programs and we denote the set of programs by CPr.

To allow processes received in communication to be used we need a way of
substituting the received processes for bound variables. Let § = (¢,...,¢,) be

a vector of processes and T = (x1,...,2,) be a vector of variables, then p[g/7]
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describes the simultaneous substitution of expressions g for variables T in p. We
always assume that g and T are compatible, i.e. have the same length and that =
consists of distinct variables. We use the notation FV(q) = FV(q)U...U FV(g,)
and in the case T = (x1) we write p[g/x1]. We also consider T as a set of variables
and write T N FV(p) = 0 which means that T as a set does not have common
elements with the set F'V(p).

Definition 2.2.3 The substitution p[q/T| is defined structurally on p:

nil[g/z] = nal
a?y.(plg/7]) fygTandy g FV(g)
(aly.p)la/z] = { a?z.((pl=/y])[a/]) otherwise
for some z & FV(p)U FV(q)UT U {y}
(alp'.p)lg/z] = al(p'la/7])-rla/7]
(rpla/z] = 7.(pla/7])
(p+p)@/z] = la/z) + (r'a/z])
(p | P)l@/z] = (pla/]) | (P'la/7])
(P\a)g/z] = (plg/T])\a
(p[SDla/z) = (pla/z))5]
T = {5 e

This definition extends the definition of substitution given in [Mil81] by allow-
ing substitution in processes built using the parallel composition, restriction or
renaming operators. To a certain extent this definition resembles the definition of
substitution in the A—Calculus as defined in [Bar84]. We shall pursue this further
in a later section (see lemma 3.1.8). Note how substitution is straightforward only
taking care of change of bound variables. In chapter 5 we modify this definition and
study a version of CHOCS where the restriction operator acts as a binding operator
on port names following the ideas of [EngNie86, MilParWal89].

Here are a few useful properties of substitution:
Proposition 2.2.4 Let p[p' /@] = (p1[P'/T], - ... pa|P' /7).

L. Ifznyg =0 then p[p'/Z][p" /7] = p[p" /9][P'[P" /Y]/T]-

2. plp'/z) = p[p"/T"] where T =T N FV(p) and 7" = (p1,...,pm)
with p; € {p} « x; €T & pj € p'} ice. P is the projection of P corresponding

to T,
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3. plp/zl=pifzn FV(p)=0.
4 Ifznyg =0 and p',p" are closed then p[p'/Z][p" /7] = p[p" /7][P /7).

PROOF: The proofs of 1. and 2. are easily established by structural induction
on p. The only case which needs special attention is when p = a?z.p; and z €

TUYUFV(P)U FV(p"). In this case we choose a “fresh” variable z; and proceed
on a?zy.(p1]z1/2]).
3. 1s a corollary of 2. Note the special case when p is closed.

4. follows as a corollary of 1. and 3.

The operational semantics of CHOCS is given in terms of a labelled transition
system. In [Mil80] a structure called communication trees, describing transitions of
the form p % p/, where v is some value, is used to give semantics to CCS with
value passing in communication. We shall pursue this idea and from now on we
shall consider labelled transition systems P = (Pr, Act, —), where Pr is the set of
expressions (processes) built according to the syntax of definition 2.2.1 and where
Act has the form Namesx {?,!} x PrU{r} and Namesis an uninterpreted set referred

to as a set of port names. We also study the subsystem of P where all expressions are

closed: P = (CPr, CAct, —), where CAct has the form Namesx{7,!} x CPru{r}.

?7p! : . .
p 25 p" may be read as “p can receive the process p’ at port a and in doing so

become the process p’'”.

I % p’ may be read as “p can send the process p’ via port ¢ and in doing so

become the process p’'”.

p — p' may be interpreted as “the process p can do an internal or silent move and

in doing so become the process p'”.

Note that instead of insisting on an Abelian monoid structure on the set Names
of port names as in [Mil83] we simply use the CSP-like notation of 7,! to indicate
the input/output direction of communication. We call this structure higher order
communication trees. The special symbol 7 not in Names is used to symbolize
internal moves of processes. We use 1 to stand for any action a?p, a!p or 7. For

actions of the form a?p or alp let a?p = alp and alp = a?p.
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Definition 2.2.5 Let — be the smallest subset of Pr x Act x Pr, where Act =
Names x {7,!} x PrU {7}, closed under the following rules:

prefiving:  alx.p ip; plp’ /] alp'.p Lp; P TP —p
r. ro,
 p—p p—7p
choice: — —
ptqg—17p q+p—p
r / r / r 1" T "
p—p p—p p—p q—4q
parallel:  ————— — —
pla—1'|q qalp—qlp pla—1p"1q
pip;p// pip;p// pép//
restriction: —————— ,a #b —— ,a #b o
p\b =5 p\b p\b =5 p"\b p\b — p"\b
a?p’ " alp’ 7 T 17
. p—p p—p p—>p
Ty Sty Sy o[S] > 5]
plS] —= p"[5] plS] =X pr[S) plS] — P[]

Table 2.2.1: Operational semantics for CHOCS

A process guarded by input prefix has the capability of receiving any process.
The received process is put into use by substituting it for the bound variable.
Readers familiar with [Mil80] will recognize the similarities with the operational
semantics for input guarding in CCS with value passing. Parallel composition acts
either asynchronously interleaved or by synchronized message passing e.g. a?x.p |
alp’.p” can perform a?q or alp’ as well as 7. The restriction and renaming operators
have no effect on the processes sent or received. This is a matter of choice. The
choice we have made for CHOCS in this chapter yields a very simple operational

semantics for the two constructs.

2.3 Higher Order Bisimulation

To capture the observational behaviour of processes capable of sending and receiving

processes we extend the notion of bisimulation. Bisimulation is commonly accepted
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as the finest extensional or behavioural equivalence between processes that one
would impose and the equivalence corresponds to a view where processes are black
boxes only distinguishable by their interaction capabilities in different environments.

As an excellent motivating example consider the following systems first presented

in [AstGioReg88]:

Example 2.3.1

Let p = ps + pa, py = pa + ps, pr = alpi.nil and py = alpl.nil for some ps and p4.
If ~ denotes bisimulation equivalence as defined in definition 2.1.2 then py o py
since py ﬂ nil and p, % nil but alp) # alp,,. The reason is that p| and pl, are

not syntactically equal, although we expect them to be equivalent.

The extension of bisimulation should not distinguish between equivalent pro-
cesses even when they are sent or received in communication. This is captured in

the following definition:

Definition 2.3.2 A higher order bisimulation R is a binary relation on Pr such
that whenever pRq and T € Act then:

(i) Whenever p L P, then q AN ¢ for some ¢, T’ with TR’
and p' Rq'

(ii) Whenever q L q, thenp LN P for some p, T with ' Rr
and p' Rq'

Where R = {(r,7") + (r=alp" &1 =0a?¢" & pP"R¢")V (r = alp’ & 1T’ =
ald" & p" R )V (r=1"=71)}.
Two processes p and q are said to be higher order bisimulation equivalent iff there

exists a higher order bisimulation R containing (p,q). In this case we write p ~ q.

In the above definition R takes care of extending R to the processes passed in
communication. As we shall see later this has the effect that we do not distinguish
between equivalent processes passed in communication.

We may rephrase the above definition in terms of a functional H5 on the set of

binary relations on Pr:
Definition 2.3.3 (p,q) € H3(R) iff:

(i) Whenever p L P, then q I, ¢ for some ¢, T’ with TR’
and p' Rq'
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(ii) Whenever q L q, thenp I, P for some p, T with ' Rr
and p' Rq'

It is easy to see that ‘H3 is a monotone endofunction on the complete lattice of
binary relations over Pr ordered by subset inclusion. Therefore by standard fixed
point result, originally due to Tarski [Tarb5], there exists a maximal fixed point for
H3 and this fixed point equals U{R : R C H3(R)}. This fixed point equals ~.
It is easily verified that ~ is itself a higher order bisimulation. Moreover ~ is an

equivalence relation:
Proposition 2.3.4 ~ is an equivalence

PROOF: To see this observe that the relation: Id = {(p,p) | p € Pr} is a higher
order bisimulation. This proves reflexivity.

Composition of higher order bisimulations yields a higher order bisimulation. This

proves transitivity. Composition of relations R, S C Pr? is taken to be

RS ={(p1,p3) | Ipa-(p1,p2) € B & (p2,p3) € S}.

Note how this is in the opposite order to function composition.

For all higher order bisimulations R the relation:

R" ={(p,q) | (¢,p) € R}

is a higher order bisimulation. This proves symmetry.

It is now easy to see that if a relation R is a bisimulation (definition 2.1.2) then
we can extend R by Id and obtain a higher order bisimulation R U Id. To see that
R U Id is a higher order bisimulation observe that if (p,¢) € R U Id then

o~

either (p,q) € Id and whenever p L p’ then p = ¢ L q =p with (r,r) € Id C
RUId and (p/,¢') € Id € RU Id.

or (p,q) € R and whenever p L p’ then ¢ L q with (r,r) € Id C RUId and
(p',¢') € R C RU Idsince R is a bisimulation. A symmetric argument applies
whenever ¢ L q.

Note that R above is the set of objects which we want to prove properties about,
i.e. bisimilar processes are also higher order bisimilar. The added Id relation acts
as a kind of closure operation taking care of the processes sent and received. We
shall later use this technique in proving algebraic laws for higher order bisimulation.

From now on we use the terms bisimulation and higher order bisimulation to

mean higher order bisimulation. This justifies the ambiguous use of ~.
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We may now relate the process constructions of CHOCS to the underlying se-
mantic equivalence ~. As mentioned in section 2.1 the notion of bisimulation is
relative to a particular transition system though we may relate processes from
different transition systems by taking their disjoint union and usually we do this
without explicit mention. To prove that ~ is a congruence relation with respect to
the operators of CHOCS we first study ~ with respect to the transition system (P
of closed expressions. Later we generalize this result to the transition system of all
processes P.

Let §, ~ @, mean q;; ~ qo; for all ¢;; € §;, 1 € 1,2 and let g; € CPr mean
¢, € CPrfor all ¢;; € ;.

Proposition 2.3.5 ~ is a congruence relation on programs (closed expressions).

L. plg,/7] ~ pla./7] if Gy ~ G and T = FV(p)

2. alx.p~alr.qifplr/z] ~ q[r/x] for all r
3. app~ald.qifp~qandyp ~ ¢

4. Tp~T.qifp~q

/

5. ptp ~q+qd fp~qandp ~q
6. plp~qld ifp~qandp ~q
7. p\a~q\aifp~gq
8. plSI~dqlSTifp~gq

The proof of this proposition is quite involved and we need a few technical
definitions and lemmas before presenting the proof. The reason for this is that we
can not prove the congruence properties for CHOCS using the “standard” process
calculus technique; i.e. prove that for each operator op in the process language the
relation R,, = {op(p,),op(Py) : Py ~ Py} is a bisimulation and then prove the
substitution property (i.e. that if g, ~ @, then p[g,/T] ~ p[g,/T]) by structural
induction on p. This approach fails for CHOCS in the case of parallel composition
since we need to know the substitution property to prove that the relation R is
a higher order bisimulation and we thus end up with a circular argument. This
may at first seem surprising, but the “functional” nature of CHOCS may indicate
that this property should be hard to prove: e.g. Abramsky has to give quite an

argument to prove congruence properties of the Lazy-A-Calculus in [Abr90].
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Definition 2.3.6

Let CR = {(p[q,/7].p[@,/T]) : p € Pr& T =FV(p) &G ~q & G € CPr}
and let CR™ be the reflexive and transitive closure of CR i.e. (p,q) € CR™ if there
is a sequence py...p, such that (p,p1) € CR, (piypiv1) € CR for 1 < i < n and
(pnyq) € CR.

Note if ¢; ~ ¢z then (2]¢i/z], z[q2/x]) € CR™ and we write (¢1,¢2) € CR™.

Lemma 2.3.7
If p e CPr and p ar, pand (r,r") € CR then p o, p" with (p',p") € CR for some

17

P

PrOOF: By induction on the length of the inference used to establish p ar, P
and cases of the structure of p. p = nil, p = alp;.p; and p = 7.p; are trivial since

P

p = aly.p; By the operational semantics for input prefix p AN p1]r/y] for any r.
Since p is closed either F'V(p;) =0 and pi[r/y] = p1 and p atry mlr' /[yl = m
and (p1,p1) € CRor FV(p1) = {y}. If (r,7’) € CR then r = r[q, /7] and 1’ =
r1[q,/T] for some rq with FV(ry) =7 and § ~ g, for some closed g;. Then
pilr/yl = pudnl@ /7yl = (plr/y)@ /7] and pi[r'/y] = pilrla./7]/y] =
(p1[r1/y])[@,/7] since F'V(p1) = {y} and F'V(r1) = T we have F'V(p:[r1/y]) =
T and ((p1[r1/y])[@, /7], (pa[r1/y])[a:/7]) € CR.

p=p+po pra—%>p’then

either p; AN p’ by a shorter inference. By induction p; atry p” with (p', p") €
CR. By the operational semantics for choice p; +ps o, p" with (p',p") €
CR.

or p, ar, p’ by a shorter inference and we may argue as above.
p=pr|p2 pra—%p’then

either p; AN py by a shorter inference and p’ = p| | po. By induction
25 p with (p},p]) € CR. Thus for some ps with F'V(p3) = T and
G, ~ G, for some closed g, we have p| = ps[q, /7] and p{ = p3[q,/T]. By

the operational semantics for parallel p; | ps atry Py | p2. Since p is closed

p2 is closed and pj | p2 = (ps | p2)[q,/T) and pi | p2 = (ps | p2)[G,/T] and
we have (p} | p2, p{ | p2) € CR.

alr .
or p; —» p’ by a shorter inference and we may argue as above.
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p=p\b If p am, p’ then py amr, P} by a shorter inference and p’ = p{\b and a # b.
By induction py atry pi with (pi, p{) € CR. Thus for some ps3 with F'V(ps) =7
and q, ~ @, for some closed §; we have p| = ps[q, /7| and p! = ps[q,/7].
By the operational semantics for restriction p;\b atry p{\b. Thus we have
pi\b = (ps\b)[q, /7] and p{\b = (ps\b)[,/T] and (pi\b, p{\b) € CR.

p = p1[S] Follows by an argument similar to the case p = p;\b.

Lemma 2.3.8
If p € CPr and p am, p'and (r,r') € CR™ then p atry p” with (p',p") € CR™ for

some p”.

ProoF: By induction on the length of the sequence py...p,. The base case is
covered by lemma 2.3.7 and the inductive step follows by the induction hypothesis
and lemma 2.3.7.

PROOF: (of proposition 2.3.5.1)

We show that the relation CR™ is a higher order bisimulation.

To see this we show that if (p1,p2) € CR then p; = p[q,/T] and py = p[g,/T] for
some p, T, Gy, gy with F'V(p) = 7T and §; ~ G,. And whenever p[q, /7] L p’ then
p[q,/T] LN p” with (r,1') € CR* and (p',p") € CR™. And whenever p[q,/T] L P
then plq, /7] LN p" with (r,r') € CR* and (p',p") € CR™. We only prove the first
case, the second follows by a symmetric argument. The proposition then follows by
induction on the length of the sequence p;...p,. To prove the first case above we
proceed by induction on the length of the inference used to establish the transition

plq,/T] Ly o and cases of the structure of p.
p = nil Trivial since p[q;/T] 5.

p=aly.py Assume y ¢ T (otherwise use a-conversion on y). Then p[g,/7] =

alr,

aly.(pi[g;/®]) and plg;/z] — (p[@;/zDr/y] = (pilr/v])[@;/7] since r, G;
are closed and FV(p) = T and y ¢ T. Since FV(pi[r/y]) = T we have
((pl[r/y])[ql/f],(pl[r/y])[qz/\f]) E/\CR C CR® and since r ~ r we have
(a?(x[r/x]),a?(x[r/z])) € CR C CR".

p = alp;.p; From proposition 2.2.4 we have

pl@;/7] = al(pi[@:/7])-(p2[@:/7]) = al(pil@: /7). (p:(T /7))

where T = F'V(p;) and q; is the respective projection of g;.

Then plg, /7] " (pafg? /)

and (p[q7/7°], pa[@3/7°]) € CR C CR™ and (al(pi[q;/7"]), al(pi[32/7'))) €

JE

CR C CR".
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p = 7.p1 An argument similar to the argument given in the case above yields this

case.
p=pi+pe I plq /7] = p' then

either p[q,/7] Ly p/ by a shorter inference. By induction p [G,/T] AN P’
with (r,1’) € CR" and (p',p"”) € CR". By the operational semantics for
choice we have (p; + p2)[q,/7] L p" which is a matching move.

or p[q,/T] —— p’ and we may argue as above.
_ T
p=pi|py W pl/T] — p then

either p,[q,/7] = pi[q;/7"] L pi by a shorter inference and p' = p} |
p2[@,/T) = p | p2[@/7?] where T = FV(p;) and @, is the respective pro-
jection of g,. By induction p,[q,/T] = pi[¢5/T"] LN Py with (r, 1) € CR*
and (p},p!) € CR™. By the operational semantics for parallel we have
| p@/7 = (@A) | /7)o A | pl@E Since
(p},p!) € CR" there exist ps, G , G5 and T' such that p| = ps[g /"]
and p” = ps[@ /7"] with F'V(ps) = T and g1 ~ 4. We may assume
7' N7 = 0 since if V' N 7% # ) we proceed by choosing 7 such that
T (FV(ps) UTY UF) = 0 and we have po[7"/7] = (pol5/2 DI /7
by proposition 2.2.4. Thus p} | p2[@ /%] = (ps | p2)[g UG /" UT? and
P | pal@/7) = (ps | po)[@s U@/ U and ((ps | po)l@t U Gi/7" U
], (ps | p2)[@s U g3/ UT)) € CR™.

or pa[q, /7] L P, and we may argue as above.

or r = 7 and w.log. pi[q,/7] <5 Py and ps[q, /7] SN Pl by shorter infer-

alr

ences and p’ = p | pb. By induction py[g,/T] —> p§ with (r,ry) € CR”
and (p}, pj) € CR” and pi[q,/7] “ p{ with (r,r1) € CR” and (p}, pl) €
CR*. By lemma 2.3.8 we have p;[q,/7] e py" with (rq,r2) € CR”

11

and (pf,p}") € CR". By the operational semantics for parallel (p; |

11

p2)[@./T) — p’ | py. Since (pi,p{") € CR* there exist ps, qj, g3 and

11 1

z! such that py = ps[q;/T'] and py = p3[@i/T'] with FV(ps) = T
and g} ~ @5 and since (p},py) € CR* there exist ps, G, G5 and T*
such that p), = p4[d:/7?] and p = ps[qs/T?] with FV(ps) = T* and
G ~ 3. We may assume T' N 7% = ) since if ' N7* # () we pro-
ceed by choosing ¥ such that g N (FV(ps) U FV(p) UT UT?) = 0
and we have p3[q}/7'] = (ps[y/T'])[¢} /Y] by proposition 2.2.4. Therefore
we have g} | b = (@ /7']) | (ml@/72) = (o | pa)la U G/7 U]

11

and pi" | py = (ps[@/T']) | (pal@/7°]) = (ps | pa)[@; U G/T" U 7°] and



Chapter 2: Operational Theory of CHOCS 33

(py | v, Py | Py) € CR*. (Note that if we have to introduce a “new” 7 it
is because two or more occurrences of the same x; refer to different ¢;’s

after the transition.)
p = pi\b If p[g, /7] = p then

either T = a7r, then py[q,/T] =5 p, by a shorter inference and p/ = p}\b and
a # b. By induction p;[q,/T] ar, ph with (a?r,a?r’) € CR* and (p}.ph) €
CR™. By the operational semantics for restriction (p;\b)[q,/7] atry PH\b.
Since (pi, phy) € CR™ there exist ps, G;, ¢, and T such that p] = ps[q, /7]
and py = ps[q,/T] with F'V(ps) = Tand G, ~ G, and (p\b) = (ps\b)[7,/7]
and (p5\b) = (pa\b)[7,/T] thus (p\b, p\b) € CR".

or T = alr and we may argue as above.

or ' = 7 and we may argue as above.
p = p1[S] Similar to the case p = py\b.

p =y By assumption FV(p) =7 thus T = (y) and if p[g, /7] — p' then ¢ — ¢
and p’ = qi. Since ¢; ~ ¢ we have ¢ L q§ with (F,F’) €~ C @* and
(q1,q3) €E~C CR" and we have a matching move for p[g,/7].

Proposition 2.3.9
If pe CPrandp AN pand r ~ ' then p e, P with p' ~ p" for some p".

PrROOF: If r ~ ¢’ then (z[r/x],z[r'/x]) € CR" thus (p',p") € CR" by proposition
2.3.8 and by proposition 2.3.5 we have p’ ~ p”.

PROOF: (of proposition 2.3.5.2 to 2.3.5.8)

2. This is proved by showing that the following relation By = RU ~ where:
R ={(a?x.p,alx.q) : FV(p)=FV(q) C{a}&Vrp[r/z]~ q[r/z]}

is a higher order bisimulation: Note that the above relation consists of two
parts; one part covers the structure we are interested in and the second com-
ponent is a kind of closure to cover the processes sent and received. The
second component is necessary since the processes sent and received do not
have to have the structure of the first part.

That the above relation is indeed a higher order bisimulation is easily estab-

lished.
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Assume (p,q) € R1. Then either p ~ ¢ and we are done since if p LN p’ then
q -, ¢ for some ¢', T’ with (F F) €~ C R, and (p',¢") ~C Ryorp=alep
and ¢ = alx.q¢. If a?xp/ LN p” then r = a?r and p” = p'[r/z] for some r.
Then a?z.¢ <5 ¢'[r/x] and by assumption p'[r/x] ~ ¢'[r/x] which implies
(p'[r/z],¢[r/x]) € Ry. Also (a?r,a?r) € Id C & which implies (r,r') € Ry. A

symmetric argument applies if a?z.¢’ EERN q"

3. — &. follow from

((ale.y)[(p,p")/ (2, y)], (alz.y)(q, )/ (z,y)]) € CR
((r.2)p/], (r.2)l¢/x]) € CR
((z+ P, P/ (2. y)l (2 +y)l(q,¢)/(z,y)]) € CR
((x [ 9P, P/ (@, 9)], (2 | YUg. )/ (2, 9)]) € CR
((z\a)[p/z], (z\a)[g/z]) € CR
((z[SDp/a], (z[SD]a/2]) € CR

if p~gqand p' ~¢ and = # y.

(Note that we could prove 3.-8. directly by construction of bisimulations, e.g.
to prove
plr ~qld if p~qand p'~d

we show that the relation:

R={(p|v.qld) :p~q&p ~qd}U~

is a higher order bisimulation. To see this we assume (p, ¢) € R. Then either p ~ ¢
and if p L p’ then ¢ L ¢ with (r,1’) € &~ C R and (p',¢") €E~C R and we have
a matching move or p=py | po and ¢ = q1 | q2. I p1 | p2 L p’" then

either p; L py and p" = p! | p2. Since p; ~ ¢ we know tl?at 7 I, qy
and (r,1") € ~ C R and (p},q¢)) €~C R. Then ¢1 | ¢ L g | g2 and
(P | p2,df | @2) € B

or po LN py and p” = py | p§ and similar arguments as above apply.

"o —

or I = 7 and w.l.o.g. py a—%p’l’andpg a—!r>p’2’andp = p! | py. Then ¢ mq”
with r ~ ry; and p] ~ ¢} since p; ~ ¢ and ¢, alrg, q | with r ~ ry and p2 ~ qY
since py ~ ¢3. By proposition 2.3.9 we have ¢; oy q]" and ¢ ~ ¢". Then
¢ | o= ¢ | ¢/ and (r,7) € R and (p! | pl. ¢/ | ¢}) € R.

If g1 | ¢2 L ¢" then a symmetric argument applies.)
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The relation ~ is an equivalence relation on Pr but not a congruence relation
since e.g. © ~ y but a?z.x # alx.y. Instead of using ~ directly on Pr we define ~

in terms of ~ on CPr and abuse the notation:

Definition 2.3.10
p~q iff Vrplr/z]~ q[F/T]
where T = FV(p) = FV(q) and 7 is closed.
This is equivalent to the following definition:
p~qgiffaley...alxe,.p~alxy...alr,.q
Proposition 2.3.11 ~ is a congruence relation.

PROOF: We only need to check that if g, ~ @, then p[@/T] ~ p[gz/Z]. This is
done by structural induction on p using the above definition of ~ on open terms

and proposition 2.3.5. We show two cases for illustration:

p=aly.p Assumey € T and y € FV(q,) U FV(q,) (otherwise use a-conversion
on y). By induction pi[q,/T] ~ pi[3,/T] = V7.pi[q,/7][T/Y] ~ pi[@/7][7/Y]
where 7 = FV(p1[q,/T)] = FV(p1[q,/T)] and T is closed. If y € FV(p;)
then y € 7, wlo.g. assume y = y, and let ¥ = (rq,...,r,—1) and let
T = (e umr). Thus: VP gy /AR ~ pla/3F 7
and by proposition 2.3.5.2 we have V#.a?y.pi[q, /][ /T ~ aTy.p1[q,/T][7/V']
and therefore a?y.pi[q,/T] ~ aly.p1[q;/T]. U vy € y then aly.pi[q,/T] ~
aly.p1]q,/T] follows immediately.

p =pi | p2» By induction p;[q, /7] ~ pi[@,/T] = Vrpia,/Z][F/7] ~ pila./7][F/7)]
where y, = FV(pi[q,/7]) = FV(pi[gy/T]) and T is closed. By proposition
2.3.5.6
VLT G0 /T] [T /9] | p2l@ /7] Y] ~ pil@a /][ /0] | pel@a /]2 /Y]
= 7.1 | p2) 70 /FIFT) ~ (1 | ) ]
where § = 7, UT; = FV(pn | p)l@y/7) = FV(p1 | p2)[aa/ 7)) and 7 is closed.
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Having established that ~ is a congruence with respect to the process construc-
tions in CHOCS, it is natural to consider ~ as an equational theory; containing
equations like: p | p' ~ p' | p. Of course the left hand side of this equation is a
different program from the one on the right hand side, but we would expect to find
their behaviour equivalent, and this is in fact what the equation expresses.

We only need to establish bisimulation proof for closed expressions since ~
for open expressions is expressed in terms of closed expressions. The equational
properties of ~ may yield a better understanding of the underlying semantics of
CHOCS and for the unexperienced user of the language it may turn out to be a
helpful way of understanding the language and the interplay of its constructs. In
the process algebraic framework the semantics of the ACP-language [BerKlo84] is
given entirely as an equational theory in an algebraic setting. We shall not do
so, but in fact Pr/ ~ may be considered as an algebra: e.g. (Pr/ ~,+,nil) is an

Abelian monoid as justified by the first three of the following equations:

Proposition 2.3.12

p+p ~ ptp
pt@+p") ~ (p+p)+p"

p+nil ~ p

ptp ~ p

Proor: This follows from showing that the following relations are higher order
bisimulations:

Ry = {(p+7p.,p+pyuld

Ry = {(p+ (' +0"),(p+0)+p")tuld
Rs = {(p+ml,p)}Uld

Ry = {(p+pp)}Uld

To see this observe that for (r,q) € R;,i € {1,2,3,4} we have either (r,q) € Id and
if r — ' then r = q LN q =r" with (r,1) € Id C R; and (r',q") € Id € R; and we
have a matching move or (r,q) belongs to the first part of R; and if r L5+ then

this must have been inferred by the rules for choice. Then also ¢ L which is a
matching move since (1,1) € Id C R; and (r',q") € Id C R;.
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The following are some expected properties of parallel composition:

Proposition 2.3.13

plp ~ plp
pl P ~ o)y
plni ~ p

Proor: This follows from showing that the following relations are higher order
bisimulations:

Ry = {(pl|p.p|pyuld
Ry = {19, (plp)]p")uld
Rs = {(p|ml,p)}Uld

Ry Assume (p,q) € Ry. Then either (p,q) € Id C R; and if p L p’ we can
establish a matching move for ¢ since p = ¢ L q =p with (r,r) € 1d C R,
and (p',q¢') € Id € Ry and we are done or p = py | p2 and ¢ = ps | p1.
If p1 | p2 LN p’ then this must have been inferred by the rules for parallel

composition. There are four cases:

either p; L py and p' = p} | po. Then py | py LN p2 | py which is a
matching move, since (,1) € Id C R, and (P} | p2,p2 | Py) € R

or py L phy and p’ = py | py. Then similar arguments as above apply.

a?p’ alp’ T
or T =7 and p; %pp’l’ and py &pg’ and p' = py | py. Then py | pr — ph
p{ which is a matching move, since (7,7) € Id C R, and (! | vy ph
pi) € Ry
alp’ a?p’
or v = 7 and p; — p! and py — p! and p' = p! | p!. Then similar

arguments as above apply.
If py | py L p’ then symmetric arguments apply.

Ry The argument for this case is similar to the argument for Ry though it is nec-

essary to apply the argument twice.

Rs Assume (p,q) € Rs. Then either (p,q) € Id C Rs and if p L p’ we can
establish a matching move for ¢ since p = ¢ L q =p with (r,r) € 1d C Ry
and (p',q') € Id C Rs and we are done or p = py | nil and ¢ = py. If
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p | nil LN p’ then this must have been inferred by the rules for parallel
composition. Since nil - the transition must have been inferred from a
transition of py, i.e. py LN py and p' = p| | nil. Clearly p; has a matching
move and (r,r) € Id C R; and (p} | nil,p}) € Rs. Also if py L py then
pr | nal L py | nil by the rules for parallel composition. Clearly this is a
matching move and (r,r) € Id C R and (p} | nal, p}) € Rs.

The following proposition gives a range of properties satisfied by restriction.
The order of restrictions does not matter and restriction distributes over choice.
Restriction does not in general distribute over parallel composition, but we shall
later show an interplay under certain conditions. The last clause shows that the

processes sent are not affected by the restriction on the sending processes.

Proposition 2.3.14

p\a\b ~ p\b\a
(p+p)0\b ~ p\b+p'\b
(@ p)\b ~ { alzx.p\b ifb#a

nil otherwise

(alp.p)\b ~ {a!p’-p\b ifb+a

nil otherwise

Proor: This follows from showing that the following relations are higher order
bisimulations:

Ri = {(p\a\bp\b\a)} U Td

Ry = {((p+p)\b,p\b+p"\b)} U Id

Rs = {((a?x.p)\b,a?x.(p\b)) : a # b} U{((a?x.p)\b,nil) : a =>b}UId
Ry = {((alp’.p)\b,alp’.(p\b)) : a £ b} U {((a!p'.p)\b,nil) : a=0b}U Id

As for restriction renaming only affects the sending processes, not the processes
sent. Renaming distributes over both choice and parallel composition. Two renam-
ings after one another act as the renaming using their function composition, and

renaming by the identity function does not affect the process.
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Proposition 2.3.15

Proor: This follows from showing that the following relations are higher order
bisimulations:

Ry = {((a?z.p)[5], S(a)?z.(p[S])} U Id
Ry = {((alp’.p)[5], S(a)lp'.(p[S]))} U Id
Ry = {((p+p)[5],p[S] + p'[S]} U Id
Ry = {((p | P)S],pIS] P [SD} U Id
Rs = {(p[S][S], p[S" 0 ST} U Id

Re = {(plld],p)} U Id

The interplay between renaming and restriction may be formulated as follows:

Proposition 2.3.16
(P[SDAD ~ (p\as ... \an)[5]
where {ay ...a,} = {a : S(a) = b} assuming this set is finite.

Proor: This follows from showing that the following relation is a higher order
bisimulation assuming the premisses of the proposition:

B ={((p[SD\D, (p\ax ... \an)[S])} U Id
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If Sis a 1 — 1 function we know that its inverse S~! exists and the proposition

can be rephrased as:
PLSI\b ~ p\STH()[S]

This law was incorrectly stated as a general law in [Tho89]. The mistake was
pointed out to me by Sanjiva Prasad in a private communication.

We have not listed any immediate interplay between (nondeterministic) choice
and parallel composition above. This is due to the fact that the two operators in
general do not commute, but there is a restricted interplay between them. The
following proposition is a version of the expansion theorem found in most process
algebras. It states that parallel composition may be expressed as the nondetermin-
istic choice of the sequential interleaving of the actions of the components of the
parallel composition. But note that contrary to most process algebras we can not
in general eliminate the parallel operator using this proposition. This is because
we may introduce copying of processes in communication, we may even copy the

process we are trying to eliminate. This will become clear in theorem 2.6.2.

Proposition 2.3.17 Let T = {zy...2,}, y={y1.-.yn} and TNy # P and TN
FV(g)=0 andy N FV(p) =0 then
Zf p = Zzaﬂxzpz + Z]‘a]‘!p;.pj
and q = Zkbk?yk.qk —|— Zlbl!q;.ql
then plq ~ Yalzi(pi|q)+Sa;p;.(p; | O+
Sebrtyr.(p | qr) + Zibilgl.(p | @)+
Yl aimby T-(pilar/ ] | @)+

S mel(ih) s ay=biy T-(Pi | axlP}/y])
where Y;1;.p; describes the sum T1.p1 + ...+ Tp.p, when n > 0 and nil if n =0,

knowing this notation is unambiguous because of proposition 2.3.12.

PROOF: Assume the premisses of the proposition. Let rhis denote the right hand
side of the above equation. Let

R={(p|q,rhs)}UId

Then R is a higher order bisimulation. For each transition of p | ¢ we may find a
matching transition of rhs and vice versa.

pr|qi>rthen

either p S pland r = p' | q. lf v = a;7p" then p' = p;[p"/z;] for some ¢ and
rhs ——» (pi | Q)[p'/xi] = pu[p”/xi] | ¢ which is a matching move since x; ¢
FV(q).
If r = a;!p} then p’ = p; for some j and rhs LN p; | ¢ which is a matching

move.
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or ¢ L ¢ and r = p | ¢/. Then similar arguments as above apply.
or = 7. Then

ai%q! bilq]
either p =% p,[¢//x;] and ¢ —% ¢ and r = pi[q}/x:] | ¢ and a; = b;. Then

rhs — r which is a matching move.

by 7p’ a;'p’ .
or ¢ — qu[p)/yx] and p = p; and r = p; | @ulp)/yx] | qr and a; = by Again

rhs — r which is a matching move.

If rhs — r then a similar case analysis as above will yield matching moves for

plaq.

Using these laws we may prove properties about processes without directly con-
structing a bisimulation. This approach is often much more manageable and the
two methods may be combined when convenient. In [HenMil85] and [Mil81] equa-
tions like those given above are used to prove soundness for sets of sound and
complete proof systems for the finite respectively regular sublanguages of CCS. We
shall not do so in this thesis since we cannot hope for a complete axiomatization
of the properties of CHOCS; the reason for this will become clear in the following

sections.

2.4 Sorts and CHOCS

We have deliberately chosen to refer to the set Names as a set of port names empha-
sizing that process values are to be thought of as communicated via ports. In any
implementation of a system described in CHOCS it would be of great importance
to know certain facts about these names as e.g. the number of different names,
substitutivity of names etc. We may ascribe a sort (a set of port names) to each

program. To formally define the sort of a program we need a bit of notation.

Definition 2.4.1 ¢ is a derivative of p if p —™ ¢, where p — ¢ = Ir € Act.p L
q and —* 1is the reflexive and transitive closure of —».

Definition 2.4.2 For each L C Names, let Pry, be the set of processes p such that
for any derivative q of p, if q GIER q" or q Lt q" then a € L. If p € Prp we say p
has sort L (written p :: L).

We may see how the process constructions of CHOCS act on sorts:

Proposition 2.4.3 Assume p,p’ are closed expressions, then

1. Ifpo L and L C M then p:: M.
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o

Ifa € L and p[r/x] :: L for all r then a?x.p:: L.
3. Ifa€e L andp:: L thenalp'.p:: L for any p'.

4. Ifp:: L then 7.p:: L.

5. Ifp:Loandyp i L then p+yp :: L.

6. Ifp:Landyp :: L thenp|yp :: L.

7. Ifp: L then p\a:: L {a}.

8. Ifp: L then p[S]:{S(a) : a€ L}.

PRrROOF:

1. Follows directly from definition 2.4.2.

2. Any derivative of a?x.p is either p[r/x] for some r due to a?z.p N plr/x] or it
is a derivative of p[r/z].

3. Any derivative of a!p’.p is either p due to alp’.p oy p or it is a derivative of p.

4. Any derivative of 7.p is either p due to 7.p —— p or it is a derivative of p.

5. Any derivative of p + p’ is either a derivative of p or a derivative of p'.

6. Any derivative of p | p’ has the form ¢ | ¢’ where ¢ is a derivative of p and ¢’ is
a derivative of p'.

7. Any derivative p’ of p\a is a derivative p” of p such that if p” L p" then if
r = b?q orr = blg then b # a and p' = p”\a.

8. Any derivative p’ of p[S] is a derivative p” of p such that if p” L p"" then

Y = p[5] and p'[5] 5 1S

The following semantic function may be used to compute the sort of a process:

Definition 2.4.4 dynamicsort : CHOCS — Names

a?q’

dynamicsort(p) = {a € Names : 3q,¢,¢".p —* ¢ =% ¢" or p —* ¢ o, q'}

This set is the minimal sort for an agent. The dynamic sort is often inconvenient.

We are often satisfied by coarser — but easier to compute — information which

may be extracted from the program text.
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Definition 2.4.5 We define staticsort : CHOCS — Names structurally on p:

statiesort(nil
staticsort(alx.p
staticsort(alp’.p

staticsort(T.p

/

0

{a} U staticsort(p)

{a} U staticsort(p)
statiesort(p)

staticsort(p) U staticsort(p')

(p)
statiesort(p | p staticsort(p) U staticsort(p')
(p)

{a}

a € staticsort(p)}

= statiesort(p

= {S(a) :

= Names

staticsort(p\a

statiesort(p[9]

)
)
)
)
staticsort(p+ p')
)
)
)
)

staticsort(x

Note how we need to “assume the worst” when encountering a variable. This is
because we do not know the sort of the processes which may be substituted for the
variable. Tn fact a?z.x =% p for any p, and p may have any sort which is reflected
both in the dynamic sort and the static sort of a?z.x. This “assuming the worst”
resembles how static approximations of dynamic properties of sequential program-
ming languages are made in the framework of abstract interpretation [CouCou79].
“Assuming the worst” in case of a variable implies that it is not necessary to cal-
culate the static sort of process values as may be seen from the clause for output
prefix, the sort of any process received in communication will be covered by the
static assumption on variables.

The dynamic sort and the static sort are of course related:
Proposition 2.4.6 dynamicsort C staticsort

In general we cannot hope to show that dynamicsort = staticsort since this is
undecidable, even without process passing, as a consequence of [AusBou84]. But
both dynamicsort and staticsort are sound with respect to definition 2.4.2 of a sort
for p.

We may now give some equational properties which only hold under certain

constraints on the sort.

Proposition 2.4.7 L. p\b~pifp::Landbé& L
2. (plpP)\o~p\b|p\bifpL,p o Mandbg LOM

3. p\b~ple/b\cifp::L and cg L
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1. shows that restriction has no effect if the restricted port does not belong
to the sort of the agent. 2. shows that restriction only distributes over commu-
nication if the restriction does not involve the ports which the processes are able
to communicate via. 3. shows that the name of a restricted port is not essential
up to renaming. This property corresponds to the notion of a—convertibility in
[EngNie86].

ProoF: The proposition is proved by showing that the following relations are
higher order bisimulations:

Ry = {(p\b,p) : pL &bg L} UId
R, {((p1 | p2)\b,p1\bO | p2\b) : pr: L& pe e M&DEZLNM}UId
R3 {(p\b,ple/b]\¢c) : p:L & e L}UId

That the above relations are higher order bisimulations is easily established by the

following arguments:

Ry Assume (p,q) € Ry. Then either p = ¢ and since Id C R; we are done or
p =pi\band ¢ = p;. If p1\b L p" then this has been inferred by the rules
for restriction and p, LN py and p” = p{\b and if r = a?r or T = alr then
a # b. We have thus established a matching move. If p; L py then ifr = a?r
or T = alr then a # b since b ¢ L and p; :: L. By the rules for restriction we

have p; —— pi\b and we have established a matching move.

R, Assume (p,q) € Ry. Then either p = ¢ and since Id C R, we are done or
p = (p1 | p2)\band ¢ = p1\b | p2\b. If (p1 | p2)\b L p’ then this has been
inferred by the rules for restriction and p; | ps LN p with p/ = p"\b and if
r = a?r or T = alr then a # b. The transition p; | ps L p” must have been

inferred by the rules for parallel composition and

[/ —

either p; —— py and p"” = pY | p2. Then p\b | p2\b L Pi\b | p2\b and we
have a matching move.
or py L py and p” = p; | py and we may argue as above.

/1 —

or =7 and p; I, py and py AN py and p” = pl | pi. Assume w.lo.g. T’ =
alr, then a # b since a € LN M. Then p;\b L/> py\band py\b L/> py\b.
From the rule for parallel composition we have pi\b | p2\b — p?\b | p4\b

and we have a matching move.

If p1\b | p2\b Ly p” then
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either p;\b LN py and p” = p} | p» and this is because p; LN p1 and if r =
alror v = alr then a # b and p] = pi\b. Then (p; | p2)\b L (pi | p2)\b

which is a matching move.

or pz\b L py and we may argue as above.

(Z—

or I = 7 and pl\b LN py{ and pz\b -, py and p” = p{ | py and this is
because p1 AN py and if ' = a?r or 1’ = alr then a # b and p} = pi\b
and po LN ph and if I’ = a?r or T’ = alr then a # b and pi = ph\b. Then
by the rules for parallel composition (py | p2)\b L (p} | p5)\b which is

a matching move.

Rs Assume (p,q) € Rs. Then either p = ¢ and since Id C R3 we are done or
p = pi1\band ¢ = pi[e/b]\c. If p1\b L p’" then this has been inferred by the
rules for restriction and p, LN p{ and p” = pl\b and if T = a?r or r = alr
then a # b. By the rules for renaming pi[c/b] —— p{[e/b] and by the rules for
restriction py[e/b]\c —— p{le/b]\c and we have established a matching move.
If pie/b]\c = p!c/b]\c then pi[c/b] —= p![c/b] and if T = a?r or T = alr
then a # ¢. Then p; L py and if r = a?r or r = alr then a#bsincec g L
and p; :: L. By the rules for restriction we have p;\b L p{\b and we have

established a matching move.

Sorted CHOCS

The information given by the static sort of definition 2.4.5 is often too coarse as
in p = (a?x.x | al(blnil.nil).nil)\a since staticsort(p) = Names {a}, whereas
dynamicsort(p) = {b}. As a solution to this problem one could introduce a sort
declaration on each binding of variables and limit communication to processes of
the prescribed sort. This would correspond to type declarations in typed program-
ming languages like PASCAL. This is indeed the approach of [Nie89] where a type
system including sorts of processes is presented for the language TPL. In this sys-
tem the sort of processes sent and received contributes to the calculation of the
sort of processes. The language TPL is a merge between the typed A-Calculus
and a CHOCS-like process language with processes passing. If we leave out the
non-process expressions we may degenerate TPL to a version of CHOCS (Sorted
CHOCS) with the following abstract syntax:

3:::a?3|a!5|3U5’|[B



Chapter 2: Operational Theory of CHOCS 46

p:::nilla?xES.pla!p'.plT.plp—l—pllp|p'|p\a|p[5]|:1;

where a € Names, S : Names — Names and = € V.

We use the term sort instead of type for the degenerated types described by the
first syntactic category of the above syntax. The sort expresses the communication
possibilities of processes but not their causality. We may think of @ as the empty
sort and it plays the double role of acting as L and NIL of [Nie89]. The process
part of Sorted CHOCS given by the second syntactic category of the above syntax
is given an operational semantics defined by the rules for (unsorted) CHOCS from
definition 2.2.5. The process language differs slightly from the process part of TPL.
In TPL communication takes place using a sort dependent parallel operator in the
style of [Hoa85], but p | p’ can be interpreted as p | Names | p’. The choice operator
+ differs from the or operator of [Nie89] since the first of the following operational

rules applies to p + p’ and the second applies to p or p':
b b
P + p/ L> p//

porp L>p” or p/

We now present an inference system for inferring when a process p has sort s.
We have to express sorts of open expressions and in general we have statements
like p = p : s which can be read as process p has sort s in the sort environment p.
Here p : V. — Sort is a function from variables to sorts. We write p[s/x] for the
environment which acts like p except on « where it returns s. Let py describe the

environment such that P () =0 for all .

subsort F@® Cs FsCs Fs; CspUsy F sy C sy Usy

Fs; Csy FsyCasg Fs, Cs Fs9Cs

F s C sy FsiUsy Cs Fs=ys
FsCs FsCs
Fals Cals’ Fa?’s' Cals
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pbp:s FsCy4
pbEp:s

non-structural
variables pFa:s if p(a) =s
nil pbEmnid:Q

pls/x]Fp:s
pFalerespralsUs

input

pbp s pFEp:s

output
P pbalp.p:alsUs
pbEp:s
tau ————
pbETp:s
) pbp:s pkyp i d
choice

pEp+yp isUs

bls' if s=07s"and a # b
bls’ if s=0bls"and a #£ b
trict: pbp:s n \a = 1] ifs=07s"and a = b
restriction SF s\ where s\a =4 , s — bl and a4 — b
1 ifs=0
S\aUs\a ifs=sUs"
S(a)?s' if s =a?s
) pbEp:s ) S(a)ls if s =als’
renaming > pi8] 5[50 where s[S] = " oo
SSJUS”[S] if s=s"Us"
Fop: Fp's
parallel G A , I0match (s, s")

pEplp sUs

Table 2.4.1: Sort system for CHOCS

The relation - s C s’ facilitates reasoning about subsorts. Intuitively - s C &
says that s allows more communication possibilities than s. Note that C is a quasi
ordering and U is the least upper bound, with @ as the least sort. In the rule for a?s
the ordering between types is switched. Intuitively this says that a process allows
more communications the less we assume about its input (see [Nie89] for further
discussion).

In [Nie89] the process nil is given its own sort (type) NIL. Using the sort
inference rules we may establish that p F nil : s for any s such that - NIL C s. To

a certain extent this follows ideas from [Hoa85] where each nil (or STOP) process
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has to have its sort declared, i.e. STOP4. We have ascribed nil with the sort @
instead of giving nul its own sort. The reason for this is that we want to keep in
line with ideas about sorts from [Mil80, Mil83, Mil89] where nil can have any sort.
We obtain this by @ C s for any s and p - nil : @ and the non-structural rule.
The predicate IOmatch (s1,s2) is intended to express that the output types of

p are compatible with the input types of p’ and vice versa. To formalize this we use

the following definition of [Nie89]:
Definition 2.4.8 Let d =! or d =7 then

Poa: Sort — P(Sort)

P {s} fad=dd
Paad'd’s) = { 0 otherwise
Pu(sUs) = Pu(s)U Pul(s’)

Pua(@) = 0

Intuitively P,q(s) is the set of communication possibilities that s allows over
channel @ in direction d.

Using this definition we may define [Omatch (s1,s2) as:

Definition 2.4.9

IOmatch (s1,82) <= Vj € 1,2¥a € Chan (s1) N Chan (s2).
\V/S;‘ € Pa?(S]‘).\V/Sé_j € Pay(Sg_j). F 8/1 = 8/2

{a} if s=als" ors=uals
where Chan (s) = ¢ 0 ifs=0
Chan (s")U Chan (s") ifs=sUs"

This definition differs slightly from the definition of [Omatch in [Nie89] which

would become

[Omatch (s1,$2) <= Vj€1,2.Ya € Names.‘v’S; € Pua(s)).
Vsy o € Pa(ss_j). F s =)

If Names is infinite an infinite number of conditions is introduced in the inference
system whereas IOmatch from definition 2.4.9 only needs to check a finite number

of conditions.
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We may use the sort information provided by the sort inference system to infer
properties of processes dependent on the sort information. To do this we need to

relate the sort information to the underlying (un-sorted) operational semantics:

Theorem 2.4.10 (Theorem 5.1 of [Nie89]).
Let pg Fp:s andpi>p”

(1) fr =7 then py = p": s
(2) ¢f v =alp then a € Chan (s) and (py - p" :s) and (3Is" € Pu(s).pp b p':s')

(3) ¢f r=a?p’ then a € Chan (s) and P,2(s) # 0 and
(Vs" € Pur(s).pg Hp' :s') = (pp Fp" 1)

Corollary 2.4.11 If pg Fp:s and Vs' € Pya(s).pp = ¢+ 8" for all derivatives q of
p such that q ata, q" then p:: Chan (s).

ProoF: By definition 2.4.9 and theorem 2.4.10

Intuitively corollary 2.4.11 states that if we restrict ourselves to supplying pro-
cesses which have sort declared in s when p needs an input then p’s computations
will only use the channels in s.

The proof of Theorem 2.4.10 follows the proof of Theorem 5.1 of [Nie89] quite
closely except for a few details due to the difference between operators in TPL
and in CHOCS and the fact that we use functions p for sort environments whereas
[Nie89] uses ordered lists.

Before presenting a proof of theorem 2.4.10 we need the following lemmas:

Lemma 2.4.12 (Lemma 5.2 of [Nie89]).
In a deduction of p = p: s we may assume that the non-structural rule is used after

every structural rule and axiom and nowhere else.

Proor: If we look at the proof tree for p F p : s we can transform it into a
new proof tree where we use the non-structural rule after each structural rule since

F s C s holds for all s. In this new proof tree there might be applications of

the non-structural rule followed by applications of the non-structural rule but we
Fsi Csy b sy Cosg

|—31§33

can eliminate these using the transitivity rule by replacing

pEp:isy Fsp Cas
pEp:isy

followed

each double application of the non-structural rule:

pEp:isy F sy Csg
pEp:ss

by

with the single application of the non-structural rule:
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pEp:isy Fsp Casg
pEp:ss

Lemma 2.4.13 (Lemma 5.3 of [Nie§89]).
if B s1 C sy then

Vs) € Pu(sy).dsy € Pu(sa). F sy C s,
Vs) € Pua(sy1).3sy € Puo(s2). b sy C sy

Proor: By induction on the structure of the inference - s} C s}. For the axioms
FO Cs,FsCs, ks CspUsyandb sy € sp Usy the result follows from

FsCs
Poa(®) =0 and P,y(s1 U sg) = Pua(s1) U Pua(sz2). For the rules

Fals Cals’ and

FsCs

Fa?e Cals the result follows from the definition of Py(a’d's’).

Lemma 2.4.14 if p[s'/x|Fp:sand pb p': 8" then ptplp'/x] : s

PROOF: By induction on the length of the inference p[s'/z] F p : s and cases of
the structure of p with the use of lemma 2.4.12.

We shall use the fact if @ € FV(p) then p[s'/x] F p: s iff p = p: s which is
easily established by an argument by induction.

Assume p[s'/z]F p:sand pbFp': s
p = nil Trivial since @ € F'V(nil) and nil[p’/x] = nil we have p b nillp'/z] : s.

p=y If © £y then y[p'/z] =y and € FV(y) thus p F y[p'/x] : s.
If =y then y[p'/z] = p'. Since pls'/z] F y : s we must have F s’ C s. By
the non-structural rule and p F p' : s’ we have p - y[p'/z] : s

p=aly € s;.py o =ythena & FV(aly € s1.p1) and (aly € sy.p1)[p'/x] = aly €
s1.p1 and we have p F (aly € sy.p1)[p'/x] : s.

If v # y we may assume y € F'V(p') otherwise (a?y € s1.p1)[p'/z] = alz €
s1.((p1]z/x))[p'/x]) where z # & and z ¢ FV(p;) U FV(p') and we may show
ptHaly € si.pp i sifl pt a?z € s;.p1[z/y] : s and we will have to argue on
pFalz € sipifz/y] s

By lemma 2.4.12 there exists a sort sy such that (p[s'/x])[s1/y] F p1 : s2
and F a?s; U sy € s. Since (p[s'/a])[s1/y] = (plsi/y])[s'/x] if @ # y we
have (p[si/y])[s'/x] F p1 : s2. By induction (on (p[s1/y]) = p : s) we have
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(plsi/y]) B mlp'/x] : s2. Since @ # y and y ¢ FV(p') we have (aly €
si.p)p'/x] = aly € sipi[p/x]) and we have p F (aly € si.p1)[p'/z] :
alsy U sz, By Fa?s; Usy C s and the non-structural rule we have p = (a?y €
s1.p)lp' /]« s,

The rest of the cases follow straightforwardly by induction and use of lemma 2.4.12.

We give one case for illustration:

p=p1 | p2 By lemma 2.4.12 there exist sorts s; and s, such that p[s’/z] F p; @ s
and p[s'/x] F p2 : s2 and [Omatch (s1,3;) and F s; U sy C s. By induction
p bt oplp'/a] © s1and p b pa[p'/a] ¢ sa. Since pi[p'/a] | pafp'/a] = (p1 |
p2)[p'/x] + s we have p F (p1 | p2)[p//x] : s1 U sg and by the non-structural
rule p = (py [ p2)[p'/7] : s.

With this machinery in hand we now prove theorem 2.4.10.

PROOF: Assume pbkp:sandp L p’. We proceed by induction on the length
of the inference used to establish p LN p’. Consider the possible forms of p:

p = nul Trivial since nil 4.

p=alr € s1.p; Then a?x € s1.p LN p[p'/z]. By lemma 2.4.12 there exists a

sort s, such that P [s1/x] F p1 @ sy and F (a?s1) U sy € s. Thus we have
a € Chan (s). Assume py b p': s for all s' € Py2(s) then by lemma 2.4.13
we know pg b p': sy holds. Using lemma 2.4.14 we get pg b pi[p'/z] : 55 and
by the non-structural rule we have py E pi[p'/x]: s. Also Pye(s) # 0 holds.

p = alp;.p; Then alp;.ps oy p2. By lemma 2.4.12 there exist sorts s; and s, such
that P F opy @ sy and P Fop2: sy and F (alsy) U sy € s. Thus we have
a € Chan (s) and by the non-structural rule we have pg I p2:s. By lemma
2.4.13 we have Js’ € Pa;(s).pm F py @ s namely s’ = s;.

p=71.py Then 7.p; - p;. By lemma 2.4.12 there exists a sort s; such that pp
p1 : 81 and F s; € s. By the non-structural rule we have P Fopr:os.

p=p+p2 I pr+po L p’ then either p; L p’ or py LN p’ by a shorter inference.
We consider the case where p, L p’, the other case is similar. By lemma
2.4.12 there exist sorts s; and sy such that P Fpp: sy and P F py @ s9 and
F s1 Usy C s. We have the following possible forms of r:

r =7 By induction py p’ : s and by the non-structural rule we have

pp Ep s
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r = alp” By induction @ € Chan (s1) and pg = p' : s1 and py F p” : 8"
for some s” € Pu(s1). By the non-structural rule we have P Fpoos
and by lemma 2.4.13 we have pp b p” : s” for some s” € Pu(s) and
a € Chan (s).

r=alp” Assume pg = p” 8" for all " € Pp(s1). By lemma 2.4.13 we
have P Fop” o s” for all s € Pys(s). By induction @ € Chan (s4)
and P Fp' @ sp and Pyr(s1) # 0. By the non-structural rule we have
pp b P’ : s and by lemma 2.4.13 we have Py(s) # ) and @ € Chan (s).

p =p1 | p2 By lemma 2.4.12 there exist sorts s; and s, such that P F pp @ s; and
P F pa : sy and [Omatch (s1,89) and F 53 U sy C s If py | po HLN Py | p2
then

either p; L py by a shorter inference and p’ = p} | p2. An argument similar

to the one given for p = p; + po applies.

or py L ph by a shorter inference and p’ = py | py. An argument similar to

the one given for p = p; + py applies.

or py LN py and po LN ph by shorter inferences and p' = p| | py. Assume
w.lo.g. that 1 = a?r. By induction a € Chan (sz) and pg t py @ s
and P For:s) for some s, € Pu(sz). From [Omatch (s1,s2) we have
whenever s] € P,2(s1) then P Fr: ). By induction @ € Chan (s1)
and Py F pl :sp and Pyo(sq) # 0. Tt follows that P Fopl | ph s s U s,

By the non-structural rule we have py  pj | pl = s.

p = p1\b By lemma 2.4.12 there exists a sort s; such that P Fopr:spand Fs;\bC
s. I p\b L p’ then py L py by a shorter inference and p’ = p;\b. We have

the following possible forms of r:

r = 7 By induction P Fpl s and P F pi\b: s1\b. By the non-structural
rule we have py F pi\b: s.

r=alp” Then a # b. By induction @ € Chan (s1) and ppy F p; : sy and
P Fp" 8" for some s” € Pu(sy). Since a # b we have a € Chan (s;\b)
and Pu(s1) = Pu(s1\b). From P F pi\b : s1\b and the non-structural
rule we have pg F p; : s and by lemma 2.4.13 we have py F p”: " for
some s € Py(s) and @ € Chan (s).

r=alp” Assume pg F p” : s” for all s” € Pye(s1). By lemma 2.4.13 and if
a # b we have P,2(s1) = Pyo(s1\b) we get P Fp” s for all 8" € Pua(s).
By induction @ € Chan (s1) and P F pl : sy and Pue(sy) # (0. By the

non-structural rule we have pg + py : s and by lemma 2.4.13 we have
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Pu2(s) # 0 since Pye(s1) = Pyo(s1\0) if @ # b. We also get a € Chan (s)

since a # b.
p = p1[S] An argument similar to the argument for the case when p = p;\b applies.

p = x Trivial since = /4.

2.5 Observational Equivalence

When t-actions are interpreted as unobservable internal actions the bisimulation
equivalence between processes is too distinctive. To refine the bisimulation equiva-

lence we need the following derived transition relations based on observable actions:

Definition 2.5.1

T

p=p = p(—) Ly

p=1p = p-=" Yy

where p SLANENN p’" means 3p'.p L p & p LN P and =" is the reflexive

and transitive closure of —.

Intuitively we may read p “p, p" as “after a finite number of internal actions

p is in a state where it can receive a process p’ on « and in doing so end up in a

119

state p/”. If p == p" we know that p has at least one 7-transition and Z="
The above definition of derived transition relations follows [Mil81b] and [Abr87]

*alpl 7 *

p”. The

definition we use facilitates the proofs of congruence properties and we have been

[/ —

as opposed to the more common definition: p “r P =p - -5

unable to prove these with the usual definition of derived transition relations.
Weak higher order bisimulation equivalence or observational equivalence may

now be defined:

Definition 2.5.2 A weak higher order bisimulation R is a binary relation on Pr
such that whenever pRq and & € (Act {r})U{e} then:

(i) Whenever p =N P, then q N ¢ for some ¢, &' with s Ra'
and p' Rq'

(it) Whenever q =N q, then p N p for some p', o' with
o' Re and p'Rq'
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Where IE’ = {(e,0") : (o = alPp'&d = a?¢"&p"R")V (2 = alp'& s =
ald"&p"R¢")V (e = 3" = ¢)}.
Two processes p and q are said to be weak higher order bisimulation equivalent iff
there exists a weak higher order bisimulation R containing (p,q). In this case we

write p ~ q.

We may define WH3(R) for R C Pr? as the set of pairs (p,q) satisfying clause
(1) and (12) above. It is easy to see that YWH3 is a monotone endofunction and that

there exists a maximal fixed point for WHB. This equals ~.
Proposition 2.5.3 =~ is an equivalence

PROOF: As proposition 2.3.4.
Bisimulation equivalence is more discriminating than observational equivalence

which is a direct consequence of the following proposition.
Proposition 2.5.4 p~p' = p=yp

PROOF: The relation R = {(p,q) : p~ q} is a weak higher order bisimulation
which follows from p — p’ implies p = p'.
As a consequence of proposition 2.5.4 we know that s satisfies the equations of

propositions 2.3.12 to 2.3.17. Moreover ~ satisfies the following:
Proposition 2.5.5 p ~ 7.p.

PROOF: The relation R = {(p,7.p)} U Id is a weak higher order bisimulation.
To see this observe that

if p N p then 7.p — p =N p’ thus 7.p N p and (8,9) € Id C R and
(p',p") € I1d C R.
Also if T.p 2 p’ then

either & = ¢ thus 7.p - p’ and

either p’ = 7.p in which case p = p which is a matching move since (¢,¢) €

R and (p,7.p) € R.

or 7.p — p ——" p' in which case p - p’ and since (e,e) € R and
(p',p") € Id C R we have a matching move.

or ¢ =r and r # 7 thus 7.p AL> P L p’ and then p L p’ which is a matching
move since (T,T) € Id C R and (p',p) € Id C R.
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The observational equivalence & does not enjoy the property of being a congru-
ence with respect to the operators of CHOCS. As for CCS it is the (nondetermin-
istic) choice operator which presents problems as may be seen from the following

counter example first presented in [Mil80]:

Example 2.5.6 7.nil ~ nil but al.nil 4+ 7.nil % al.nil + nail since alnil + 7.nal —=
nil but al.nil 4+ nil = nal.

More surprisingly perhaps is that ~ is not in general preserved by parallel compo-

sition which may be seen from the following example:

Example 2.5.7 Let p; = blx.(al.nil+x) and ¢ = bl(7.nil).nil and ¢z = bl(nil).nil.
Then py & py and q; =~ qz but py | q1 % p1 | @2 since p1 | i —— (al.nil + 7.nil) | nal
whereas p; | ¢ — (al.nil + nil) | nil and as we saw above these two states are
incomparable. In this example the states distinguishing py | ¢1 from py | g2 occur
after just one transition, but it is easy to generalize the example to any depth of

transition.

Let Pr~ be the set of processes constructed according to the syntax of definition
2.2.1 but without the use of the +-operator. Let P~ = (Pr ,Act”,—) where
Act™ = Names x {?,1} x Pr- U{7r} and let CPr~ and (P~ be defined in the obvious

way.
Proposition 2.5.8 =~ is a congruence relation on Pr™.
L plq,/7] = pl,/7] if 9, = T,
2. alr.prale.qif plr/x] & q[r/x] for all r
3. alp)p=ald.qifp~qandp ~d
4. TpxT.qifprqg
5. plP=qld fprqandp =g
6. plarq\aifp=~gq
7. plSl=qlS]ifprq

We prove this proposition by showing that ~ is a congruence relation on CPr~

and then lift the definition of & to open expressions in the standard way:

Definition 2.5.9
p~q yf Vrp[r/T] = q[F/7]

where T = FV(p) = FV(q) and 7 is closed.
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The proof of the congruence property of ~ on CPr~ closely follows the proof of
the congruence property of ~. It is useful to have the following alternative definition

of weak higher order bisimulation:

Definition 2.5.10 An alternative weak higher order bisimulation R is a binary

relation on Pr such that whenever pRq and T € Act then:

(i) Whenever p L P, then g L g for some ¢, v with TRr
and p' Rq'

(ii) Whenever q L q, thenp L o for some p/, T with ' RT

and p' Rq'
€ ifr=r
WhereT =< a?’p ifr=alp

alp ifr=ualp
If there exists an alternative weak higher order bisimulation R containing (p,q) we

write p &' q.

We may define AWVHB(R) for R C Pr? as the set of pairs (p, ¢) satisfying clause
(1) and (i7) above. It is easy to see that AVHB is a monotone endofunction and that
there exists a maximal fixed point for AWH5. This equals ~'.

/

Proposition 2.5.11 ~ =~

PROOF:

~ = &' To see this we show that Ry = {(p,q) : p ~ ¢} is an alternative weak
higher order bisimulation.
This is easily established since if p L p’ then p L p’. Thus ¢ =N q' with
F&e and p' & ¢ since pa q. Definer’ =7 ife =, 17" =a?p” if o = a?p” and
' =alp” if & = a!lp”. Then ¢ g ¢’ which is a matching move.
A symmetric argument applies if ¢ LN q.

~' = ~ To see this we show that Ry = {(p,q) : p & ¢} is a weak higher order
bisimulation.

This is easily established since if p 2 p’ then

o~

either & = ¢ and p = p/. In this case ¢ 2 ¢’ and since 7 = ¢ we have eas
and p’ &' ¢ and we have a matching move.
or ® =¢ and p Sy p'. Then ¢ == ¢ with FA'F and p &' ¢ since p & q.

This establishes a matching move.
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a?p! a?p! alp!

or o = a?p” and p =5 p'. Then ¢ =5 ¢ = ¢ =5 ¢ with a?p’~alp” and

p' &' ¢ since p &' ¢q. This establishes a matching move.

or & = a!p” and we may argue as in the previous case.

If ¢ N ¢’ a symmetric argument applies.

Definition 2.5.12
Let WCR™ = {(p[a, /7] pl@/Z]) : p€ Pr- & T =FV(p) &g =g &g € CPr}
and let WCOR™ be the transitive closure of WCR™.

Note if ¢; & ¢z then (z]qi/z], 2[q2/x]) € WCR™ and we write (¢1,¢2) € WCR™.

Lemma 2.5.13
Ifp e CPr~ and p =5 pf and (r,r") € WCOR™ for some r' then p atr, p" and
(p',p") € WCR™™.

PrROOF: Aslemma 2.3.8.

With these preliminaries in hand we may now prove the congruence property of
~ on Pr~.
PROOF: (of proposition 2.5.8) To see 1. we show that the relation WCR™™ is an
alternative weak higher order bisimulation. First for (p1,p2) € WCR™ we show

that: Whenever p; = p[q, /7] Ly o/ then p, = p[q,/T] ; p" with (7,17) € WCR™
and (p/,p") € WCOR™™. We proceed by induction on the length of the inference used
to establish the transition p[q, /7] LN p’ and cases of the structure of p. The only
case which differs slightly from the proof of proposition 2.3.5 is the following:

p=pi | p2 1 p[q,/7] == p' then

either p,[q,/7] = pi[q;/T"] L Py by a shorter inference and p' = p) |
p2[@,/7) = Py | p2[@ /7] where T = FV(p;) and @, is the respective
projection of g,. By induction p,[q,/T] = p1[q5/7T"] SN pl with (F,7) €
WCR™ and (pi,p!) € WCR™. Since (p},p]) € WCR™™ there exist
ps. Gb, @b and Z' such that p} = ps[gl /"] and p? = ps[gh /Z"] with
FV(ps) = 7" and @' ~ @'. We may assume 7' N7> = () since if
7'NT? # 0 we proceed by choosing 7 such that FN(FV (p3)Uz" UT?) = ()
and we have p3[g! /"] = (ps[7/T"'])[q}' /7] by proposition 2.2.4. If ¥ = ¢
and p! = p[q/T'] then pi[@h/Z'] = ps[q /T"] otherwise we use the

operational semantics for parallel and we have



Chapter 2: Operational Theory of CHOCS 58

(1 | p2)[@/7) = (m[@/7) | (ml@/7)) = p! | pa[@3/7%]. Thus p) |
P2 /%] = (ps | p2)la@t UQI/xll Uz and p | pa[@3/7°] = (ps | p2)l@s U
7/ Uz and ((ps | p2)[@t Ut/ U2, (ps | p2)[@s UGs/Z" UT?)) €
WCOR™™

or p[q,/T] —— p, and we may argue as above.

or 1 =7 and w.l.o.g p1[q, /7] LI Py and p2[gq, /7] iy pl, by shorter inferences
and p' = p} | py. By induction pg[qz/f] 4y py with (r,r) € WCR™
and (phy,py) € WCR™ and pl[qz/x] £ ! with (r,r1) € WCR™ and
(p},p) € WCR™™. Thus p:1[g,/7](— )p5 % py for some ps. By lemma
2.5.13 we have ps iy p’l” with (ry,r) € WCR™™ and (p{,p}’) € WCR™™.
Therefore py[q,/Z)(—)ps a3y U= 1[G, /7) oy p!". (Note that we
need to know that pf is the state 1mmed1ately after the input-transition
in order to apply lemma 2.5.13 as we did above. It is an open question
if the proposition can be proved if p! occurs after a sequence of internal
moves i.e. if we had used the usual definition of :F>) By the operational
semantics for parallel (p; | pz)[(b/l'] = p/" | p§. Since (p|,p}) €
WCR™ there exist ps, q1, g5 and T' such that p} = p3[qi/7'] and p’ =
pa[g5/T'] with FV(ps) = 7" and g} =~ @, and since (p),p)) € WCR™
there exist py, G, G5 and T2 such that p), = ps[q? /7% and p’2’ = p4[q3 /7]
with FV(ps) = 7% and ¢ ~ g5. We may assume T' N 7% = {) since if
7' NT* # () we proceed by choosing ¥ such that N (FV(ps) U FV(ps) U
— (p[7/F ) /7] by proposition
22.4. Therefore we have g} | 7y = (psl@l/T) | (pal@/7]) = (ps |
pl@ UR/F U P and | 9 = (laf®]) | Gl @/7]) = (|
P U/ UF] and (), | pho gl | o) € WOR™,

Tt UT?) = () and we have ps[q;/T']

Next we s show that if (p1,p2) € WCR™ and p; L py then p, S ply and
(f,T') € WCR™ and (pf,py) € WCR™™. This follows by induction on (m,n) in

the lexicographic order on w X w where m is the number of —s—transitions used in
establishing p; L py and n is the length of the transitive sequence used to establish
(p1,p2) € WCR™™. The base case (0,0) is trivial since p; = p; for 7 € {1,2} and
(p1,p2) € WCR™. The case (0,n + 1) follows by induction and the base case. To
prove the inductive step it is useful to prove the case (1,n) for all n. The case (1,0)
follows from the first step above. The inductive step (1,n + 1) follows by applying
the first step above to the first pair in the transitive sequence and induction on
the remaining n pairs. To see the case (m + 1,n) for all n, we use induction on
(m,n) for all n and apply the result for (1,n) for all n for the last transition in the

sequence.
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The overall result then follows by induction on the length of the transitive se-
quence. The base case n = 0 follows from the first step above and the inductive
step follows by applying the first step above to the first pair (p1, p2) € WCR™ of the
sequence py ... p,11 reducing its length by 1, then applying the induction hypothesis
and the second step above to the rest of the sequence ps...p,11.

2. to 7. follow by constructions similar to those given in the proof of 2. to 8. in

proposition 2.3.5.
The above result only applied to processes in Pr~. We may obtain a congruence
relation on Pr containing ~ using techniques presented in [Mil80, Mil89].

Definition 2.5.14
p=°q iff YC.Cp] =~ Clq]
where C 1s a context.

Generally a context is an expression with zero or more “holes” to be filled by an
expression. We write C'[p] for C[ ] with p exchanged for [ |. We deliberately use the
word exchange instead of substitute since according to the definition of substitution
(definition 2.2.3) change of bound variables is taken care of, whereas free variables

in p may become bound in C'[p].
Proposition 2.5.15 1. = is a congruence

2. if =1 is a congruence and p<1 g = p &= q then p<q= p ~&° q.
Corollary 2.5.16 p~ g= p~°q.

Note that we do not have to define &~° on closed expressions first and then lift
it to open expressions since a?xy ...alx,.[] is just a special context.

The definition of observational congruence yields that a¢ is the largest con-
gruence containing . The definition is rather awkward to work with and it is
useful to find alternative descriptions. A “standard” alternative characterization of

observational congruence first presented in [Mil80] is in terms of +-contexts:
Definition 2.5.17 p~T q iff Vrp+r~qg+r

It is surprising to observe that this definition is not in general a congruence

relation on Pr as may be seen from the following example:

Example 2.5.18 Let py = b?x.(alnil+x) and ¢ = bl(7.nil).nil and gy = bl(nil).nal.
Then py ~% p and ¢ =% qo but py | ¢1 % p1 | q since for all v we have
(p1 | )+ SN (al.nil + 7.nel) | nil whereas (p1 | g2) + r SN (al.nil + nil) | nil

and as we saw in example 2.5.6 these two states are incomparable.
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At first this may seem quite surprising, but the power of sending and receiving
processes in communication might suggest that the congruence property should al-
ways hold for the communicated processes since these might turn up at any stage
and that we therefore should look for a recursive formulation of observational con-
gruence.

As an attempt to define a bisimulation-like predicate characterizing observa-

tional congruence we propose the following definition inspired by [Abr90b].

Definition 2.5.19 An irreflexive weak higher order bisimulation R is a binary

relation on Pr such that whenever pRq and T € Act then:

(i) Whenever p L P, then g L g for some ¢, v’ with TRr
and p' Rq'

(ii) Whenever q LN q, thenp L o for some p/, T with ' RT
and p' Rq'

If there exists an irreflexive weak higher order bisimulation R containing (p,q)

we write p = q.

Note that this definition only differs from definition 2.5.10 by insisting that

whenever p L P, then ¢ L ¢’ and not ¢ L ¢’. This mean that any 7-transition
of p must be matched by at least one T-transition of ¢ and vice versa.

We may define DAH3(R) for R C Pr? as the set of pairs (p, ¢) satisfying clause
(1) and (i2) above. It is easy to see that IWHB is a monotone endofunction and that

there exists a maximal fixed point for DVH3. This equals /.
Proposition 2.5.20 ' is a congruence relation on Pr.

1. =" is an equivalence.

2. pla,/7) ~ pla,/7) if 7 ~' G
3. alz.patalr.qif plr/z] & qlr/x] for all r

/

4. alp'p~talq.qifptqandp ' q
5. TR T.qifpat g
6. p+p~q+q ifpaqandp =~ q

/

7. plY=q|ld ifpaqandp = ¢

8. p\a ~L g\a if p ~t g
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9. p[S]~ q[S]ifp~iq

The proof that as* is an equivalence follows from the same kind of arguments
given for proposition 2.3.5 and proposition 2.5.8. We prove /' is a congruence
relation on CPr and then lift the definition of &' to open expressions in the standard
way. The proof of the congruence property of ~* on CPr follows the proof of

congruence property of ~ on CPr™.

Definition 2.5.21
Let IWCR = {(p[@1/7).p[@/7]) : p€ Pr & T=FV(p) &G ~' G & G € CPr}
and let IWCR™ be the transitive closure of IWCR.

Note if ¢; & ¢y then (z[q:/z], z[g2/z]) € INWCR and we write (q1, ) € IWCR.

Lemma 2.5.22
Ifpe CPrand p 5 o and (r,1') € IWCR* for some ' then p o and
(p,p") € IWCR™.

Proor: As lemma 2.3.8

PROOF: (of proposition 2.5.20) The proof of 1. follows the proof of proposition
2.5.8.1 i.e. we show that the relation IWCR™ is an irreflexive weak higher order

bisimulation. First for (p1,p2) € IWCR/V&G show: Whenever p; = p[q, /7] L P
then py = p[q,/7] L p" with (F,7) € IWCR* and (p',p") € IWCR”. To do this we
proceed by induction on the number of inferences used to establish the transition
plq, /7] L p’ and cases of the structure of p. The only case which did not occur
in the proof of proposition 2.5.8 is the following:

p=pi+pe I plq /7] = p' then

either p[q,/7] L p’ by a shorter inference. By induction p;[g,/7] L P’
with (F,i') € IWCR® and (p',p") € IWCR". Since pi[g,/7] = p"
implies that at least one transition takes place we can apply the opera-
tional semantics for choice and we have (p1 + p2)[q,/T] L. p” which is a

matching move.

or p[q,/T] —— p’ and we may argue as above.

As in the proof of proposition 2.5.8.1 we establish that if (p1,p2) € IWCR" and
P == P then py == p and (7, %) € IWCR* and (p?,p!) € IWCR". This follows
by induction on (m,n) in the lexicographic order on w x w where m is the number of
—s—transitions used in establishing p; L py and n is the length of the transitive
sequence used to establish (pq, p2) € IWCR”.
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The overall result then follows by an argument similar to the argument given
for 2.5.8.1 i.e. by induction on the length of the transitive sequence.
2. to 8. follow by constructions similar to those given in the proof of 2. to 8. in

proposition 2.3.5.
Corollary 2.5.23 pr'¢ = pr°yq

PROOF: It is easy to establish that p ' ¢ = p ~ ¢. The proposition then
follows from the congruence property of a* and proposition 2.5.15

We may now turn to the algebraic properties of ~%. Sincep ~q¢ = p~'qthe
algebraic laws for ~ also apply for ~*. In addition ~ satisfies the following 7-law:
Proposition 2.5.24

p+T.p ~ T.p
Proor: We show that the relation:
R={(p+r.p,7.p) : p€ CPriUId

is an irreflexive weak higher order bisimulation.

To see this observe that if p+ 7.p L p’ then

either p —— p’ and 7.p = p with (T,T) € Id C R and (p',p") € Id C R.

or T.p LN p and r = 7 and 7.p — p’ with (7,7) € R and (p',p') € IdC R.

Also if 7.p LN p/ then p = pandr =7 and p+ 7.p LN p with (7,7) € R and
(p',p") € I1d C R.

However, the following 7-laws are not valid for ~':
1. alx.rp~tale.p
2. alp.rpatalp.p
3. T.TpRITY
4. alr.(p+T1.q)+alr.qgx alr.(p+1.9)

5. alp.(p+7.q)+alpgxtap.(p+1.q)

S5

T (p+71.q)+1.qg~ T.(p+T1.9)
The first three laws correspond to the 7-law: a.7.p & a.p of CCS [Mil89]. In
fact this law is not valid for a2* even without process passing since if p = nil then
al . al . . = . : . . . T .
al.t.p — 7.p and al.nil = nil with al~x‘a! but 7.nil &° nil since 7.nil — nil
whereas nil #=. The last three laws are not valid for ~* because of the definition

of == This fact was noticed by Walker for CCS in [Wal88].

It is an open question if the following 7-laws are valid for ~¢:
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1. a?z.m.p=alx.p
2. alp'.t.p=falpp
3. TTpxST.p

So far [ have been unsuccessful in either validating or refuting these. If they were
invalid we should be able to find a context C' such that C[pre.7.p] % Clpre.p] where
pre is either a?x, alp’ or 7. Example 2.5.18 suggests that we look for a context which
“strips oftf” the initial action pre and sends 7.p respectively p into the troublesome
context al.nil+[]. However, it does not seem to be possible to define such a context
in CHOCS since the processes we send are inactive until received and instantiated

for a free variable. It is worth noting that if we had the following operational rule

/ T 17
from [Nie89]: p—r

— we could refute the above 7-laws.
alp’.p — alp’.p

2.6 Recursion

We have seen that almost all properties of CCS carry over to CHOCS but since
CHOCS includes higher order constructs one would expect to find it more powerful
and indeed it is. In CCS the recursion operator rec x.p is the only operator capable
of introducing infinite behaviours. rec . is a variable binder and F'V and [/ | have

to be extended according to this:

FV(recx.p)=FV(p) {«}

and
recy.(plq/z]) if y # @ and
y & FViq)

(vecyplafe) = § T PEIDlaleD or some = 7

and not free in

¢ nor p otherwise

In CCS recursive processes have the following operational semantics:

plrecx.p/x] LN P

r /
recr.p — p

This inference rule basically says that a recursive process has the same deriva-
tions as its unfoldings. In CHOCS we can “program” a recursion construct to
obtain infinite behaviours. To a certain extent this construct resembles the Curry
paradoxical combinator Y[ | = (Az.[ |(xzz))(Az.[ |(xx)) which is often referred to as
the Y combinator in the A-Calculus.
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Definition 2.6.1 Let W,[] be the context:

ale.([][(z | ale.nil)\a/x])

and let Y,[] be the context:
(Wl ]| (Wl )il
Note that if F'V(p) C {«} then

Yolp] — (pl(x | ale.nil)\a/«)[Walpl/2] | nil)\a = (p[Yz[p]/«] | nil)\a
~  (p[Yalpl/2])\e = (P\a)[Yz[p] /2]

By proposition 2.4.7 we have (p\a)[Yz[p]/x] ~ p[Yz[p]/«] if p:: L and a & L.
Note how Y[ ] needs a 7—transition to unwind the “recursion”. This resembles
the unwinding of recursion in the inference rule of recursion in TCCS [HenNic87]:

recz.p ~ plrecx.p/x], where ~» may be read as —.
Theorem 2.6.2 Y,[p] ~ reca.7.(p\a)
Corollary 2.6.3 Ifp:: L and a & L then Y.[p] ~ recz.p

PrROOF: if p:: L and a € L then p\a ~ p by proposition 2.4.7 and 7.p ~ p by
proposition 2.5.5. We need to prove that recz.p ~ recz.q if p ~ q. We may rely
on the proof in [Mil89] for CCS which only needs minor changes to take the process

passing into account.

In [Tho89] the following alternative Y-context was presented:
Yol = (a?x.([] | ale.nil) | al(a?z.([] | alz.nil)).nil)\a

This context is limited to processes where = does not occur free in a sending
position (i.e. does not occur free in any subsubexpression p’ of the form ¢ = blp’.p”
where ¢ is a subexpression of p). With the Y-context of definition 2.6.1 we may

program systems which recursively send out copies of themselves.

Example 2.6.4 Lel p = bla.x then according to the inference rules of definition
2.2.5 Y.[p] has the following derivations:

Yz[p
I
(ble.z[Yo[p]/x] | nil)\a
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b1y [p]
(Yalp] | nil)\a
Ir
(B2 [Ylpl/2] | nil)\a | nil)\a
b1y [p]

This is almost a specification of a computer virus. Think of the behaviour of
Y[p] where p = ethernetle.(x | delete_all_files!.nil) and the consequences such a

program could have in a network of computers connected via an ethernet.

To prove theorem 2.6.2 we need a bit of technical machinery and we extend the
result about bisimulation up to ~ from [Mil83, Mil89] to take the process passing

into account.

Definition 2.6.5 A binary relation R on Pr is a higher order bisimulation up to
~ if whenever pRq and v € Act then:

1 ENEVET — en —/> or some r UJZ
) Wh p —— p, then ¢ — ¢ q, ' with
r~R~r' and p' ~R~ ¢

i) Whenever ¢ —— ¢, then L/> " for some p', 7' with
q q, P P P
'~ R~r and p' ~R~ ¢

Where ~ R~ = {(r,7") + r=alp” &1 =alg" & p'  ~R~ ¢V V(L =
alp" &' =ald" & p" ~R~¢)V(r=1"=71)}

Note that ~ R~ is relation composition.
Proposition 2.6.6 ~ R~ = ARA

ProoF: If r~ R~r1' there are three cases

r=a?p then ' = a?p’ and p ~ R~ p'. Thus there exist p{,p} such that p ~ pi,
py Rp and pf ~ p'. Clearly a?p~a?p}, a?p’lﬁfa?p’l’ and a?pi~a?p’ and we have

r~R~1’.
r = alp and we may argue as above.
r=r7 thenr’ =7 and 7~7 and 7R7 and TR~ R~7T.

If TR RAT then there are three cases
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r=a?p then 1’ = a?p’ and there exists ry; and 1} such that r~ry, ry Rrj and r~r’.

We must have r; = a?p; and 1) = a?p} and p ~ p1, p1 Rp| and p}| ~ p’ thus

p ~ R~ p' and we have r~ Rt
r = alp and we may argue as above.
r=r7 thenr’ = 7 and r~ R ~1".
Lemma 2.6.7 If R is a bisimulation up to ~, then ~ R~ is a bisimulation.

PROOF: Assume (p,q) €~ R ~. ThlS means that for some py, q1 we have p ~
p1Rq ~ ¢q. Thus if p — p’ then py —> py with r<ry and p’ ~ p|. Since R is a
bisimulation up to ~ we know that ¢; —> qy with Flewrl and pj ~ R~ ¢ and
since ¢; ~ g we have ¢ -, ¢ with r{~1" and ¢; ~ p'. By transitivity of ~ we have
p/ ~~ R~~ p, which implies p ~ R~ p’ and rin B~Ar’ which implies r~ R~
by proposition 2.6.6 and transitivity of ~ (which is easily established as a corollary
of proposition 2.6.6). Thus we have established a matching move for ¢.

Ifg L ¢’ a symmetric argument to the above applies.

Proposition 2.6.8 If R is a bisimulation up to ~ then R C~.

PRrROOF: Since ~ R ~ is a bisimulation we know that ~ B ~C~. [d C~ so
R C~ R~ which proves the proposition.

With this machinery in hand we may now prove theorem 2.6.2

PRrOOF: For this proof we need the following property of substitution:

if @ # y then p[p'/z][p" /y] = plp” /Y)Y IP" [ y] /2]

and a simple corollary:

if v # y and p/, p" are closed then p[p'/x][p" /y] = plp" /y][p'/x]

which is easily established by structural induction on p. (They are not corollaries
of proposition 2.2.4 since we have to take recursive processes into account.)
Then the relation:

R ={(q[recx.m.(p\a)/z], q[Yz[p]/x]) : F'V(q) C {x}}

is a bisimulation up to ~. To prove this we show that

if glreca.7.(p\a)/2] L5 ¢ then g[Ya[pl/2] = ¢

with (1,1") € € ~ R~ and (¢',q") eE~R~

(i.e. we show (1/,1)) € ~, (1],1]) € R, (r{,v") € ~, (¢, q)) €~, (q1,¢]) € R and
(qf,q") €~ for some 1, 17, ¢; and ¢7).
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We prove this by induction on the length of the inference used to establish
the transition g[recz.7.(p\a)/x] Ly ¢ and cases of the structure of ¢. In the case
where ¢ has the form a?y.¢’ or recy.q¢’ we need the above properties of substitution.

The theorem then follows by choosing ¢ = . (The proof follows the pattern of the

proof of proposition 4.6 of [Mil83]). ¢ may have the following structure:
g = nul Trivial since both nil[recx.7.(p\a)/x] /4 and nil[Y,[p]/x] /.

q = b?y.q1 Assume y # x (otherwise use a-conversion on y).
If g[reca.7.(p\a)/x] AN q" then 1’ = b7r for some r
and ¢ = qi[reca.7.(p\a)/x][r/y] = @1]r/y][recx.T.(p\a)/x] since

glreca.r.(p\a)/x] = (bly.q1)[reca.7.(p\a)/x] = bly.(q1[recx.T.(p\a)/x])

and recx.7.(p\a) is closed.

Note that since r 1s closed FV(qi[r/y]) C{z}.
) = (¢

il
Also q[Y,[p]/2] = " = (a[Yalpl/a])[r /]
since Y[p] is closed and y # .

[r/yDIYlp] /2]

JE—

This is a matching move since (', 1) C Id CAC~R~
and (¢',¢") € R C~ R~.

qg=blg1.qx If g[recax.T. (p\a)/:z;] ¢’ then
r’ = bl(qi[recx.7.(p\a)/z]) and ¢ = (gz[recx.7.(p\a)/x]) since
glrecx.r.(p\a)/x] = (blq1.qz)[recx.T.(p\a)/x] =
bl(qi[recw.7. (p\a)/l‘]) (%[recw 7.(p\a)/z]).
Also g[Y,[p)/2] = ¢ where 1 = bl(q[Ya[p [/2]) and ¢" = @[ Ye[p]/=].

This is a matching move and (', 1) € € RC ~R~ and (¢',¢") € R C~R~.

G=q + ¢ lf glreca.m.(p\a)/z] = qi[recx.7.(p\a)/x] + g[reca.7.(p\a)/x] L, q

then

either ¢ [recx.7.(p\a)/x] AN ¢ by a shorter inference.

By induction ¢;[Y,[p]/x] I q" with (r',1") € € ~ R~ and (¢',q") e~ R~.

By the inference rules for choice

qlYalpl/x] = ai[Yalpl/2] + qa[Yilpl /2] —

which is a matching move.

or qrecz.7.(p\a)/x] AN ¢ and we may argue as above.

9= q | g2 If gfreca.r.(p\a)/x] = qi[reca.r.(p\a)/2] | qalreca.r.(p\a)/z] —
then

either ¢ [recx.7.(p\a)/x] AN ¢y by a shorter inference
and ¢ = g | (@alrecr.(p\a)/x]).

/

q

/
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By induction ¢1[Yz[p]/x] LN ¢y with (r',1") € ~ R~ and (q1,49)) e~ R~.
Thus there exists ry such that ¢; ~ ri[reca.7.(p\a)/x] and
ri[reca..(p\a)/x]Rri[Y:[p]/«] and ri[Yo[p]/2] ~ qf.
By the inference rules for parallel Compos1t10n

a[Yalpl/2] = alYalpl/a] | @lYalpl/e] = ¢} | (qalYalp)/a]).
By definition 2.2.1 we have
¢ | (g2[recz.7.(p\a)/z]) ~ r[recz.m.(p\a)/z] | gz[recx.T.(p\a)/x]
= (r1 | @2)[reca.7.(p\a)/x]
and q1 | (q2[Ya[p]/2]) ~ ri[Yalpl/2] | @[Ye[pl/2] = (r1 | ¢2)[Ya[p]/2].
Clearly ((r1 | g2)[reca.m.(p\a)/a], (r1 | @2)[Yu[p]/2]) € R

and we have established a matching move.

or qrecz.7.(p\a)/x] AN ¢, and we may argue as above.

or ' =7 and ¢[recz.7.(p\a)/x] Ly ¢ and gafrec z.7.(p\a)/x] g
by shorter inferences and ¢’ = ¢/ | ¢5.
By induction ¢1[Y;[p]/x] LN ¢ with (r,r") € ~ R~ and (¢}, /) e~ R~.
Thus there exists ry such that ¢; ~ ri[recz.7.(p\a)/z]
and ri[recx.7.(p\a)/x]Rr[Yz[p]/x] and r1[Yz[p]/x] ~ ¢{.
Also ¢o[Yz[p]/ ] x, ¢} with (F,77) € ~ R~ and (¢}, ¢)) e~ R~.
Thus there exists ry such that ¢ ~ ry[reca.7.(p\a)/x] and
ralrecr.(p\a) fx] ReslY.lpl 2] and ral¥alpl /] ~ .

Then by the inference rules for parallel composition

qlYalpl/«] = q[Yalpl/2] | ga[Yalp]/a] — o | 45.
By definition 2.2.1 we have
¢ | g3 ~ ri[recx.7.(p\a)/a] | rz[recx.7.(p\a)/x]
= (r1 | r2)[reca.r.(p\a)/z] and ¢f | g5 ~ ri[Yo[p]/a] | r2[Yolp]/2] = (r1 |
r2)[Yz[p]/x].
Clearly ((ry | r2)[reca.m.(p\a)/x], (r1 | r2)[Yz[p]/x]) € R

and we have established a matching move.

qg=q\b If ¢g[recz.7.(p\a)/z] = ¢ \b[reca.T.(p\a)/x] =
(qulreca.r.(p\a)/z])\b > ¢
then ¢i[recx.7.(p\a)/x] AN ¢ by a shorter inference and ¢’ = ¢ \b.
If ' = ¢?r or 1/ = ¢!r then ¢ # b.
By induction ¢1[Yz[p]/] LN gy with (r',1") € ~R~ and (q1,497) e~ R~.
Thus there exists r; such that
¢, ~ ri[reca.r.(p\a)/x] and ri[recx.7.(p\a)/ x| Rri[Y:[p]/x] and r1[Y.[p]/x] ~
4
By the inference rules for restriction
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dYalpl/ 2] = @ \BYalpl 2] = (@lYalpl/e)\e 1 " = e,
By definition 2.2.1 we have

G\b ~ (ri[recz.7.(p\a)/x]\b) = (r1\b)[recz.7.(p\a)/x]
and q\b ~ (r[Yz[pl/z])\b = (r1\b)[Yz[p]/z].

Clearly (¢',¢") €~ R~ which is a matching move.

q = q[S] If ¢[reca.7.(p\a)/z] = ¢:[S][recx.T.(p\a)/z] =
(qi[recz.7.(p\a)/2])[5] —> q
then ¢i[recx.7.(p\a)/x] I, ¢y by a shorter inference and ¢’ = qi[S]
and 1} = S(r') where S(cﬂp) S(a)?p, S(alp) = S(a)lp and S(1) =
By induction ¢;[Y;[p]/x] 4, q) with (r},r)) € € ~ R~ and (q1,q]) E~R~
Thus there exists rq such that ¢ ~ ri[recz.7.(p\a)/z]
and ri[reca.7.(p\a)/x|Rr[Yz[p]/x] and r[Y;[p]/x] ~ ¢}.
By the inference rules for renaming
V2] = alSIVlel/a] = (@Dl/a)s] = ¢ = ¢15] where " =
S(ry).
Bif d)eﬁnition 2.2.1 we have
418 ~ (nlrece.r.(p\a) /28] = (n[S])lrecar.(p\a) /2]
and g/18] ~ (ra[Ya )/ DIS] = (ra[SDIValpl .
Clearly (¢',¢") €~ R~ and (r',7") € ~ ~R~
since (r},r)) € ~ R~ implies (S(r), S(ry))) € ~ R~ which is easily estab-
lished.

/

q =z If g[reca.7.(p\a)/z] = x[reca.7.(p\a)/z] = recz.7.(p\a) AN q
then ' = 7 and ¢’ = (p\a)[recx.7.(p\a)/x].
Also
q[Yzlpl/x] = Yalp] — ¢" = (p[Yzlpl/] | nil)\a
~ (p[Ya[pl/2])\a = (p\a)[Ye[p]/x].
Clearly ((p\a)[recx.7.(p\a)/x], (p\a)[Yzlp]/x]) € R thus (¢',q¢") €~ R~.

g = recy.q; Assume y # = (otherwise use a-conversion on y).

Then ¢[recz.7.(p\a)/z] = (r/ec y.q1)[recx..(p\a)/z] =
recy.(qi[recz.T.(p\a)/z]) BN

since recx.7.(p\a) is closed.

Then qilrec.r.(p\)/allrecy{[reca..(7\a)/2])/2

= qilrecy.qi/yllrece.r.(p\a)/z] > ¢
by a shorter inference.

By induction (on ¢i[recy.q1/y]) we have

a[recy.a/ylYalpl/2] = a[Yo[p)/e]lrecy.(a[Yo[p]/2]) /2] —
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with (', 1) € ~ R~ and (¢',q") e~ R~.
By the inference rule for recursion:

recy.(a[Y.[p)/2]) = (recy.q)[Valpl /2] — ¢
which is a matching move.

We also have to prove that if ¢[Y;[p]/x] AN ¢ then ¢lrecz.7.(p\a)/x] LN q’
with (', 1) € ~ R~ and (¢',q") €~ R ~. This is straightforward and follows the

pattern of the above argument.

This proof is limited to the case where at most x is free in ¢. The extension to
the case where there are other free variables is now routine, using the definition of

higher order bisimulation for open terms from definition 2.3.10.

2.7 Transition Systems with Divergence

In previous sections we have only studied transition systems of the form P =
(Pr, Act,—) and the notion of higher order bisimulation. In this section we add a
fourth component; a divergence predicate.

In the study of concurrent systems divergence plays an essential role since diver-
gent processes may indefinitely do internal actions and thus prevent any external
communications and should therefore be distinguished from stopped processes. Al-
though we shall not study the prospects of using divergent processes as unspecified
parts in a partial specifications technique it is worth noting that the formalisms
introduced in this section provide the necessary machinery to enable the use of the
partial specification techniques presented in [Wal88, LarTho88].

To formalize the notion of divergence we adopt the technique presented in
[HenPlo80, Mil81h, Abr87, Wal88] and extend the semantic model of labelled tran-
sition systems with a unary basic divergence predicate on processes: 7.

Transition systems now take the form P = (Pr, Act,—,T). The notion of con-
vergence | is defined as the negation of divergence i.e. p |= —p 1.

We may now define the notion of a higher order prebisimulation. This predicate
on labelled transition systems with divergence is the extension of bisimulation to

take the additional structure of divergence into account.

Definition 2.7.1 A higher order prebisimulation R is a binary relation on Pr
such that whenever pRq and v € Act then:

(i) Whenever p L P, then q AN ¢ for some ¢, T’ with TR’
and p' Rq'
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(ii) Whenever p | then q | and if q LI q', then p xr, o for
some p', T with 7' Rr and p' Rq'

Where R = {(r,7") + (r=alp" &1 =0a?¢" & pP"R¢")V (r = alp’ & 1T’ =
ald" & p" R )V (r=1"=71)}.

If there exists a higher order prebisimulation R containing (p,q) we write p Py

As for higher order bisimulation we may define higher order prebisimulation as
the maximal fixed point of a functional on Pr?. We define HB(R) for R C Pr? as
the set of pairs (p, ¢) satisfying clause (i) and (i7) above. It is easy to see that HIB3
is a monotone endofunction and that there exists a maximal fixed point for H5.

This equals 7.
Proposition 2.7.2 _Z is a preorder

PROOF: Reflexivity follows from the fact that: Id = {(p,p) | p € Pr} is a higher
order prebisimulation.

Transitivity follows from the fact that composition of higher order prebisimulations
yields a higher order prebisimulation.

We let ~F denote the equivalence generated by .” N2 Clearly p ~% ¢ =
P~ q.

In the coming sections we shall make use of an alternative (and more explicit)
characterization of higher order prebisimulation. This is done by giving a decreasing

sequence of relations on Pr? given by:

Definition 2.7.3

® p ~oq is always true (i.e. .o= Pr x Pr)
® P py1 q iff VT € Act:

(i) Whenever p L P, then g I, q for some ¢, " with
ropr’ and Pk q
(ii) Whenever p | then q | and if q L q, then p AN P

for some p', T with v’ .y and p' < ¢

Where . = {(r,7) : (r=alp" &1 =alq" & p" g )V (r=alp” &1’ =
ald" & p' o d")V (r=1"=71)}.

(i.e. wpy1= HB(~1)). Let wo= N ~k and ~y=ny Ny
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This decreasing sequence is bounded below by B and we have NkQNk_HQNB for

all k.

Definition 2.7.4 A transition system P = (Pr, Act,—, 1) is said to be image finite
Vpe Pr{(r,p") : p L p"} finite

Note that this is equivalent to defining image finiteness as:
Vp € PrNa € NamesA{(p',p") : p LA P YU, ") p LN p"YU{p” i p > p"} finite

since the set {(r,p") : p L p"} has the same cardinality as the set

{(p/,p") : Ja € Names.p o', p"YU{(p',p") : Ja € Names.p LN pIU{p” p T p'
The above definition of image finiteness is stronger than the usual definition of image
finiteness given by definition 2.1.6. The stronger version is necessary to facilitate

the proof of the next proposition.
Proposition 2.7.5 If P = (Pr, Act,—, %) is image finite then -,=."

PROOF: We prove this proposition by showing that if P = (Pr, Act,—,7T) is image
finite then HAB is anticontinuous. It then follows from classic fix point theory [Tar55]
that it has got a maximal fixed point on a complete lattice. Pr? is a complete
lattice ordered by subset inclusion and we have MyHB*(Pr?) = N, HB*(Pr?),
where HB® = Id and HB*' = HB* o HIB. Since .P is defined as the maximal
fixed point of HB on Pr? we have B=_,.
To see that HB is anticontinuous we must prove HB(N, Rr) = Ny HB(Ri) where

12 Ry D R3D...R, D ...is a decreasing chain of binary relations over Pr.
RiDR,DR;D...R, D isad ing chain of binary relati P
The “C”-direction follows directly from monotonicity of H#5 and N, B € R; for
all i € w. For the “2”-direction, let (p,q) € N HB(R:). If p LN p’" we must find
a matching move for ¢, i.e. 7" and ¢” such that ¢ AN q" with (r,1’) € ﬂ;ﬁ’k and
(p//7q//) € Ny Re.

r -

Thus for all & there exist r}, and ¢ such that ¢ —% ¢ with (r,r},) € R} and
(P, q)) € Ry
By the image finiteness condition on Pr there is only finitely many pairs (1}, q}/).
This means that there exists a pair (1', ¢”) such that (r,1r’) € Ry, and (p",q") € Ry
for infinitely many k € w. Since Ry is decreasing in k& we have (r,1’) € R and
(p",q") € Ry, for all k € w and thus (p”, ¢") € Ny Rx.
If (p,q) € Ny HB(R) then if p | also ¢ | and if ¢ L ¢" we may find a matching

move for p by an argument as above.
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We briefly turn our attention to CHOCS and see how the new structure of

divergence may be used. First we make an extension of the syntax:
pu=... | Q

where 2 is a new constant. This new process should be thought of as the always
divergent process with no actions. The operational semantics of CHOCS is then
defined by the transition relation defined in definition 2.2.5 and the divergence
predicate defined below. Note that since €} has no actions we do not need to alter
the transition relation. The divergence predicate is defined syntax directed as the

maximal relation satisfying the following axioms and rules:
Definition 2.7.6

_ p1 Pt p1 Pt p1 p1
Qr p+pt o p+rt plrt plyt plet plS]T

Note that this definition yields that only CHOCS processes with unguarded )’s

are divergent.
Proposition 2.7.7 B is a precongruence.

PrROOF: We may prove this for closed expressions as for the congruence properties
of ~. We may then lift this result to open expressions.

B

Since the equivalence ~7 implies ~ this equivalence satisfies the laws of section

2.3. In addition .? satisfies the following law:
Proposition 2.7.8 Q B p

PROOF: The relation R = {(2,p) : p € Pr} is a higher order prebisimulation. To
see this observe that 2 4 and © 1. Thus clause (¢) and (i) of definition 2.7.1 are

trivially satisfied.
Except for 2 we do not have any other basic divergent processes in CHOCS. This

is opposed to CCS where recursive processes with unguarded recursion variables
may be basic divergent as well. This makes the study of basic divergence in the
context of CHOCS rather trivial, though we shall use the basic divergence in the
formulation of a denotational theory for CHOCS in chapter 4.

When 7-transitions are interpreted as internal/unobservable moves, as in the
theory of observational equivalence, we may interpret a process with the potential
of evolving into a process possessing the capability of an infinite sequence of 7-
transitions as divergent. This is e.g. the case when simulating unguarded recursion:
Y.[z] ~ rec x.7.x.

To formalize this we define the following derived divergence predicate:
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Definition 2.7.9 Let the relation {} on Pr be the largest relation satisfying:
M=p=17p & p1) or p-——
where p == I{p.Yp=po & Yn.p, — puy1.

We interpret p{} as p may diverge. The notion of convergence is defined as the
negation of divergence i.e. pl} = =(pf}).
We may use this predicate to formulate a notion of weak higher order prebisim-

ulation:

Definition 2.7.10 A weak higher order prebisimulation R is a binary relation on
Pr such that whenever pRq and & € (Act {7})U {e} then:

(i) Whenever p =N P, then q N ¢ for some ¢, &' with s Ra'
and p' Rq'

(ii) Whenever pl| then qll and if q =N q, then p N p for
some p', o' with o' Re and p'Rq'

Where IE’ = {(e,0") : (o = alP"&d = a?¢"&p"R")V (2 = alp'& s’ =
ald"&p"R¢")V (e = 3" = ¢)}.

If there exists a weak higher order bisimulation R containing (p,q) we write p ~ q.

We may define WHHB(R) for R C Pr? as the set of pairs (p, ¢) satisfying clause
(1) and (i2) above. It is easy to see that WHIB is a monotone endofunction and that

there exists a maximal fixed point for WHAB. This equals ~.

Proposition 2.7.11 . is a preorder

PROOF: As proposition 2.7.2.

As for the theory of observational equivalence weak higher order prebisimualtion
is not a congruence with respect to the 4+ operator of CHOCS. We could carry
through a program as in section 2.5 and prove precongruence properties of the
+-free processes and also generate a congruence along the lines of section 2.5 by
defining p " ¢ iff VC.C[p] ~ C[q]. We shall not pursue this since the techniques

are tedious, but straightforward generalizations of the results from section 2.5.

Proposition 2.7.12 . N = ~

Thus the equational properties of & are also satisfied by the equivalence gener-

ated by ~. In addition it satisfies the following law:
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Proposition 2.7.13 7.(p+ Q) ~ p+ Q

Proor: We show that the relation
R={(r.(p+Q),p+Q}UId

is a weak higher order prebisimulation.

To see this observe that if p + Q L p’ then this is because p L p’ and then
T.(p+ Q) L p’ which is a matching move.

Also 7.(p+ )y and p+ Q1) thus clause (i7) of definition 2.7.10 is trivially satisfied.

2.8 Finite CHOCS

In this section we define a finite version of CHOCS. We introduce a new operator
a?py.py called finite input prefix. Informally we use this construct to approximate
the input prefix a?x.p; by Zpepra?Fp.pl [p/x] following ideas for encoding value
passing in SCCS from [Mil83].

Let F'Pr be the set of processes built according to the following syntax:

Definition 2.8.1

p = nal | a?t'pi.ps | alpy.ps | T.p1 |p1 + p2 |p1 | 2 |P1\a |p1[5] | Q | x
where a € Names, * € V and S : Names — Names.
Let CFPr be the set of processes built without the use of variables. CFPr is
the set of closed Finite CHOCS processes. Note that since there is no variable

binding construct in Finite CHOCS we may interpret F'Pr as the free Y-algebra
Ts(V) generated by V and the following (one-sorted) signature X.

Definition 2.8.2 Let ¥ = {X,},c, where X, is the set of operation symbols of
arity n in X
20 = {ml,ﬂ}
Y1 = {\e: a € Names} U
{[S] : S: Names— Names} U
)
Yy, = {a?_._: a € Names} U
{a!_._ 1 a € Names} U

{+: 1
Yoo = ®7n>2
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We define a subsignature ¥’ C ¥ by omitting the operators for restriction,
renaming and parallel composition. CFPr is the term algebra Ty induced by the
operators in X.

The operational semantics for Finite CHOCS is given as a labelled transition

system with divergence:

Definition 2.8.3 Let — be the smallest subset of FPrx FAct x FPr, where FAct =
Names x {7,!} x FPrU{r}, closed under the rules:

prefiring:  a?p'.p LA P alp’.p LN P T.p —5p
. P LI P I LN P
choice: — —
ptq—p qg+p—7p
r / r ! r " T "
llel: p—p p—p p—p qg—4q
parailel r., T , | T | .
pla—17lq qlp—ql|p pla—p"|q
pip;p// pip;// pép//
restriction: — ,aF£ b — ,aF£b —————— -
p\b Lp, p"\b p\b ar, p"\b p\b — p"\b
alpl oy alp! 4 T 1
. p—p p—p p—>p
renaming: O ST —
plS] —= p"[5] plS] =X pr[S) plS] — P[]

Also let T be the maximal relation on FPr satisfying the following rules:

. p1 Pt p1 Pt p1 p1
Qr p+pt p+rt plrt plyt plet plS]T

Table 2.8.1: Operational semantics for Finite CHOCS
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We now have transition systems FP =
FP = (Tx, CFAct,—, 1), where CFAct =
defined above.

The following proposition gives a more explicit description of these systems:

(FPr, FAct,—,T) and
Names x {?,1} x CFPrU {7}, implicitly

Proposition 2.8.4 For all p,p; € FPr:

() (a) nill (b) nil 4
(¢2)(a) Q7 (b) QA
(i)(a) @ |
(b) G?F}h-pz L> p < I = a?pl & p = p2
(1w)(a) alpipz |
(b) alpy.ps LA P — rTv=ualp & p=np
(v)(a) 7.1l
(b) T.p1L>p — r=7&p=p
(vi)(a) (p1+p2) T = plorp?
(b) pidpr—sp = pi—sporp —p
Parallel composition:
(vid)(a) (p1|p2) T < pTorp?
(b) (pilp2) —p <= cither 3y & p =l |
or 3p2p2—>p2&p”—p | vy
or T=1& 30, i plpy —— Pl & py s pl
Restriction:
(viti)(a) (pi\a) T = pnt
(b) (p\a) s p" = r=t & Iy B &b Eakp =p\a
or r=>bp'& Tplp —>p1&b7éa&p”:p’1’\a
or T=7& Apl.p — p! & p"’ = p/\a
Renaming:
(z)(a) (pa[ST) 1T = mt
(b) (m[S]) —p" = r=0& plp —> pi & b= 5(a) & p” = pilS]
or T=0p & dpi.p LN Pl & b= S(a) & p" = pi[o]
'z

or r1=7&

dpi.p I pl & p" = pl[5]
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PROOF: By induction on the number of inferences used to establish p 1 and
r
p — p//‘
Proposition 2.8.5 1. Vp € FPr.p is image finite.

2. Vp,q€ FPrp P q <= p.nq
PRrOOF: 1. follows easily from proposition 2.8.4 and 2. follows from (1) and propo-
sition 2.7.5

For Finite CHOCS we may “eliminate” the use of the restriction, renaming and
parallel composition constructs modulo higher order bisimulation, i.e. the following

equations hold for renaming and restriction:

Proposition 2.8.6

Qs] ~% Q
(a?p'p)[S] ~F S(a)?"p'plS]
MNa ~F Q

a?fp .p\b ifb+#a

nil otherwise

@ e ~

For parallel composition we have the following version of the expansion theorem:

Proposition 2.8.7

i p o= L@ plpi 4 Tialphp; [+9)]
and qg = Zkbk?qu.qk + Yblqlq [+9]
then plq ~P Sa?pl(pi | q) + Sja;p)-(pj | @)+
b g (p | i) + Sabilar-(p | q)+
el ai=b, &p;:q;}T-(pi | a)+
SGm ek - ay=by & pi=a 3 T-(Ps | @) [+9]

where [+ means that the summand ) is optional. ¥,;1;.p; describes the sum

r.p1+...+0,.p, whenn > 0 and nil if n = 0.

Note that communication only takes place when both port names and the value
(process) communicated are equal.
In SCCS [Mil83] Milner introduced a generalized choice operator ¥;crp; where
I is a countable index set. The operational semantics of this construct is defined
by the following rule:
pi = p
Sierpi = p
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With this construct we can encode value passing in pure synchronization using the
following constructs for input prefix: a?z.p = ¥,a,.p{v/x} and alv.p = @,.p for
output prefix. Using this strategy we may attempt to encode process passing in the
following way: a?x.p = Zp,epra?Fp’.p[p’/x] only using the finite input prefix and
eliminating the use of variables. Clearly a?z.p ~ Zp,epra?Fp’.p[p’/x], but the index
set is unfortunately self referential.

If we restrict the index set [ to a finite set we do not need to introduce a new
operator; we can merely use ¥;p; as shorthand notation for p;;, + ...+ p;, where
{i1,...,1,} = [ is an enumeration of /.

We shall use this fact in the approximation of a?z.p in Finite CHOCS.

Definition 2.8.8
Levy = {Q}

Levoyr = {Sierpi : I is finite and p; is either Q, a?¥py.py, alpi.ps or 7.py
where py,py € Lev,} U Lev,

Note that if Names is finite then each set Lewv, is finite. Then for any process
in CHOCS we define its n’th approximation p” in Finite CHOCS as follows:

Definition 2.8.9
p° =Q forallp

We define p™* structurally:

nil"tt nil
Qn—l—l Q
(a?x.pl)nH ZpeLevna?Fp'pT [p/l’]
(G!p1 -pz)nH a!p?.pg
(T-p1)n+1 T.py
(p1 + p2)™ ! P+ Py
(p1 | p2)" ! pi | ps
(pr\a)"+! pi\a
(p[SD™ = pi[s]
xn+1 T
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If p is closed then p™ € CFPr. The approximation p™ does not necessarily reside
in Lev, since p}[p/x] where p € Lev, may introduce elements in Levy,, but we may

state the following relationship between p and it approximation p”:
Proposition 2.8.10 Assume Names is finite, then:
Vn.p ~, p”

Proor: It is laborious to prove directly that Vn.p ~, p". Instead we prove it
indirectly by adapting the technique presented in [Hen81]:

Let F' C Names be a finite set and Ty be the set of closed terms which contains
no occurrences of any operator a?f’, a?, a! where a ¢ F. Define AL = {Q}. Assume
there exists a finite set AL C FPr such that for every p € Ty there exists some
element p* € A" such that p ~, p*. Let AE_H = {X;erp; : [ is finite and p; is either
Q, a?'py.py, alpi.py or 7.p; where @ € F, p1,ps € AL i #£ 5 = p; # p;}. Note

that A7, C FPrand AL, is finite. For any p let:

P = Sy p T )+
S{alpipy 0 p T po} +
S{rpl p— pi} 4
Q:pth

Note that p™ is well defined under the assumption that Names is finite and

n+l o ANames

p and p ~qq pth

This proposition will be an important cornerstone in the full abstraction theorem
for CHOCS which we establish in chapter 4. The assumption about Names being
finite might seem a bit too restrictive from a theoretical point of view. (From an
implementational point of view it is quite reasonable.) However, none of the results
we have or are going to present about CHOCS need to assume that Names is infinite.
In the theory of CCS there is at least one theorem [Mil80, Wal88] which needs the
assumption that Names is infinite. This theorem shows that the observational
congruence can be characterized in terms of +-contexts. Since this is not the case
for CHOCS (see example 2.5.18) we have not found any use for assuming Names

infinite.



Chapter 3

Using CHOCS

A process calculus should possess the capability of describing computational phe-
nomena in a way which enables analyses of both existing and new systems. In
this chapter we apply CHOCS to three examples. The first example is the un-
typed A-Calculus. We show how to simulate various reduction strategies from
the A—Calculus by translations into CHOCS. We shall see that some of the most
interesting properties of the A—Calculus are carried over via the translations. We
also study the relationship between abstracting equivalences for the A-Calculus and
CHOCS. The main theorems of this section are the full abstraction results (under
certain restrictions of observations) for the call-by-name A—Calculus and for the
call-by-value A—Calculus presented in theorem 3.1.21 respectively theorem 3.1.32.

The second example consists of a semantics for an imperative programming
language P studied in both [Mil80] and [Mil89]. We show how we may solve the
problem of giving semantics to concurrent procedure invocations with various pa-
rameter mechanisms.

The third example is a description of a fault tolerant editor system inspired by
the general presentation of such systems in [Pra88]. We show how we may specify

and analyze such a system using CHOCS.

3.1 CHOCS and the A\—Calculus

CCS is a powerful language; it is capable of expressing all Turing definable functions
by encoding of Turing machines [Mil83]. Since CCS is a sublanguage of CHOCS
this must be true for CHOCS as well. But the nature of CHOCS is much closer to
the A—Calculus and in this section we study their relationship.

The language of the A—Calculus consists of variables, function abstraction and

function application:

Definition 3.1.1 The set of A—terms A is defined inductively as follows:

81
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1. z€A
2. MeA= (Az.M)eA
3. M\NeA=(MN)eA

where v € V' (a set of variables).

The operator Az. is a variable binder. This introduces a notion of free and

bound variables.

Definition 3.1.2 The set of free variables FV (M) of a term M is defined struc-
turally on M as:
FV(z) = {«}
FV(Axe M) = FV(M) {z}
FV(MN) = FV(M)UFV(N)

A variable x occurring in a term M is bound in M if x & FV(M).

A very important concept in the A-Calculus is the notion of substitution. We
may substitute a term M’ for a free variable occurring in a term M provided we do

not bind free variables in M’. This is captured in the following definition:

Definition 3.1.3 Substitution M[y := M'] is defined structurally on M as:

zly:=M'] = {M/ fy=w

x otherwise

Ax. M ifx =y
Ax( My == M) if y £z and
(Ao M)y := M'] = v & FV(M')
Az.((Mx = z))[y := M) otherwise
2 FV(M)U FV(M')U{z} U{y}
(M N)[y:=MT] = (Mly:=M]) (N[y:= M)

A term M is closed if FV(M) = (). The set of closed terms is denoted by A°.

Note that the above definition differs slightly from the definition of substitution
given in [Bar84] where all bound variables are assumed to be different and the sets
of bound and free variables are assumed not to intersect.

We shall use the following standard terms:
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Definition 3.1.4

I = v
K = dz)\y.x

Y = M. f(za)) (A f(axx))
Q = (Az.ax)(Az.ax)

The A-Calculus has a rich theory as documented in e.g. [Bar84], consisting of
concepts such as conversion, reduction, theories and models.

We focus on the various notions of reduction (sometimes referred to as evaluation
strategies) and the notions of convergence and equivalence.

First we study the perhaps simplest reduction/evaluation/conversion strategy;
the call-by-name or lazy reduction strategy. Formally the theory of the Lazy—-A—

Calculus is based on the notion of convergence to principal weak head normal form.

Definition 3.1.5 The relation MUN is defined inductively over A° as:

MUlx.P Plz:= N|{Q
M N1Q

Axe. MUz M

This relation induces an (unlabelled) transition system (A° {}). As noted in
[Abr90a] the relation _ |} _ is itself too “shallow” to yield information about the
behaviour of a term under all experiments. Motivated by the theory of concurrency
[Abr90a] introduces the notion of applicative (bi)simulation which may be obtained

as the maximal fixed point of the following functional:

Definition 3.1.6 Let R be a binary relation on A° then

(M,N)e B(R) iff Mre.M' = NUXe.N'&
VP e AN’ (M'[x:= P],N'[z:=P]) € R

R is an applicative simulation iff R € A(R). If there exists an applicative
simulation R containing (M, N) we write M <P N. We use ~8 to denote the

equivalence induced by <B.

We now give a simple translation of the A-Calculus and we will show that the

evaluation strategy enforced by this encoding coincides with lazy reduction.
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Definition 3.1.7 We define [ ] : A — CHOCS structurally:

. [z]==
2. [Aa.M] =tz [M].nil
3. [M N] = ([M]lo/t]| ol[N].0Tx.x)\o

Note that for any M € A: [M] :: {i} and that application only needs two
communication channels. Since the function [ ] : A — CHOCS has no additional
arguments we may view it as a definition of a set of derived operators in CHOCS.
Clause 3. shows how we may view parallel composition as a generalization of
function application. However, we need a rather elaborate protocol to ensure that
we do not mix arguments in applications and we therefore feed the arguments
sequentially. A tempting definition of the clause for application is [M N] = ([M] |
i[N].nil)\e. Unfortunately this definition does not work since the restriction \:
prevents application to other arguments as in e.g. M N N’. A different approach
is presented in [Bou89] where a special operator takes care of this problem. The
cost of this is a complication of the definition of equivalence between processes.

In the following we shall see that some of the most interesting properties of the
A—Calculus are carried over via the translation. First we make clear the connection
between substitution in the A~Calculus and in CHOCS.

Lemma 3.1.8
[M[z := N]] = [M][[N]/«]

PROOF: By structural induction on M.
Using this lemma we may show that F—conversion in the A—Calculus is “pre-

served” by the translation:

Proposition 3.1.9
[(Az.M)N] =~ [M]z := N]

PrROOF: We demonstrate how the left hand side of this equation may do an initial
series of internal 7—moves to a process equivalent to the right hand side.

[(Ax. M)N] = ((¢?a.d[M].nil)[o/i] | o/[N].0?z.x)\o

=
((([M][IN]/x])-nil)[o/d] | o?a.x)\o
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=
(nillo/d] | (IMQ[IN]/])\o

~

[MIIINT/ =]

Since [M] :: {i} for all M € A we may use the properties of proposition 2.3.13
and proposition 2.4.7 to infer the conclusion of this proposition.

The connection to the theory of concurrency for the applicative (bi)simulation
predicate may at first seem somewhat artificial, but we shall attempt to make it
more explicit in the following. Notice that in general we do not have the full n—
conversion i.e. A F e M x = M if @ ¢ FV(M) but if M has the form Ay.M’
we have [Az.(Ay.M') ] ~ [Ae.M[y := z]] ~ [M] which is easy to establish using
the properties of proposition 3.1.9 and lemma 3.1.8. This restricted version of n—
conversion is close to the restricted version valid in the Lazy—A-Calculus of [Abr90a].
Furthermore connections to the Lazy—-A—Calculus are strengthened by the following

proposition:
Proposition 3.1.10 [Q] ~ recz.t.2 ~ Y, []

This shows that the standard unsolvable term ) of the A—Calculus yields a
divergent process in CHOCS, i.e. a process only capable of performing an infinite

series of internal moves. These preliminary suggestions may be explored as follows:

Theorem 3.1.11

. [M]=[N] = M~BN
2. M~P N 4 [M]=~][N]
PRroor:

1. follows from proposition 3.1.14 and theorem 3.1.21 which we prove later.

2. follows from the following counter example also studied in [Mil90].
Let M = Xex (Ayx Z2Qy)Zand N = dz.x (2 2 Q ) = where=Z =Y K.
Ong shows that M ~F N in [Ong88]. Let ¢ = ?z.4!(x[o/7] | ilnal.[I]).nil.
Then [M] S 7l B for any p, but [N] SEY 7 72.;; In fact ¢ implements
the convergence test used as a counter example for the full abstraction result
of the canonical model of the Lazy-A-Calculus discussed in [Abr90a]. Another
troublesome process is p = 17z (i?y.i!l(x[o/1] | y[o/i] | i'nil.[I]).nil).nil which

implements the parallel convergence test.
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This theorem states that the equivalence on A-terms induced by & is stronger
than ~®. This is because ~ also takes processes which are not translations of -
terms into account as e.g. ¢ above, but using a restricted version of the observational
equivalence introduced in section 2.5 we can obtain an equivalence on translated

terms which coincides with ~%.

Definition 3.1.12 A weak higher order bisimulation restricted to A-observations
R is a binary relation on Pr such that whenever pRq and & € (Act {7})U{e}
then:

(i) Whenever p =N P, then q N q for some ¢, o' with
sR\o' and p'Rq

(ii) Whenever q =N q, then p N p for some p', & with
o'R\a and p'Rq'

Where Ry, = {(2,4') : (¢ = a?[P]& ¢ = a?[P],P € A%V (¢ = alp’ & o' =
ald"&p"R¢")V (e = 3" = ¢)}.
Two processes p and q are said to be A\—observational equivalent iff there exists a
weak higher order bisimulation restricted to A—observations R containing (p,q). In

this case we write p ) q.

If we think of observational equivalence as experimenting with the system by
selecting a channel and supplying a process or receiving a process we now restrict

ourselves to supply only processes which are translations of A-terms.
Proposition 3.1.13 =, is an equivalence

PRrROOF: It is straightforward to see that Id = {(p,p) : p € Pr} is a weak higher
order bisimulation restricted to A-observations and RT = {(q,p) : (p,q) € R}

is a weak higher order bisimulation restricted to A—observations if R is. Finally
composition of weak higher order bisimulations restricted to A—observations are

again weak higher order bisimulations restricted to A—observations.
Proposition 3.1.14 =~ implies =)

We now turn our attention to proving that the notion of applicative bisimu-
lation on A-terms and the notion of weak higher order bisimulation restricted to
A—observations on translated A-terms coincide.

Lemma 3.1.15 Let [A] = {¢ : IM € A.g~ [M]}. Then if ¢ € [A] and qzﬂ] q

for some ¢' then g ~ [Ax.M'] for some M'.

PrOOF: Obvious, since only translated A-terms of the form Axz.M have @]7

transitions.
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Lemma 3.1.16 if [[M]] q for some q then [M] =~ [Az.M'] for some M’'.

%7 [[P]] ?[P]

PROOF: By definition 2.5.1 we have [M] = ¢ = [M] - ¢ — ¢. From
this it is obvious that ¢’ &~ [M] and therefore ¢’ E [A]. Since ¢ i g we have

q ~ [Ax.M'] for some M’ by lemma 3.1.15 and we therefore have [M] ~ [Ax.M'].

Corollary 3.1.17 if [[M]] q then ¢ = ![M'[x := P]].nil for some M'.

PROOF: Assume [M] = . g then by lemma 3.1.16 we have [M] ~ [Az.M’] for
some M'. By — we have [Ax.M’] ] [M'[z := P]].nal. Since [M] ~ [Ax.M'] we

must have ¢ &~ !![M'[z := P]].nil.

Lemma 3.1.18 M| x. M' = [M] ~ [Ax.M']

ProOOF: By induction on the number of inferences used to establish M{ A x. M’
and cases of the structure of M.

M = a Then M{Az.M’ can not hold and the lemma holds trivially.

M = X a.M'" Then M{Ax. M’ by an inference of length one.
We also have [Ax. M'] = [Ax.M'].

M= M" N" If M{Ax.M' then, by definition of _ |} _, this is only the case if
M"JAz.Q) and Qlz := N"[{J x. M’ for some @) by shorter inferences. Ap-
plying the induction hypothesis we have: [M"] ~ [Az.Q] and [Q[z := N"]] ~
[Ax.M']. Using the congruence properties of ~ with respect to the operators
used on translated A-terms we can infer that
[M" N"| = ([M"][o/] | ol[N"].0Tx.2)\o =~ ([Ax.Q][o/?] | o![N"].07x.2)\o
= [(Ax.Q) N"] = [Q[x := N"]] = [Ax.M'] which proves the lemma in this

case.

These properties will enable us to see the relationship between convergence to

principal weak head normal form and A-experiments on translated A-terms.
Lemma 3.1.19 M{Xx. M' = VP.dq. [[M]] z’qml&qu [M'[x := P]]

ProOOF: By induction on the number of inferences used to establish M{ A x. M’
and cases of the structure of M.

M = a Then M{Az.M’ can not hold and the lemma holds trivially.



Chapter 3: Using CHOCS 88

M = dae.M' Then M{Ax. M’ by an inference of length one. We also have VP.[M] =
it [M'].nal ] H[M'[x := P]].nil which establishes the lemmain this case.

M = M" N"” Assume M| x.M’'. Then, by definition of _{} _, we must have M"{| Az.Q)
and Qlz := N"]{Ax. M’ for some @) by shorter inferences. Applying the in-

duction hypothesis we have:

(i) vP.3g.IM"] 2 it nil & g =, [Qle = P]
(i) YP.3¢.[Qlr := N] ZE itgunil & g~ [M[z := P]]

By lemma 3.1.16 we have [M"] ~ [Az.Q)]. Therefore, by lemma 3.1.9, we
can infer that [M"” N"] ~ [Q[x := N"]]. By (ii) we have [Q[x := N"]] = .
ilgnil & q =) [M'[x := P]]. This establishes the lemma in this case.

Lemma 3.1.20 VP. [[M]] @’q nil & g =)\ [M'[x:= P]] = My xe. M’ for some
M.

PROOF: By induction on the number of inferences used to establish [M] = e

and cases of the structure of M.

M = a Then [M] 2l i!g.nil can not hold and the lemma holds trivially.

M = dx.M' Clearly [M] 2l ilgnil & q =~y [M'[z := P]]. Also Az.M'|}Az. M’

which yields the lemma in this case.

M = M" N"” Assume that for some M’ the following holds: [M] . tlgnil & g =~
[M'[x := P]] for all P. Then by definition of = (and —) this is only the
case if [M"] =" ¢ vl q" and (¢"[o/1] | otx.x)\o 1tk i!g.nil by shorter
inferences. By lemma3.1.16 we have ¢ ~ [Ax.M""] for some M"" and therefore

q" ~ A [M"[z := N"].nil]. This shows we are able to establish [M"[z :=
i [[ 1
]]] //

~ i!g.nil by a number of inferences not higher than the number
used to establish (¢"[o/1] | oTx.2)\o 2l i!g.nil. By the induction hypothesis
we then have M"JAx. M"" and M"'[x := N"]{y x.M'. By definition 3.1.5 we
then have M" N"”|JAx. M’ which establishes the lemma in this case.
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The above properties give the essential keys to our main theorem of this section.
Theorem 3.1.21 [M] ~, [N] < M ~B N.

PROOF:

= To see this we show that the relation R = {(M,N) : [M] ~\ [N]} is an
applicative (bi)simulation. The result then follows from symmetry of as,.
To see that R is an applicative (bi)simulation observe that if M{ z. M’ for
some M’ then by lemma 3.1.19 we have VP.3q.[M] i gl & q =)
[M'[z := P]]. Since [M] ~, [N] we know that [N] . ilq'.nil with ¢ =, ¢'.
By lemma 3.1.16 and corollary 3.1.17 we know that [N] =\ [Az.N'] for some
N’ and ¢ =) [N'[x := P]]. Then from lemma 3.1.20 we can infer that
NyAdz.N'. Clearly VP.(M'[x := P], N'[x := P]) € R which yields the theorem

in this direction.

< To see this we show that the relation R = R' U {(i!p.nil,ilg.nil) : (p,q) €
R'} U{(nil,nil)} where R' = {(p,q) : IMAN.p =, [M], g~ [N], M ~P
N} is a weak higher order bisimulation restricted to A-observations. To see

this observe that if (p,q) € R’ then if p @ p’ then for some M we have

[M] . p'. By lemma 3.1.16 and corollary 3.1.17 we have [M] ~) [Az.M']
and p' =) !![M'[x := P]].nil. So by lemma 3.1.20 we have M z.M’. To
find a matching move for ¢ we look at N. Since M ~% N we know that

NlXz.N' and VP.M'[x := P] ~B N'[z := P]. By lemma 3.1.19 we have
[N] . ilg' .nil & ¢' =, [N'[x := P]]. Since ¢ =) [N] we know that ¢ 2l q’
with ¢ a2, il¢’.nil. This is a matching move since (p',¢") € R. We do not
need to check if p LN p" since we assume p &, [M] for some M and p LN p’
is impossible. The theorem in this direction then follows by a symmetric

argument for q.

From a concurrency point of view the Lazy—A—Calculus is not very interesting
since the calculus enforces sequential evaluation in application; we first evaluate the
function until it reaches a weak head normal form, then we do (-reduction and the
argument is then evaluated (every time) when needed.

It would be interesting to investigate which properties are necessary to encode

the full S-reduction strategy as defined in [Bar84] by the following rules:

Definition 3.1.22

M — M’
MN—MN

(A M) N — M|z := N]
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N — N/ M — M
MN —MN' e M — . M’

As we have seen in lemma 3.1.9 the translation of A-Calculus given in definition
3.1.7 “preserves” [(-reduction, but it does not seem to be possible to mimic the last
two of the above rules in CHOCS with the semantics given in definition 2.2.5.

In [Bou89] Boudol presents a calculus which features operators from both the A-
Calculus and CCS. The calculus is called the v-Calculus. Boudol gives a translation
of the A-Calculus which is very similar to the one given by definition 3.1.7, but the
evaluation strategy is a bit more eager since he has the following inference rule for

output-prefix:
p/ N p//

alp’.p = alp’.p

which means that the argument in the application is allowed to have internal activity
of its own. The effect of this is that the evaluation strategy is similar to the Lazy-
A-Calculus, but a bit eager too. In [Nie89] Nielson introduces a merge between the
typed A-Calculus and CSP. This language is called TPL. The operational semantics
for this language is very close to a merge of the call-by-value typed A-Calculus and
the operational semantics for CHOCS with the above rule from [Bou89] included
together with the following rule:

pép//

alp'.p — alp' .p"’

For the translation of the Lazy-A-Calculus this will have no effect since it is
constructed such that the output prefix is only used in the context a!p.nil and nil
has no transitions. But perhaps these rules together with the following rule for
input-prefix:

p—p"

alr.p — alz.p”

will bring the evaluation closer to full g-reduction? For example: [Az.Q] ~ [Q] since
[Ax. Q] and any transition from [Q] can be matched by [Az.Q]. However, all the
above suggested extensions to the CHOCS semantics seem to violate the idea that
the prefixes are primitives for sequential behaviour. It is hard to see how changing
the CHOCS semantics would affect the general theory, but as already mentioned
in section 2.5 the rule employed by both Boudol and Nielson will mean that the

theory of observational congruence will be affected.
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Another question related to the subject of reduction strategies in the A-Calculus
is the matter of which abstracting equivalence of the A-Calculus to relate to ab-
stracting equivalences in CHOCS.

The standard theory A as presented in [Bar84] may be related to the translation
[]: A— CHOCS and the properties of CHOCS by the following theorem:

Theorem 3.1.23 if A\F- M = N then [M] =~ [N].

PROOF: By structure of A\F M = N

The converse does not hold in general, but & induces an equality relation on
A and it is straightforward to verify that the relation R = {(M,N) : [M] =~
[N], M,N € A} is a compatible congruence relation. Proposition 3.1.19 shows
that 8 = {(Ae.M)N, M[z := N]) : M,N € A} C R and therefore =3C=pg. The
notion of F—equality is important, but in the standard theory of the A-Calculus it is
the notion of head normal form, based on Bohm trees, which yields the meaning of
a A-term. Terms without a head normal form are identified. But =g (even with the

suggested extensions to the CHOCS semantics) distinguishes more A—terms than

the standard theory since e.g. [Ax.Q] % [©] because [Azx.Q] 2 whereas 1] ;Z.
We have not pursued this any further but this opens a range of possibilities for
future studies.

Both the Lazy—A—Calculus and the standard theory for the A—Calculus contain
the full B-reduction rule. But there are interesting reduction strategies which only
partly adapt the g-rule. One such interesting reduction strategy for the A—Calculus
is call-by-value reduction. Formally we may put the theory of the call-by-value
A—Calculus on a similar footing to the Lazy—A—Calculus and define an unlabelled
transition system (A, },) based on the call-by-value convergence predicate defined

by the following rules:

Definition 3.1.24 The relation M}, N is defined inductively over A° as:

MU, \e.P NU,Q Pla:= QL
M Ny, L

Ax. M e M

Thus both function and argument in an application have to converge to an ab-
straction before application takes place. The above rule suggests that both function
and argument may be evaluated concurrently.

As an abstracting equivalence we may adapt the applicative (bi)simulation of
definition 3.1.5 by using |}, instead of {} thus generating a preorder <, and a derived
equivalence ~,. Note that the two preorders <? and <, are incomparable since

[<BKIQ#B Qand [ £, KIQ <, .
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We now give a simple translation of the A-Calculus and we will show that the

evaluation strategy enforced by this encoding coincides with call-by-value reduction.
Definition 3.1.25 We define [ ], : A — CHOCS structurally:

L. [z], ==
2. [Ae.M], = d(?x [M]y.nil).nil

3. [M NJ], = ([M].]a/i] | [N]o[b/i] | a?a.bly.(x[c/i] ]| c!(ily.nil).c?a.x)\c)\a\b
where 1,a,b, ¢ are distinct.

Note that for any M € A: [M], :: {7} but application now needs four communi-
cation channels as opposed to only two in the translation of the Lazy—A—Calculus.
We have to ensure that the substitution properties of the A-Calculus are carried

over by this translation:

Lemma 3.1.26
[M[z := N]], = [M].[[N]./]

PROOF: By structural induction on M.
Using this lemma we may show that the restricted 3-conversion for the call-by-

value A-Calculus is “preserved” by the translation:

Proposition 3.1.27
[(Az. M)(Ay.N)]o = [M]x := (Ay.N)]].

PrROOF: We demonstrate how the left hand side of this equation may do an initial
series of internal 7—moves to a process equivalent to the right hand side.

[(hx M) (. V)], =
(81 (i?2. N [M]ynil).nil)[a/d] | [ry.NT | a?2.b2y.(e[c/i] | cl(ily.nil).c?e.a)\e)\a\b
b
(nilla/i] | (i(i7y. 3 [N],.nil).nil)[b/i] |
b2y (172 [M],nil)e/d] | l(ily.nil).cle.a)\e)\a\b
b
(nilla/i] | nil[b/i] | (7. [M]o-nil)e/d] | el(i'(i?y.i [N]o-nil).nil).c?e.2)\c)\a\b
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(nilla/i] | nil[b/i] | (122 [M]nil)[c/d] | ([ry-N].).cle.z)\e)\a\b
b
(nalla/d] | nal[b/d] | (GUIMT[([Ay.N1o)/2]).nal)[e/i] | e?a.x)\e)\a\b
b
(nalla/d] | nal[b/e] | (nalle/d] | [IMLL[([Ay-NTo)/2])\e)\a\b

~

[MT[I(Ay-N)To/ ]

Since [M], :: {i} for all M € A we may use the properties of proposition 2.3.13

and proposition 2.4.7 to infer the conclusion of this proposition.

As for the Lazy—A—Calculus we may state the relationship between ~, and ~ of

translated A-terms:

Theorem 3.1.28

. [M],~[N], = M~ N

2. M~ N % [M],~[N],

PRrROOF:
1. follows from proposition 3.1.31 and theorem 3.1.32 which we present later.

2. follows from the counter example:
Let Ly = Aa.((z I)(x K)) and Lz = Az.(((Ay.y (z K))(x I)). These two terms
are equivalent under ~,. However, there is a difference in the way they use
x (or rather an argument substituted for © when Ly and L, are applied). [4
will concurrently evaluate both occurrences of @ whereas L, will evaluate the
second occurrence of x before reaching the first occurrence. We may use this
property to distinguish the two terms when we translate them into CHOCS.

To illustrate this point consider the following process:

troubles = l(¢?a.dl[[],.nil).nil

+d?xaleol + A\ d [K]ponel) il (07 d [ K] p.nil)nal
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and consider the following context:

Cl]=([]la/?] | troubles[b/i] | a?x.b?y.(x[c/i] | c!(ily.nil).c?x.x)\c)\a\b\d

Then C[[Li].] —=  p1 ~ [K], as expected. But the two occurrences of
troubles may non-deterministically communicate with one another and then
Cl[Ls) == o ~ [{]s. Also C[[Ls]] = ps ~[K]. as expected, but
Cl[ L] 7TL>* phy ~ [1], since the only active occurrence of troubles will be

prevented from choosing to communicate via d.

This theorem states that the equivalence on A-terms induced by & is stronger
than ~,. This is because &~ also takes processes which are not translations of A-
terms into account as e.g. troubles above. We may apply the same technique
as we used for the Lazy—-A—Calculus and introduce a version of the observational
equivalence which only takes inputs of translated A-terms into account and we show

that this equivalence coincides with ~, on translated terms.

Definition 3.1.29 A weak higher order bisimulation restricted to Av—observations
R is a binary relation on Pr such that whenever pRq and & € (Act {7})U{e}
then:

(i) Whenever p =N P, then q N q for some ¢, o' with
oR\,o' and p'Rq’

1) Whenever % ' then % ! for some p', & with
q q} p p p}
@’Ii’mé and p’Rq’

Where Ry, = {(2,¢') : (8 = a?[P],& o = a?[P],, P € A°) V(e = alp’ & o' =
ald"&p"R¢")V (e = 3" = ¢)}.
Two processes p and q are said to be Av—observational equivalent iff there exists a
weak higher order bisimulation restricted to Av—observations R containing (p,q). In

this case we write p Xy, q.
Proposition 3.1.30 =,, is an equivalence
Proposition 3.1.31 =~ implies =,

We can prove the following theorem using the above definition of Av—observational
equivalence and proposition 3.1.31 together with an analysis (similar to lemma
3.1.15 to lemma 3.1.20) of the relationship between transitions in the call-by-value

ACalculus and transitions for the translated terms.
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Theorem 3.1.32 [M], ~,, [N], < M ~, N.

PROOF:

= To see this we show that the relation R = {(M,N) : [M], =\, [N].} is an

applicative (bi)simulation. The result then follows from symmetry of a2,

< To see this we show that the relation R = R'U{(:?x.ilp.nil,i?x.0lg.nil) : (p,q) €
R} UA{(ilp.nil,idlgnid) = (p,q) € R} U{(nil,nil)} where R = {(p,q)
AM.AN.p =y, [M],, g ~x [N],, M ~, N} is a weak higher order bisimu-

lation restricted to Av—observations.

3.2 CHOCS as a Metalanguage

In this section we study how CHOCS may be used as a metalanguage in the def-
inition of the semantics of programming languages. The study is a case analysis
of a simple imperative toy language, called P, first studied in [Mil80]. The mean-
ing of the language P is given in a phrase-by—phrase style resembling denotational
language definitions though we shall not give any semantic domains. The language
P is devised in such a way that a programmer is partly protected from unwanted
deadlocks. This is obtained through a disciplined form of communication between
components sharing some resources. In [Mil80] Milner points out the difficulties of
describing procedures in P using CCS. It is not obvious that CCS or the extension
of CCS justified by the developments in [Mil83] can describe concurrent procedure
invocations satisfactorily. In [EngNie86] Engberg and Nielsen show how CCS with
labels as first class objects may be used to describe concurrent procedure invoca-
tions, unfortunately their solution is very complicated and it does not look like
procedure descriptions of sequential programming languages. We show how proce-
dures in P may be handled straightforwardly in a way resembling how procedures
in sequential imperative languages are handled in denotational descriptions based
on the A-Calculus. Most of the definitions not concerning procedures may be found
in [Mil80], but for the sake of completeness we present the full language definition.

To allow for other values in CHOCS than process values we use the technique of
[Mil83] and introduce a D-indexed family of actions a?,4, al4, d € D for each value
domain D. Due to the fact that only finite sums of processes can be handled in the
version of CHOCS presented in this thesis we restrict our attention to finite value

domains as e.g. the set of booleans and finite subsets of the integers. We let a7,.p
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abbreviate Yepa?;.p{d/=} where {4/} means exchanging all occurrences of = in p
by dase.g. a?l,.0l,.nil{ic} = Xiepa?y.Blynil. We shall use the following construct
from [Mil83]: If b is a boolean valued expression in = then let a?,..(i f b then p else p')
be encoded by Y.cperale.p+ Yoepg-saly.p’. We should not confuse a?,.p with
alx.p since the first is a convenient shorthand notation and the latter is part of the
CHOCS syntax.

Alternatively we could extend the syntax and semantics of CHOCS to include
other types of values like in the FACILE language [GiaMisPra89] or TPL [Nie89.
This is beyond the scope of this thesis and the above encoding of values will suffice

for the presentation in this section.

The toy language P

Programs in P are built from declarations D, expressions F and commands C', using
assignments to program variables X. Some set of functions F'is assumed and for
the cause of simplicity we do not consider types of expressions. P has the following

abstract syntax:

Declarations: D ::= var X | D; D |proc P(value X, result X') is C
Expressions: F = X | F(Ey,....FE,)
Commands: Co= X:=F | C;C | if F then C else ('’ |
while I/ do C | C par (' | input X | output £ |
skip | begin D; (' end | call P(E,X)

Table 3.2.1: Syntax of P

In the study of concurrent programming languages a question of interest is how

to evaluate programs like:

begin

var X;

X =0
(X:=X+1par X := X+ 1);
output X

end

The semantics presented here will yield the answers 1 or 2. Readers are referred
to [Mil80] for a discussion of an alternative specification to rule out the answer 1.
To give a smooth definition of the semantics of P we need some auxiliary defi-

nitions.
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To each variable X we associate a register Regy. Generally it follows the pattern:
Loc = a?,.Reg(=)

Reg(y) = al,.Reg(z) + v, Reg(y)

and thus for X we will have Locx = Loclax vx/« v]. Initially we write in
a value, thereupon we can read this value on 4 or overwrite the contents of Loc
via . We have written the above definition in an equation style to make it more
readable. The proper CHOCS definition is: Loc = (a?..h!,.nil | Reg)\h where
Reg = Ypey[h?s.(als.hl.Reg + Yo bl Reg)] | Yieep[h?s-hlz.Keep]. The second
component of this process takes care of the parameters in the recursion of the above
equations. (This is in fact a general technique for simulating the parameterized
recursion of [Mil83]). We also associate a register to each procedure P. It may be
defined in the same way as above with » substituted with .

To each n—ary function symbol F' we associate a function f which is represented
by:

b =p17ar- o Pulon P (o) N

Constants will thus be represented as e.g. by.ye = plypye-nil. The result of evaluating

an expression is always communicated via p. It is therefore useful to define:

presult p = (p|p)\p

We adopt the protocol of signaling successful termination of commands via ¢

and it is therefore convenient to define:
done = él.nil
pbefore p' = (p[B/d] | B1.p")\B (B new )
p par p' = (p[d1/d] | P'[62/0] | 617.027.done 4 657.617.done)\d1\02 (81,2 new )

We now give the semantics of P by the translation into CHOCS shown in table
3.2.2.

Declarations:
[var X] = Locx
[D; D] = [D]][D]
roc P(value X, result Y is ] = ((Locp | ap!( procedure process ).nil)\ap
p

| Transform
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where procedure process =

(((ap, 7 p.ax!z.done) before [C] before (yy ?,.vp,lz.done)

| Locx | Loey \\ax\ay \yx \w)lak 7§ /ax: vx1]

and Transform = Yr.u,[Sxrak te.ax!le. Tran + Xxmyx 7o y8 . Tran)

Expressions:
[X] = ~x?e.plenil
[F(Ey . ED] = ([Edled/pl |- L TE e/ o] [0 \p1 - P
Commands:

[X :=F] = [F]result(p?s.ax?,.done)
[C;C = [C]before [C]
[if £ then C else C'] = [E] result p?,.(if = then [C] else [C'])
[while E do C] = Y,[[F] result p?..(if « then ([C] before w) else done)]
[Cpar C'] = [CTpar[C]
[input X] = ?,.ax!,.done
[output K] = [F] result (p?;.0l..done)
[skip] = done
[begin D;C end] = (ID]] [CD\En
[call P(E,Z)] = [FE] result ((p?..ap,!..done)

par (yplx.x) par (vp,?..az!..done))\ap, \vp,

Table 3.2.2: Semantics of P

In the equation for [begin D;C end] we let \Lp abbreviate restriction with re-
spect to a and ~ channels for all variables and procedures declared in D. The
procedure definition creates a location to store the procedure process. The restric-
tion \ap ensures that this process cannot be overwritten after the definition. The
first parameter to a procedure is the argument and it will use call-by-value param-
eter mechanism. The second parameter is a result variable. The procedure process
needs two locations, one for each parameter. These locations are kept local by the

restrictions \ax\ay \7x\7y. To ensure static binding of variables in a procedure
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body the procedure process is enclosed by a renaming of all read and write signals
to variable locations. This is done simply by tagging the signals with the name of
the procedure. The tagged signals are able to escape the restriction \Lp of any
block except the block where the procedure is defined. The Transform process,
located in the block where the procedure is defined, transforms the tagged signals
back to untagged read and write signals. These will of course affect the variable
locations in this environment. The value to the value parameter is communicated
via ap,, and the result of the procedure is communicated via yp,. These signals
are not affected by the embracing renaming. The procedure call first evaluates
the argument then reads the location Locp to get a copy of the procedure process.
Note how each procedure process is self-contained with local environments for the
parameters. If a recursive call to the procedure P occurs in the body (' a new copy
of the procedure process will be obtained. This is true for concurrent activations of

the same procedure as well and we have:
[begin proc P(value X, result Y) is C}

call P(F,Z) par call P(E', 7Z’') end]
[beginvar X;var Y; X := £;C;Z :=Y end
par beginvar X;var Y; X := £'; ;7' := Y end]

which may be verified by expanding the semantic clauses.

Another common parameter mechanism used in imperative programming lan-
guages is the call-by-reference mechanism. This mechanism can be modelled in
CHOCS by the following semantic definitions:

[proc P(ref X) is C] = ((Locp | ap!( procedure process ).nil)\ap) | Transform
where procedure process = [C][ap, vp, /ax vx ][k vE [Jax: vxi].

[call P(Y)] = vplz.(z[ay v /ap, vp,])

Note how this parameter mechanism works; we just link the register associated with
the parameter in the call with the procedure process via renaming. This is obtained
by the inner renaming in the procedure body which ensures that read and write
signals to the formal parameter escape the outer renaming. This has the effect that

they are linked to the actual parameter in the calling environment.
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We can also describe the call-by-name parameter mechanism in CHOCS. To do
so we need to redefine the semantics for variables used as formal parameters in

call-by-name procedure definitions as:
[X] = vx—reg?-vx70.plunil

The vx_,¢,7 signal in the above definition will be used as a request signal when X
occurs as a call-by-name parameter in a procedure. We now present the definition

of call-by-name procedure definitions and procedure calls:
[proc P(name X) is C'] = ((Locp | ap!( procedure process ).nil)\ap) | Transform
where procedure process = [C][Yp—req VP, /X —req Vx)[Or Vier [ax vx1].

[ca1l P(E)] = yp2a.( | Yilypores ([E] result p20op, Loao))\vpres\1r,

Note that the definition of procedure definitions is almost the same as for the
call-by-reference parameter mechanism. Since we only read the value of a call-
by-name formal parameter we do not have to consider any ax signals since these
are write signals and will not occur in well formed programs. The real difference
arises in the procedure call where any use of the parameter X in the procedure
body yields a request signal yx_,.,7 which is renamed to a yp_,.,7 signal in the
procedure definition. Each time this triggers the Y, [...] construction to evaluate
the argument [£] and deliver the result via vp, before it restores itself. Note that
every time there is a request for [£] it is evaluated from scratch.

If [E] does not have any side effects, as in the P semantics, it is unnecessary to
evaluate the value of [E] every time a reference to the call-by-name parameter is
made. Instead we may store the value of [E] after the first evaluation and then just
supply the stored value. This parameter mechanism is known as lazy evaluation

and may be defined as:
[proc P(lazy X) is C] = ((Locp | ap!( procedure process ).nil)\ap) | Transform

where procedure process = [C][Yp—req VP, /X —req Vx)[Or Vier [ax vx1].

[call P(E)] = ~pla.x | (Yp=re ([E] result p?o.vp, Yol snil)
| YLoeTz-Yu [FVP—req!"YPv!w-w])\VLOC)\VP—TBq\’YPv

Note that in both the above two parameter mechanisms we may have concurrent
requests to the call-by-name respectively lazy parameter which could mean a mix-
up of values. This does not happen since the yx_,., signal acts as a semaphore

around the actual parameter.
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All the above parameter mechanisms need the Transform process to ensure
static binding of variables. This is due to the dynamic nature of the restriction
operator i.e. processes sent out of the scope of the restriction operator are not
affected by the operator. The block structure of P ensures that the Transform
processes work but for general modelling of programming languages it might be
of importance to have a restriction operator with a static nature. We comment
further on this in chapter 5 where we review the semantics of P. It is interesting to
note that if we omit the T'ransform process and the renamings it carries we will
encounter procedure invocations with the various parameter mechanisms above, but
with dynamic binding of variables in the procedure body.

The language P presented in this section bears much resemblance to the im-
perative concurrent language studied in [HenPlo79]. A challenging exercise left for
future studies is the question of giving P a labelled transition system semantics di-
rectly using structural operational semantics [Plo81]. This should be a reasonable
task since P has much in common with the language studied in [HenPlo79]. This
would then lead on to an investigation of full abstraction between the structural

operational semantics and the semantics of P presented in this section.

3.3 A Fault Tolerant Editor

A simple command editor (like ed in the Unix operating system) is provided in
almost every programming environment. The editor takes in a file, accepts a series
of commands and by the end of the session outputs the updated file. The commands
can be grouped into two categories: altering commands; like insert a letter and
delete a line and non-altering commands; like search for a word and scroll. Such

an editor could be specified as follows:

PEditor = infile?. PEdit
PEdit = X;altop;?. PEdit + X;nonaltop;?.PEdit + exit?.out filel.nil

Unfortunately this is a very simplistic or idealized editor. Most users of such
editors have experienced that the editor crashes due to events (or faults) out of
the user’s control. If the user is “lucky” the alterations made to the file during
the editing session are lost and if unlucky the file is lost as well. To recover the
lost work most operating systems provide a log system which monitors the user’s
actions by storing every command. The editing session can then be recovered
simply by fetching the stored commands and running them again. Note that in the

first instance the commands to the editor are treated as values stored in the log
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system, but when we rerun the stored commands they are treated as a program.
The following description in CHOCS specifies a fault tolerant editor system; as in
the editor above, we have ignored the file being edited to simplify the description

and focus on the log system:

FEditor = infile?l.( FEdit | Logsys | Demon | Updater)\intops
FEdit = Y,altop;?.intaltop;!.log!(intaltop,!.Stop). FEdit
+Xnonaltop;?. FEdit + exit?.out filel.nil + faill.nil
Updater = Yntaltop;?.Updater
Demon = faill.restart!.Demon
Logsys = FEmptylog | UpdateLog | Restartlog
Emptylog = Log(Stop)
Log(x) = writelogly.Log(y)+ readloglz.Log(x)
Updatelog = logtz.readlog?y.writelog!(y be fore x).Updatelog
Restartlog = restart?.readlog?x.(x be fore ( FEdit | Restartlog))
Stop = dl.nil
zbeforey = (x]d?y)\d

where \intops is shorthand for \intop; ... \intop,\readlog\writelog\restart\ fail.

We have simplified the description by considering the log system as part of the
editor system. A more elaborate version would allow the user to restart the system
and faults to occur at any level of interaction. We have specified both PFEditor
and FEditor using a recursive definition. This is justified by the simulation of
recursion results of section 2.6.

An interesting point to note about the above system is how the log system
collects a program by piecing together a sequential program consisting of each
command typed in by the user of the editor. This program can then be run in
the event of a fault occurring.

We can prove that the ideal editor and the fault tolerant editor are observational
equivalent and we may thus regard the ideal editor as a specification and the fault
tolerant editor as an implementation. To see this observe that the following relation

is a weak higher order bisimulation:

R ={(nil , nil\intops),
(out filelnil , (out filel.nil)\intops),
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( PEditor , FEditor),
( PEdit , ( FEdit | Logsys
| Demon | Updater)\intops),
( PEdit . (intaltop!.log!(intaltop;!.Stop). FEdit
| Logsys | Demon | Updater)\intops),
( PEdit . (log!(intaltop;!.Stop). FEdit
| Logsys | Demon | Updater)\intops),
( PEdit , ( FEdit | (Log(curstat)
| readlog?y.writelog!(y be fore (intaltop;!.Stop)).Updatelog
| Restartlog) | Demon | Updater)\intops),
( PEdit , ((nel|...|nil) | Logsys

m

| restart!. Demon | Updater)\intops),
( PEdit , ((nal | ... |nil) | (Log(curstat) | Updatelog
——

m

| readlog?x.(x before FEdit)) | Demon | Updater)\intops),
( PEdit , ((nal | ... |nil) | (Log(curstat) | Updatelog
——

| (curstat before ( FEdit | Restartlog)))
| Demon | Updater)\intops),

( PEdit , ((nal | ... |nil) | (Log(curstat) | Updatelog
——

| FEdit | Restartlog) | Demon | Updater)\intops)}

where m > 0 and m denotes the number of fail!. signals which have occurred
so far in the execution of FEditor and curstat is either Stop, corresponding to
FEditor being in its initial state or curstat is a sequence
(intaltop;!.Stop before previousstat) where previousstat is a sequence like curstat.
For presentation purposes we have omitted intermediate states caused by the before
construct. These can be added but they clutter the presentation unnecessarily. Thus
PEditor ~ FEditor . However, FEditor ~ PFEditor but PEditor 4 FEditor
since PEditorl} whereas FEditor(}. The fault tolerant editor FEditor may do an
infinite sequence of internal actions due to fail! signals occurring infinitely often.

Readers familiar with the studies of restartable systems presented in [Pra88] will
notice that FEditor resembles the systems studied by Prasad in section 4.1.1 of

his thesis. But note that we do not need to parameterize the state of the system
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by pairs of the initial state and current state, we only need to program a memory
system in CHOCS (or reuse the memory cells defined in the previous section), store
each command as they arrive from the user bit by bit and read this program from
the memory and run it whenever we need to restart the system.

The faults, signalized by fail! signals, are simplified in the above system. They
only occur when the editor is in a state where it is ready to receive instructions
from the user. A more refined version could allow faults to occur at any level. We

could specify this by adding a faill.nil process after any guard e.g. use:
Y.altop?.(intaltop;!.(log!(intaltop;!.Stop). FEdit + faull.nil)+ faill.nil)

or we could use the displace operator < from [Pra88] and simply exchange the
+ faill.nil component of FEdit by < faill.nil. The introduction of faults at other
levels calls for a more elaborate protocol for adding to the memory of the current
state of the editor to ensure that the last instruction to the editor does not get
lost between the internal updating and the storage of the instruction. We shall not
elaborate further on this but leave it for future studies. For a discussion of fault
tolerant systems in general we refer to [Pra88] where a thorough discussion of their

description in CCS is presented.



Chapter 4
Denotational Theory of CHOCS

So far we have only studied the semantics of CHOCS from an operational point of
view. In this chapter we construct a denotational semantics for the language. One
of the main benefits of denotational semantics is its compositional nature which en-
ables a compositional way of reasoning about CHOCS processes. The denotational
semantics also highlights certain features of the operational semantics as we shall
see in the latter part of this chapter.

We begin this chapter by reviewing the definitions and the results from Domain
Theory upon which we build a denotational semantics for CHOCS. In section 4.2
we define a domain equation in which the denotational semantics for CHOCS will
reside. The main result of this section is an “internal full abstraction” result show-
ing that if we impose a labelled transition system view on the domain equation
the operational preorder of higher order prebisimulation and the domain ordering
coincide. As a step towards defining a denotational semantics for CHOCS we define
a denotational semantics for finite processes in section 4.3. The main theorem of
this section is the full abstraction result for finite processes in theorem 4.3.5. Most
of the results in section 4.2 and 4.3 are built on section 3 and 6 of [Abr90a] and
are mainly adaptations of the Domain Equation for Synchronization Trees and the
Full Abstraction for SCCS to the setting of Higher Order Communication Trees and
CHOCS. We define a denotational semantics for all CHOCS processes and extend
the full abstraction result in section 4.4. The main theorem of this section is the
(limited) full abstraction result presented in theorem 4.4.7. The result is limited to
the case where the set of port names Names is assumed to be finite and is stated in
terms of the preorder ... These restrictions are due to the well known impossibility
of modelling unbounded nondeterminism in the Plotkin Power Domain. Finally in
section 4.5 we use the denotational semantics to obtain a very simple proof of the

simulation of recursion result from section 2.6.

105
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4.1 Domains and Denotational Semantics

In this section we present a short review of the definitions and results from Do-
main Theory upon which we build a denotational semantics for CHOCS. It is hard
(though possible, see e.g. [Sch86]) to give an overview of this subject without using
a bit of category theory jargon and we shall do so freely.

The denotational semantics we are going to construct will reside in a domain
of an appropriate “shape”. This domain will be an object of the category CPO
or rather the subcategory SFP. The category CPO is a very important “tool”
for making meanings of programs and programming languages. It has been exten-
sively studied in [Plo81b] and this reference together with section 2.2 of [Nie84]
have been our main sources for this section. Two important characteristics of the
category CPO is that it admits recursive definitions both of its elements and of
domains themselves. It also supports a rich type structure and we present the type
constructions that we use in this thesis in the latter part of this section.

First we review a few of the basic definitions from Domain Theory:

Definition 4.1.1 A relation C on a set D is a partial ordering upon D iff C is:

reflexive, antisymmetric and transitive.
We call a set with a partial ordering a partially ordered set.

Definition 4.1.2 An element e of a partially ordered set D is a least element (or
a bottom element) denoted L iff e T d for all d € D.

Definition 4.1.3 If it exists; a join a U b of two elements a and b in a partially

ordered set D is an element such that:
1. aCalbandbT allb

2. forallde D: aCd and bC d implies alUbC d

Definition 4.1.4 For X C D a subset of a partially ordered set D a least upper
bound | | X denotes the element of D such that:

1. forall x € X we have x T ] X

2. foraldeDifre X andx T d then || X Cd

Definition 4.1.5 A subset X of a partially ordered set D is a chain if

1. X s nonempty
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2. foralabe X eitheraClborbC a
Often the elements of a chain are enumerated and the chain is denoted by {d, },.

Definition 4.1.6 A function f : D — FE from a partially ordered set D to a
partially ordered set F is monotone iff dy T dy = f(dy) C f(dz).

Definition 4.1.7 A monotone function f : D — E from a partially ordered set
D to a partially ordered set E is continuous iff for any chain X C D: f(UX) =

U{f(z) : a € X}.

Definition 4.1.8 A partially ordered set is a complete partially ordered set (or a
cpo) iff D has a least element L and has least upper bounds for all chains.

Definition 4.1.9 Let D be a cpo. An element b € D is compact or finile if,
whenever X C D is a chain and b C || X then b C d for some d € X. We write
K(D) for the set of finite elements of D.

Definition 4.1.10 A function f : D — E from a cpo D to a cpo F is strict iff
F(1) =1,

A functional! is a continuous function f : D — D; usually D is a domain of the
form A — B, but it does not have to be.

Definition 4.1.11 An element d of a partially ordered set D is a fived point for a
functional F': D — D if F(d) = d. A fized point d for a functional F is a least
fized point iff for all fired points e for F' we have d C e.

Theorem 4.1.12 For any functional F': D — D on a cpo there exists a least fized
point £ix I given by
fix F = [{F(L) : i >0}

where FP(L) =L and it — F(FZ(J_))

Definition 4.1.13 The category CPO is the category whose objects are complete

partial ordered sets (cpo’s) with continuous functions as morphisms.

!This terminology is used in [Sch86]. As pointed out to me by S. Abramsky this is non-standard
terminology



Chapter 4: Denotational Theory of CHOCS 108

Formally a category consists of a set of objects and for each two objects Dy and
Dy a set of morphisms f : Dy — Ds. There has to be a composition of morphisms
as in fog: Dy — Ds which is the composition of f: Dy — D3 and ¢g: D; = Ds.
For each object D there has to be an identity morphism Idp : D — D. Composition
and identity have to satisfy the associative law: (fog)oh = fo(goh) respectively
the identity laws: f o Idp = f and Idp o f = f. It is easily checked that these
criteria are satisfied for CPO [Plo81b].

Analogous to the notion of morphisms between objects of categories we may

consider “functions” between categories. These are called functors:

Definition 4.1.14 A functor F' consists of two maps: one from objects D of cate-
gory D to objects F(D) of category E and one that sends a morphism f: Dy — Dy
of category D to a morphism F(f): F(D1) — F(Dz) of category E. It must satisfy
the composition law: F(fog) = F(f)oF(g) and the identity law: F(Idp) = Idrp).

Functors are extensively used in the definition of (recursive) domain equations.
To do so we may draw upon an analogy between cpo’s and categories. A cpo-
category is a category where the set of morphisms between any two objects forms

a cpo and where composition is continuous with respect to the partial order.

Definition 4.1.15 A functor between two cpo-categories is locally continuous (mono-
tonic) if its effect upon morphisms is continuous (monotonic). Continuity for a
functor F' -means F(L, f.) = U, F(f.) for all chains {f.}. of continuous func-

tions.

For a continuous functor the analogy to a fixed point of a continuous function

on a cpo is captured by:

Definition 4.1.16 The pair (D, ®) is a fizred point for a continuous functor F
over some category iff D is an object and ® : F(D) — D is an isomorphism. (An

isomorphism ® in a category is a morphism ® : D — E for which there exists an

inverse @1 ] — D such that ® o @' = Idp and ® 1 o ® = Idg

Definition 4.1.17 A pair (D, ®) is an initial fized point of a continuous functor F
over some cpo-category iff it is a fired point and for every fived point (D', ®') there
exists precisely one embedding e : D — D' such that eo ® = &' o F(e).

An embedding in a cpo-category is a morphism e : Dy — Dy for which there
exists another morphism €* : Dy — Dy such that €" oe = Idp, and eo e" C Idp,.
There are constructs analogous to the notions of chain and least upper bounds,

these are called directed sequences and limiting cones:



Chapter 4: Denotational Theory of CHOCS 109

Definition 4.1.18 A directed sequence is a pair ({ Dy}, {€n}tn) where each D, is

an object and each e, : D, — D11 is a morphism.

Definition 4.1.19 A limiting cone, for a directed sequence ({Dy}n,{€n}n), is a
pair (D,{r,}n) where D is an object and each r, is a morphism satisfying r, :
D, — D and rp41 0 e, =1,. (D is called the limit of the directed sequence)

We may use this to define a construction FIX F' for a continuous functor, corre-

sponding to fix F' for a continuous function.

Definition 4.1.20

FIX F' = ({Dn}o, {en}n)

where Do = U (the one point domain {L}) and Dny1 = F(D,). e =L and
€nt1 = Flen).

In the subcategory CPO-E of CPO where all functions are embeddings this
construct generates a cone. Let (D,{r,},) be the limiting cone for FIX F' then
(D, ®) where ® = |, 7,41 0 F(r,)* is an initial fixed point of F'.

However, initial fixed points for continuous functors need not be unique, though
they are all isomorphic, but it is common to say the initial fixed point about the
fixed point generated for FIX F.

In denotational semantics it is quite common to write domains as recursive
definitions like D = F(D) involving functors such as F'. With the above machinery
we may solve such equations. A solution to recursive domain equation is simply
taken to be the initial fixed point for its defining functor. This means that we only
solve the domain equation up to isomorphism since the initial fixed point is defined
in terms of isomorphisms and we write D = F'(D) to emphasize this.

The domain equation we present in the next section will use the Plotkin Power

Domain and we therefore need to work in a category closed under this construction.

We will use SFP [P1o76, Plo81b].

Definition 4.1.21 The category SFP (Sequences of Finite Posets) has as objects
those cpo’s D which are limits of directed sequences ({ Dy}, {pntn) of finite ¢po’s

D,.. Its morphisms are the continuous functions with the usual composition.

The only thing we need to know about SFP, apart from the above, is that it
admits recursive domain equations and it is closed under the constructs of Cartesian

product, separated sum and the Plotkin Power Domain.
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Cartesian Product

Let D and D’ be domains. The Cartesian product D x D’ is the domain of pairs of
elements with first component from D and second component from D’. We write
(d,d") for elements of D x D' where d € D and d' € D'. D x D' is ordered component

wise i.e.:

(dlvdll) EDXD’ (d27d/2) = dl ED dz & dll ED’ d/2

We may turn the Cartesian product into a functor:

Given

f:Dy—= Diand g: Dy — Dj
then

X(f,q): Dy x Dy — Dy x D
is given by

x(fvg)(dlde) = (fdlvgdZ)

Separated Sum

Let A be a countable set and {D,},ca be a family of A-indexed domains. The
separated sum }°,c4 D, is the domain formed by the disjoint union of the D,’s
and adjoining a bottom element. We write (a,d) for the elements of the disjoint
union and L for the bottom element of the separated sum. We order the domain

as Tollows:
1By ppyer=Lorfr={(ad &y=/ad)&dCp, d]

Separated sum may be treated as a functor:

Given a family of functions:

fo: Dy — E,
Then

S fa: > Da— > E,

acA a€A a€A

is defined by:

(Dl L = &

a€A

(Z fa)<a7d> = <a7fad>

a€A
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Note that for each a € A, the function:

D, = >.D,

a€A

d — (a,d)

is continuous.

The Plotkin Power Domain

Let D be a domain. We say that a subset X C D is closed if X = X* where
X*=ConoCl(X)and Con(X) ={d : Id1,d> € X.dy T d C dy} and Cl is the
closure operation associated with the Lawson Topology (see [Plo81b]). The Plotkin
Power Domain P[D] over D is defined as the set of nonempty closed subsets of D.
The elements of P[D] are given by {X C D : X # (), X = X*}. The Plotkin Power
Domain P[D] over D is ordered by the Egli-Milner order:

XCpyYeVeeXdyeYaly&VyeYdre XaCly

We shall make use of a number of continuous operations associated with the Plotkin
Power Domain:

P is functorial:

Given

f:D—FE

then
Pf:P[D]— P[E]

is defined by
PIX) = {f(x) : € X}

Other useful operations are:

Singleton:
{-1:D— P[D]
defined by:
fldlt ={d}" ={d}
Union:
W : P[D]* — P[D]
defined by

XUY=(XWY) =Con(XUY)
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Big Union:
i : PLP[D]] — P[D]
defined by
H©) =(Ue) = Con(J0)
and Tensor Product:

Given
f:D"—=D
Then
FIPID]" — PID]
is defined by
X X)) = {f(ey o) ¢ oa € X}

The Tensor Product has the property:
X XWX LX) = (X X X)W (XL XD X))

for (1 <4 <mn). For n =1 we have fT = Pf.

4.2 A Domain Equation for Higher Order Com-
munication Trees

With the machinery from the previous section in hand we are now ready to con-
struct a Domain in which the denotational semantics for CHOCS will reside. As
in [Abr90a] we shall use the Plotkin Power Domain with the empty set adjoined.
We use the empty set to denote the process nil (i.e. the convergent process with
no action). The empty set is added to the Plotkin Power Domain without being
related to anything but itself under the Egli-Milner ordering and we write P°[D]
for the Plotkin Power Domain over D with the empty set adjoined. The elements
of P°[D] are given by {X C D : X = X*} = P[D]U {0} with the ordering:

XEY@X:{J_}OI’XEEMY

The operations on P[D] described above may be extended to P°[D], and W, It and
{| - |} are continuous on P°[D]. For P°f to work we need to assume that f is strict
and for fT to work we need to assume that f is strict in each argument. We write
{{d| A [} where d € D and A is some sentence, meaning {| d [} if A is true, and ()

otherwise.
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Definition 4.2.1 Let Names (the set of port names) be a countable set and let
Ev= Names x{!,7}U{7} (ranged over by e). Then D, the domain of higher order

communication trees, is defined as the initial solution of the domain equation:
D=P°[> D]
eEEV
where Dys = D x D, Dy=D x D and D, = D.
This domain equation is essentially that of [Abr90a] with the structure of actions
taken into account. We write L for the bottom element of 3-__py. D. and {| L[} for
the bottom element of P°[3__ . Del.

The structure of D is recursive and may be unpacked by the following two parts:

1. Let ® and ®~! be a specified isomorphism pair such that:
s—1

H
D= P°[ Y D]
eEEV

We shall treat D = P°[Y g, De] as identity and thus elide the use of ® and
®~!. They can be put back in without any difficulties, but they will clutter

the presentation.

2. Initiality. As described in the following.

Definition 4.2.2 We define a sequence of functions:

D — D
as follows:
o = e {L[}
Tet1 = P° Z Je
eEEV

Where fq2 = ><(7Tk77rk); Jar = ><(7Tk77Tk) and f, = 7.
D is the “internal colimit” of the 7 i.e.:
Proposition 4.2.3 The following properties hold:

(i) Fach mp is continuous and 7y C Tyq

(ZZ) |_|k7Tk = ZdD
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(iit) mp o T = T
(ZU) \V/dl,dz € Ddl E dz A= \V/k.ﬂ'kdl E 7de2

We may think of elements d of D as (finite and/or infinite) trees. myd cuts the
tree to a depth of k. 7D is the set of all trees with depth at most k.

The following definition gives an inductive definition of the set of elements d of

D which only have depth k:
Definition 4.2.4

LEV, = {L[t
LEViyy = ({{a?,(d},d])) : a € Names,d},d| € LEV}.}
U{{a!, (d},d))) : a € Names,d},d] € LEV,}
U{(r,d}) : d] € LEV}})*
WLEV)

Proposition 4.2.5
V. LEV), = mD

PrROOF: By induction on k:
k=20

LEVy = {| L]} = moD

LEViy = ({{a?,(d},d])) : a € Names,d},d] € LEV}}

U{(al, (d},d})) : a € Names, dy,d| € LEV,}
U{(r,d}) : di € LEV}.})*
WLEV)

= ({{a?,(d},dY)) : a € Names,d,d] € m;D}
U{{(a!,(d},dy)) : a € Names,d|,d| € 7D}
U{(r,d}) : df € m.D})*
W, D
by the induction hypothesis

= ({{a?,(mrd}, 7rd))) : a € Names, d},d} € D}
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U{(a!, (mgd}, md))) : a € Names, d;,d] € D}
U{(r, med]) : d} € D})*
U:Jﬂ'kD

= 7Tk-|—1D

Corollary 4.2.6

D=||LEV,
k

The elements of each of the LEV)’s are compact elements of D. We may give

an explicit description of the compact elements of D.

Definition 4.2.7 We define K(D) C D inductively:

0 e K(D)

{L} € K(D)

a € Names,dy,dy € K(D) = { (a?,di,ds) [} € K(D)
{l (al,dy, da) [} € K(D)
{l{r.dv) [} € K(D)
d1 ] dz - [((D)

Proposition 4.2.8 K (D) is exactly the set of compact elements of D.
PROOF: Follows from standard results (see [Plo76, Plo81b]).
Proposition 4.2.9 (U{LEV; : k> 0})" = K(D).

PRrROOF: For each k: LEV, C K(D) follows from definition 4.2.4, definition 4.2.7
and proposition 4.2.8 The opposite direction follows by showing that each element

of K(D) is an element of LEV) for some k. This is done by induction on the

construction of elements of K(D):

Base cases () C LEV}, for all k and {| L[} C LEV} for all k.

Inductive step Assume dy,dy € K(D) and dy,dy € LEV), for some k. Then:

{(a?,di,d2) [} € LEVig

{(al,di,ds) [} € LEVin

{{{r.d) [} € LEViu
diwd, € LEV,CLEV,,
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D as a Transition System
Consider D as a transition system (D, Act, —,T):
o dft=l€ed
o d X "= (a7, (d,d")) €d
o d 2 "= (al,(d,d") € d
o d - d=(rd)ed

We can now show that D is “internally fully abstract” i.e.:

Proposition 4.2.10
Vdi,dy € D.dy B dy = dy T d,

PROOF: The proof of this proposition follows the pattern of the proof of proposition
3.11 in [Abr90a]. We shall prove:

(1) \V/k‘dl ~k dz = 7de1 E 7de2
(i) cc.?

Clearly (i) implies ~,CC and since LBc.., we have P=C.

To see that (i) holds we proceed by induction on k.

k=10 Since dy g dy always holds and clearly mgd; T mod, holds, and we have
dy ~o dy = mody C mody. This establishes the base case.

k+1 Assume dy ~py1 do. Now dy = () and dy ~pyy dy implies dy = (0. dy = {| L[}
implies d; C dy so we may assume that dy # () # dy. It is sufficient to prove
di Cgar ds.

We have mp11d; = X* where

X = {{a?, (mpd}, medy)) = {a?,(d},dY)) € di} U
el (s mc)) = {at, (d ) € i} U
{r,medy) = (7, dY) € di} U
{L:1ed}

and similarly m;41ds = Y*. Now
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o (a?,(d},d))) e X

= d 2

= 3, dldy PR d o dy & o

= 3dy, dldy 5 4 & mpd] C mpdy & mod! © md! by the induction hypothesis
= Ha?, (mpdy, midy)) € Y{a?, (mg, dy, mid])) C (a?, (mg, dy, mpdy))
and similarly for (a!, (mx, d}, mpd))) € X and we have

o (r,dy) e X

= d; = d]

= Ady.dy 5 dy & dy <

= 3Ady.dy = d) & mpd| C mpd), by the induction hypothesis

= W7, mpdy) € Y7, 7, d}) C (7, 7p, dby)

Also

o 1ZX

= 1&d;

=~ 1dd, & [[ds & & = 3d,, d.d, Ad &' & dy o dy & & oy ]
& [dy “ di = 3d}, dy.dy oy dl & dy o dy & df o dY]
& [dy = dy = 3dy, d}.dy — d} & df < )]
= 1Y & [[V(a?,(mpdy, mpdy)) €Y.
a?, (mpdy, mpdy)) € Xompd] C mpdy & mpd! © midy]
& [V{al, (mpdy, mpdy)) € Y.
Ia!, (mpdy, mpd))) € Xompd] C mpdy & mpd! © mipdy)
& [V(r,mpdly) € Y., mpd)) € Xompdy E midy]]

by the induction hypothesis

Furthermore we have shown X Cgys Y which implies X* Cgay Y.

To see (ii) we show that C is a higher order bisimulation. Observe that:

o di Cd,

= [[V(a?,(d},d")) € di.3(a?, (dy, d2)) € do.d, T dy & d” T "]
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& [V(r,dy) € dy.3(r, db) € dy.di E df]

& Ldd = Lddy, & [Y{a?,(dyd)) € dy.3(a?, (d),d")) € dy.
& T dy & df T df)
& [al, (dy,d")) € dy.T(al, (d},d")) € dh.
dy E dy & dy T dy]
& [V(r,d) € dp.3r,d) € d.d, C &

dy 2B gy = 3d0 dndy B & d & Y E ] &
Ty dy = Addy s d) & d) T d))

—  Vae Names. [[d S5 ar = 3d), . d2—2>dg&dg Cdy&d/ Cdi&
[y S8 @ = 3d, dldy YR A d Cd & d Y &
d, —>d’:»3d' d2—>d’&d’lid’]&
dl=d ] & [d d";»adg,d"dlAdgf&dggdg&dygdg’]&
[
[d:

This result shows that the denotational domain and the labelled transition sys-
tem model are equally expressive. The above result is syntax free and therefore
not compositional. We need syntax to introduce compositionality and this is the

subject of the next section.

4.3 A Denotational Semantics for Finite CHOCS

In section 2.8 we saw that the syntax of Finite CHOCS induces a term algebra
Tx. By standard results [Gog etal77] there exists a unique ¥—homomorphism A[ ] :
Ty, — A for any Y—algebra A.

We now use this result to form a denotational semantics D[ ]| in the domain
D for finite CHOCS. It suffices to define each operation in ¥ as a function of the

appropriate arity over D.

Definition 4.3.1

nil? =
P = {L[}
a?__ = Mdy,dy) € D x DA (a?,(dy,dy)) |}
al? _._ = Mdi,dy) € D x D] (a!,(dy,dy)) [}
o= MeD{(rd [}

+P =



Chapter 4: Denotational Theory of CHOCS

119

Restriction:
N\e? = pF € [D— D.IHoP(g.F)
where g, : [D — D] = [¥. gy De — D] is defined by
g F L = {L}
G F (67, (dy,dy)) = { g (b2, (dv, Fdy)) [} if b #a

otherwise

0 otherwise

{{ {7, Fd) [}

G PO (d,dy)) = {{I (B, (d, Fdy)) [} if b+ a

ga F (T, d)

Renaming:
[S]P = uF € [D — D].P°(gsF)
where gs : [D — D] = [ cpy De = X cEy De] is defined by
gsF 1L = L

gst'(a?,(di,dz)) = (S(a)?,(di, F'dz))
gst{al,(di,dy)) = (S(a)!,(di, F'dy))
gsF(r,d)y = (r,Fd)

Parallel Composition:
NP _=puF e[DxD— D.HoPIFYrFWeck)
where l,r, ¢ [D* = D] = [(X oy De)? — D] are defined by
[Fa, Ly=1F(L,z) = {L[}
LE({a?,(dy,d2)), ) = {[{a?,(dv, Fldo, {2 [}))) [t
LF({d! (d17d2)> v) = Al{d(di, Fldz, { @ 1)) [}
) =

LF((r,d),« {{r, F(dAl = [}) [}
and
rF(e, L)y=rF(L,z) = {L[}
rk(z,(a?,(di,dz))) = {(a?,(di, F({l x [}, d2))) [}
rk(z,(al,(d1,dz))) = {|{a!,(di, F({ 2 [},d2))) [}
rf(z,(r.d)) = {(r,F{l«[}.d)) [}
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and

{L[} ife=1Lory=1
10 P d)) [ i o = (a2, (dr, ) and y = (ol (d, &)
orx = (a!,(d1,dz)) and y = (a?,(dy,d}))

0 otherwise

CF(xvy) =

We need to check that the above functions are well defined. This follows since
all functions are strict (bistrict) and in fact they are all continuous which is easily
checked from their definitions.

We denote the continuous ¥—algebra defined above by Ds.

Restriction, renaming and parallel composition are defined recursively. This
corresponds to the fact that they may be “eliminated” for finite CHOCS processes
modulo higher order bisimulation (see section 2.8).

It follows from proposition 4.2.10 and definition 4.3.1 that

Proposition 4.3.2 The semantic function
D[]: Ty — Dy
cuts down to surjections
Ty —» K(D) and Ty —» K(D)

Finite CHOCS thus provides a syntax for the finite elements of D. We shall
later (in proposition 4.3.6 and 4.3.7) see how this statement can be strengthened to
the elements of Levy of section 2.8 and LEV} of section 4.2.

As for the operational semantics for finite CHOCS we may relate the denota-
tional operators to the transition system view of D. In the following we shall abuse
the notation from the operational description of CHOCS and we write: d L
fr=ald & d 2% @ orr =ad & d 2 & orr=71&d -2 d and we
use the notation T for actions of the form a?d’ or a!d’ with the following meaning:
a?d = ald and ald = a?d'.
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Proposition 4.3.3 For all di,dy € K(D):

nilP |
aP ¢

G?D(dl, dg) \L

a??(dy, dy) - d

G!D(dl, dg) \L
G!D(dl, dg) L>

TD(dlde) i
P(dy) 5 d

(dy +P dy) T
dy +P dy L5 d

Parallel composition:

(vit)(a)
(0)

(dy |P da) T
(dy [P dy) 5 d =

—

or

or

d —

11

(b) nil? 4
(b) QP A

F:a?dl&d:dg

F:a!dl&d:dz

F:T&d:dl

di T ordy?
dy = d ordy, = d

di T ordy

r=a?d &

or

r=ald &

or

or

or

r
rl el el (i =1,2).dy — €
&ri=ale & ey Cd Cé)
&6/1/ |D d Ed” |: 6” |D d2
arl el el (i =1,2).ds BER e’

&Fl—a(?e LelCdCé)
& dy [P el Ed”[d |De

art el (i =1,2).dy BER el

&rli=ale & ey Cd Cé)
&6/1/|Dd Ed”l:e |Dd2

arl el e’ (i =1,2).ds —i> e’
&ri=ale & e Cd Cé)
&dy|PefTd Cdy|P el
(i = 1,2).dy — ¢
&el|PdyTd'Celf |Pdy
(i = 1,2).dy — €

& dy |D el Cd" Cd |Pel
art, e f”(@—l 2)

IRt ]

I
d1—1>€2/&d2

1 |D
& el

f//

d// |: 6” |D "
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Restriction:

(vizi)(a) (di\aP) 1 — di 7
(b)) (d\a?) 5 d" = r=0ld'& 3l e,el(i=1,2).d — e
Lri=0le&bFak el CdLCé
& eN\aP C d" C ef\a”
or T=0bld& Il el eli=1,2).d e
Lri=ble&bAtak el CdLCé,
& eN\aP C d" C ef\a”
or T=7& del(i = 1,2).dy — €
& \a? C d" C e\a?

Restriction:

(@)fa) (GSP)T = dit |
() (di[S]P) s d" = r=bld & 3l ei=1,2).d — ¢

&rli=atel & b= S(a)
&LelCdCé)
& ISP C & eyfs)P

or rT=>bd & drleel(i=1,2).d N

&rli=ale & b= S5(a)
LelCdLCé)
& ISP C ¢ C es]P
or 1T=71& e(i = 1,2).dy — €
& ISP &' E elfs)P
PROOF: (i) — (v) are immediate from definition 4.3.1.
(vi) is derived from d; +P dy = d; Wdy = Con(d; U dy).

For (vii) we define

0 = {{{a?,(d,d{|” do))} : (a?,(d},d})) € di}
U{{{al, (dy,d] |7 da))} = (al,(d}, dY)) € di}
U{{(r. (d] |7 d2))} + (r.df) € di}
U{{{a?, (dy, di [P d3))} : (a?, (dy, d3)) € da}
U{{{al, (dy, di [P d))} = (al,(dy, d3)) € d2}
U{{r. (dy [ d7))} : (r.dy) € do}
U{{{r. (d] |7 d5))} = (a2, (d}. dY)) € dy & (al, (d}, dy)) € da}
U{{r. (d] |7 d3))} + {al, (dy, dY)) € di & {a?, (d}, dy)) € da}
U{{L} : Ledjor LE dy}
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and

¢ = {(a?(d},di |7 d)) : (a?,(d},dY)) € di}
U{(al, (dy,d} |7 da)) = (al,(d},d)) € di}
U{(r, (d] [? d2))} = (7,d]) € di}
U{(a?, (dy,di |7 d3)) = (a?,(dy, d3)) € da}
{
{
{

C

{al, (dy,dy [P dY)) - {a!,(d),d})) € dy}

U{(r, (dy |P d3)) = (7,d5) € dy}

U{{r, (d} |7 d3)) = {a?,(d},d))) € dy & (al,(d},d3)) € do}
U{{r, (d} |7 d3)) + (al,(d}, dY)) € di & (a?,(d},d3)) € da}
U{L:Ledior Le dy}

)
{
(a7
{a!

Now

(di |7 dy) = Con(lJO")
= Con((|J©)") by [Plo76] p. 477
(
(

Q

= (Con UG)) since d € K(D)
= Con(9P)

and (vie) is derived from this description.

(vitg) and (ix) are derived similarly.
Proposition 4.3.4 For all p € Tx.p ~8 D[p].

PROOF: Let us define a height function on 7% in the following way:
Wt(o(prs- . po)) = sup{ht(p) - 1 <i<n}+1

Note that both p; and p, contribute to the height of p in a?"p;.p, and alp;.py. As

an easy consequence of proposition 4.3.3, we have:

p I8 = ht(p) < ht(p) & hi(p") < ht(p)
p sy = ht(p) < ht(p) & hi(p") < ht(p)

1

p—p" = hi(p") < hi(p)

The proposition is proved by induction on ht(p), and the structure of p. The
cases arising from the operators in ¥’ are obvious from the close match of moves as

can be seen from proposition 2.8.4 and proposition 4.3.3. We give the case where:
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P=pilp
Firstly,
pT <= p1 T orp? by proposition 2.8.4
<= D[p1] T or D[p2] T by induction hypothesis
<~ (D[p] |P Dlp2]) t by proposition 4.3.3
— Dlp: |” p] 1
Next,
p 8

a?p’
= p— & =
a?p’
or py = pf & p’ = pi | Pl
by proposition 2.8.4
a?d’
— Ad,.d".D[p] — &' &p P d & pt Pl
by induction hypothesis on p;
a?d!
or 3d,.d!.D[p)] —3 d" & p' B dy & pil B d!
by induction hypothesis on p;
= i | p2~" D[y | p2]
by induction hypothesis on pf | pa
= D[] 17 Dlp]
7 di |7 Dlp]
by proposition 4.2.10 and monotonicity of [P
or pi|ps ~F Dlpi | s
by induction hypothesis on p; | p
= DIn] I” Dl
~7 D] |P dy
by proposition 4.2.10 and monotonicity of [P
— Hd/,d”.D[[p]] ﬂd; d" & p/ NB d & p// NB d"

Similarly, we can show
P ﬂ p// — Hd/,d”.D[[p]] id; d// & d/ NB p/ & d// NB p//

Ifp LN p’" we may argue as above with ? replaced with !.
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or

or

or

or

or

or

or

—

p—s
pr—pi & p" = pi | po
pr = py & P =pu | P

I r’
' pr — pf & py — py & p" = pl | ph
by proposition 2.8.4
3d!. Dpi] = d" & p" P d!
by induction hypothesis on p;
3d3. Dlpa] = d3 & pfy 7 df
by induction hypothesis on p;

a?d’
o' =a?p & 3., d.Dp] — d & p' Bd & pt B!
by induction hypothesis on p;
ald!

& D] B dy ko f P dy g P
by induction hypothesis on py
p~E DT, (i =1,2)
by induction hypothesis on p’

a?D[p'] a!D[p']
Dlp] =" d? & Dpa]) "4 dy
since D[p] is convex closed
r = a!p’ and we may argue as above with 7 substituted for !
pi | p2 ~F DIp! | po]
by induction hypothesis on pf | ps
= D[] 1" Dl
<7 dy |7 Dlp.]
by proposition 4.2.10 and monotonicity of [P
il Py~ Dlpr | pf
by induction hypothesis on p; | p)
= DIn] I” Dl
D[] P d
by proposition 4.2.10 and monotonicity of [P
P ps ~7 DIp! | pi]
by induction hypothesis on p{ | p
= D[] |” Dlry
Lay|Pdy
by proposition 4.2.10 and monotonicity of [P
Hd//.D[[p]] L> d" & p// NB d"

Similarly, we can show

P KN p// — Hd”.D[[p]] T d" & d" NB p//
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Also,
D[] =5 "
— 3,V =1,2).D[p] 25 @

12

&dyCd Tdy&d [P Dp] Cd" Cdy|P Dlps]
by proposition 4.3.3

or Id.,d!(i =1,2).D[p2] Gk d
LdyTd Edy& D[] |P df Td" T D[pd] P dy
by proposition 4.3.3

— Ihpl= L2 g By dy Bl e Ly B
by induction hypothesw on p;

or Il = 1,2 gl gt By dy Bl e L dy B

by induction hypothesis on p;

— o pe & | p2 ~F DIyt | pal = DIpiT I Dlpa] -* d
by induction hypothesis on pf | ps

or P4p1 |7 & pi | p{ ~F Dp |P]]—D[[P1]] P D[pi] P
by induction hypothesis on p; | pf

and similarly d .2 p? | po ov d B py | pll.
If D[p] Mo @ we may argue as above with ? substituted for !.

D[p] — d"
— Ad'(i = 1,2).D[p] = d? & & |P D[p,] C d" C dJ |” D[p:]
or Ad!(i = 1,2).D[ps] —— d! & D[p:] |P &} T d" T D[p] |P dY

a?d! atd!
or Eld;,d;’, el(i =1,2).D[p] — d! & D[pa] — €7
d/ll |D " |: d"' C d/2/ |D "
a?d!
or Ad,d! et =1,2).D[p] % d! & D[ps] — €
& d/ll |D 6” Cd'C d// |D "
by proposition 4.3.3
— Bl = L2 g & P L P
by induction hypothesis on p;
or Ipi(i =1,2).p2 = pl & pf i dy T
by induction hypothesis on p;
a?p! a?p!
or Ipf, pf, (i = 1,2).p0 =5 pl & pp — g} &
- P PP e P P
by induction hypothesis on p; and p,
= p ol [ p2 &gl | pa ~7 DIt | 2] = DI Dlpe] <7
by induction hypothesis on pf | pa
or p—=pi|pf & pi|p{ ~" Dlps |P]]—D[[P1]] 1P DIpi] P d
by induction hypothesis on p; | pf
or p ==+ pi | & py | i ~7 DI | ¢f] = DT 1P Dlgt] ~* d
by induction hypothesis on p} | ¢/
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and similarly d .2 Py | pe or d Lo | py or d P Py | 45

The cases where p = p1\a or p = p1[S] can be derived similarly.
Altogether we have p ~Z D[p].

Theorem 4.3.5 (Full Abstraction for finite processes) For all py,p: € Tx:

p B py = D[p] C D[p:]

Proor: Follows from proposition 4.2.10 and proposition 4.3.4.

Proposition 4.3.6 Assume Names is finite, then

VkNp € Levg.3d € LEV,. . D[p] =d

PrROOF: By induction on k:

k=0

Levg = {Q}; D[Q] ={| L[} € LEV,

k+1 If p € Levgyy then

either p € Lev; and by induction there is a d € LEV), C LEV;,1 such that

D[p] = d and we are through

or p has the form Y;c;p; where [ is a finite index set and p; has one of the

following forms: a?¥pl.pl, alpi.p!, 7.pt or Q, where p!, p! € Levy and

a € Names. By induction there is d.,d! € LEV, such that D[p!] = d.
and D[p/] = d!. Then D[a?"p.p!] = a?P(D[p{]. D[p]) = a?P(d},d}) €
LEViyy and D[a!pt.p!] = a!P(D[p!], D[p!]) = a!P(d:,d?) € LEV}4, and
D[r.pi] = rP(D[pi]) = 7P(d}) € LEVi41 and D[Q] = {|L[} € LEV, C
LEV)y. Since Y¥¢rp; is shorthand for p; + ...+ p, where {1,... . n} is
an enumeration of I we have D[Y;c;p;] = D[pi]¥... W D[p,] € LEVii1.

This proves the proposition in this case.
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Proposition 4.3.7 Assume Names is finite, then

VkNVd e LEV,.3p € Lev,. Dp] = d

PrROOF: By induction on k:
k=0

Levg = {Q}; D[Q] ={| L[} € LEV,
k+ 1 Then

either d € LEV) and by induction there exists a p € Levy C Levgy; such

or

that D[p] = d and we are through.

d = ({<a?,(d’,d”)> : a € Names,d',d" € LEV,}
U{{(a!,(d',d")) : a € Names,d',d" € LEV}}
U{(r,d") : a € Names,d' € LEV}.}

U{d : d € LEV})"

By induction there exist p’, p” € Levy such that D[p'] = d" and D[p"] =
d". If Names is finite we may write d as the union of singleton sets

04t (@od) B A {als () B, or { (7.d”) | and for each such set
define p; as a?¥'p'.p", alp’.p" or 7.p" respectively. Clearly D[p;] = d; and
pi € Levgyy. Then define p as Yp;. Clearly D[p] = d and p € Levgyy

and we are through.

4.4 A Denotational Semantics for CHOCS

The semantics given in the previous section only applies to finite processes. We now

use these results to extend the denotational semantics to the CHOCS language.

The semantic function has to take free variables (to be bound by input prefix)

into account and therefore takes an environment p : V' — D as an argument. We

use the standard notation p[d/z] for updating an environment. The environment

pld/z] is the same as p except on x where it returns d.
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Definition 4.4.1 D[] : CHOCS — DYV — D

D[nil]p 0
D[Q]p {Lp
D[a?"pr.pp = a?”(Dplp, Dlp:le)
Dla?z.pi]p FD(A.D[pi]pld/=])
(UH{a?”(d, D[pilpld/x]) : d € D})*
Dlalpi.p]p = a!?(D[pilp, Dlpalp)
Dlr.pile = 77(DIpilp)
Dlpi+palp = Dlpilp+7 Dlpallp
Dlpi | pale = (DIplp) |7 (Dlpa]p)
Dlpi\a]p (DIp:]p)\a”
Dlp:[S1]p (DIp:le)ST”
Df=]p p(z)

where F'= AD € P°[D].Af € [D — D].W((P°(\d.a?P(d, fd)))D)

Note that the semantics of input prefix is given as the Big Union of all possible
sets of triples (a?, (d, [p1]pld/x])) where d € D, reflecting that any value d could
be received. Alternatively we could say that input prefix has a choice of any value
d € D which is similar to the intuition in the operational semantics of CHOCS.

We need to check that the above definition is sound i.e. that D[ ] is continuous
in its environment argument. The proof of this is similar to the proof of continuity

of the denotational semantics for the A-Calculus as presented in [Bar84].
Proposition 4.4.2 \d.D[p]p[d/z] is continuous.

ProOOF: We proceed by structural induction on p. The only nontrivial cases are:

p = a?y.py Define G = F'D. Then:

Dlplpld/=] = G(Xe.D[pilpld/z]le/y])
= G(Xe.f(d,e))

for some f. Clearly f is continuous in each argument separately by the induc-
tion hypothesis and thus continuous. Let g(d) = G(Xe.f(d, €)) then g = Gof
and f = curryf. Then clearly ¢ is continuous since GG, f, curry and o are

continuous.
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3
Il
<

d ife=y
ply) otherwise

o(d) = Dolaa) - {
Clearly g(d) is continuous.

All other cases follow straightforwardly from structural induction. We give one case
for illustration:
P=pipe

g(d) = Dlp1 | plpld/z] = Dlpilpld/«] |7 Dlp2lpld/2] = g1(d) |” ga(d)

By induction gy, ¢, are continuous and |” is continuous in both arguments.

Thus ¢ is continuous.

Before proceeding to extend the full abstraction result for finite CHOCS to the
CHOCS language we present the following useful relation between the syntactic
substitution as defined in definition 2.2.3 and updating of environments:

Proposition 4.4.3

Dlplg/=]lp = Dlplp[Dlalp/x]

PrROOF: We proceed by structural induction on p.
p = nil

Dlnillg/]lp = Dlnil]p = nil” = Dnil]p[D[q]p/ ]

3
Il
2

D[Qg/]]p = D[Qp = OF = D[Q)p[D[q]p/2]
p=aly.py Assume y # x and y € fu(q) (otherwise use a-conversion on y):

Dlaypla/elle = Dla?y.(pla/=]lp

by the definition of D[ |

— FDO.DIpg/a]lpld/y)
by the induction hypothesis

= FDODInold/o][DLalold/u)/+))
since y # x and y € fv(q)

= FD(A.D[p:]p[D]dlp/x][d/y])
by the definition of D[ |

= D[a%y.pilelDlgl/]
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p=y if y = x then

Dlylq/=]lp = Dlalp = Dlyle[DPldlr/=]
p=y if y # x then

Dlylg/z]lp = Dlylp = ply) = p[Dlalp/=)(y) = Dylp[Dlqlp/x]

All other cases follow straightforwardly from structural induction. We give one case

for illustration:
P=pilp

D[(p1 | p2)la/=]lp = Dl(pila/z]) | (p2la/=])]p
by the definition of D ]

= Dl(pila/«Dlp [” Dl(p2la/])]p
by the induction hypothesis

= D[(p)lplDlalp/x]|” Dl(p2)lp[Dlalp/x]
by the definition of D ]

= D[p: | p2]p[Dlalp/ ]

In section 2.8 we defined a set of operational approximations p” to p. We now
define a set of denotational approximations a,(p)p. These are given relative to an

environment p.

Definition 4.4.4 For every p € PrU FPr and every n we define a,(p)p € D

ao(p)p = AL} for anyp

anpr(nil)p = 0

ant1(Q)p = L}
a1 (a2 prp)p = a?P(an(p1)p, an(p2)p)
anp1(a?x.p)p = FLEV,(Ad.a,(p1)pld/x])

= (U{a?"(d,an(pr)pld/a]) : d € LEV,})"

anr(alprpa)p = a!P(an(p1)p, an(p2)p)

aupi(T.p1)p = 77 (an(pr)p)
ani(pr+p2)p = (an(pi)p) +7 (an(p2)p)
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aur1(p1 | p2)p = (an(p1)p) |D (an(p2)p)
appr(p\a)p = (an(pr)p)\a”
a1 (pi[ST)p = (an(pr)p)[ST7

)

an_|_1(:1:,0 = p(x)

Note that if p(x) € K (D) for every @ € F'V(p) then a,(p)p € K(D).
The above definition is sound by arguments similar to those given for D ].
The following proposition establishes the relationship between the operational

approximation p” and the denotational approximation a,(p) of p.
Proposition 4.4.5 For all n and p and any environment p: D[p"]p = a.(p)p.

ProOOF: We proceed by induction on n.

n =0 Trivial since for all p and p: D[p°]p = {| L[} = ao(p)p-

n 4+ 1 For the induction step we use a subinduction on the structure of p:

p=nil

Dnil™"]p = D[nil]lp = 0 = a1 (nil)p
p=0

D" ]p = D[2]p = QF = anp1 (Q)p
p=alr.p

Dl(a?z.p1)™*'p = D[Sseren,a? p.pilp/ellp
by definition of p™ and definition of D[ ]

= (U{a?”(plp. [pilp/2]lp) = p € Leva})

by proposition 4.4.2

= (UHa?([plp, [pi1pellplp/2]) = p € Lev,})*

by the induction hypothesis

= (ULa?®(Iplp: aulpo)pllplp/]) = p € Levi})*

by proposition 4.3.6 and proposition 4.3.6
= (U{a?”(d, an(pr)pld/z]) : d € LEV,})
by the definition of a,(p)p

= apy1(alz.pi)p
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3
Il
&

DI p = Dlalp = p(z) = ansa(e)p

All other cases follow straightforwardly from structural induction. We give

one case for illustration:
p=pilpe

Dl(ps | )" p = DIpi | p3lp
by definition of p™ and definition of D[ ]

= (DIpile) 1” (DIp3lp)
by the induction hypothesis

= (au(p1)p) |7 (an(p2)p)
by the definition of a,(p)p

= dny1(p1 | p2)p

Proposition 4.4.6 For all p and p: D[p]p = U, an(p)p-

PROOF: By structural induction on p:

p = nil

Dlnillp =0 = Jan(nil)p
p=0

D[Qp ={ L]} = gan(ﬂ)p
p=dlzp

Dla?epilp = FD(A.Dlp]old/2])
by the definition of D[]
= FDO| | an(pi)pld/a])
by the induction hypothesis
= IFIFD(Ad-an(pl)p[d/x])

by continuity of F



Chapter 4: Denotational Theory of CHOCS

134

3
Il
&

L PLILEV) Ot ()l )
by corollary 4.2.6

LJL| FLEV,, (Ad-an(pn)pld/])
by continuity of 7

|| FLEV, (M.an(py)pld/2])
by [PloSLb]

|7|an+1(a?:z;.p1),0

by the definition of a,(p)p
|_| an(a?x‘pl)p

Dlz]p = p(z) = [ Jan(z)p

All other cases follow straightforwardly from structural induction. We give one case

for illustration:
P=pilp

Dlp:1 | p2]p

(Dlpde) [7 (Dlp:1p)
by definition of D[ ]

(|_| an(p1)p) |D (|_| an(p2)p)

n

by the induction hypothesis

LI((an(pi)p) 7 (an(p2)p))

n

by continuity of [P

|| anti(pr [ p2)p

l:y the definition of a,(p)p
|| an(pr | p2)p
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We may now combine all the results obtained so far and state the main theorem

of this section:

Theorem 4.4.7 (Full Abstraction for CHOCS processes) Assume that the set Names
is finite, then:
P~ q <= D[p] CE D[q]

PROOF:

Prw § = VNP upnq
by definition 2.7.3
— Vn.p" ., q¢"

by proposition 2.8.10

n

— VYnp" By
by proposition 4.3.5

< Yn.D[p"] C D[q"]
by proposition 4.4.5

< Vn.a,(p) C a,(q)
by continuity

= Janlp) T ]an(q)
l:y propositinon 4.4.6

< D[p] C D[q]

The full abstraction result for CHOCS processes is limited in two ways. It
only applies under the assumption that the set of port names Names is finite. As
discussed in section 2.8 this is not a significant constraint and from an implemen-
tational point of view it is quite natural. The other limitation is that the theorem
is stated in terms of the preorder ., and not in terms of .Z. This restriction is
due to the well known impossibility of modelling unbounded nondeterminism in
the Plotkin Power Domain. We may consider the preorder ., as representing the
“finitary” part of . in line with the view of Abramsky [Abr87a, Abr90al.
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4.5 Recursion

Let us use the denotational semantics of CHOCS to obtain a much simpler proof

of the simulation of recursion theorem i.e.:

reca.7.(p\a) ~ Y:[p]

Let [recx.p]p = fix Ad.[p]p[d/x] (i.e. we give a least fixed point semantics to

recursion) and let us demonstrate that

Vp.[Yz[pllp = [reca.m.(p\a)]p

To see this we apply the semantic equations given in definition 4.4.1:

DIW.plle = FDOLDIpl(x | ala.nil)\a/a]]o[d/x])
— (Ufa?(d. DIpl(x | alwmil)\a/allpld/a]) : d € D}y

DY [pl]p

= (DIW.[pllp 1P «!P(DIW.[p]lp, 0))\a”

= ((U{a?”(d, DIpl(x | alz.nil)\a/a]lpld/x] [P a!”(D[W.[pllp,0)) : d € D})*
wa!” (DIW.[pllp, DIW=[pllp |V 0)
WP (Dpl(z | ale.nil)\a/]]p[DIW.pllp/]) I” 0))\a”

= 7P((DIpl(z | alenil)\a/2]p[ DIW.[p]]p/x])\a")

= P((DIplpll(= | atwnil)\a/x))p DIW.Ip]lp/a)/x)\a"”)

= 72((DIple[DIY:[pllp/2])\a”)

P(DIp\alp[D[Yz[pllp/x])

= D[r.(p\a)]p[D[Y:[p]lp/ 7]

I
\]

Since we have chosen the initial solution to the domain equation we have

DIY.[pllp = £x M.(D[r.(p\a)]pld/x]) = Dlreca.r.(p\a)]p
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Plain CHOCS

In the previous three chapters we have studied the CHOCS calculus and shown
how CCS can be extended with processes as first class objects. We have seen that
we can model rather important computational phenomena such as recursion and
the A—Calculus. But some peculiarities may arise due to the dynamic binding of
port names in processes sent and received. Port names that intuitively would be

considered restricted or bound can become unbound and vice versa as e.g.

(b?x.(x | q)) | ((b1p'.p)\a) —p" | ¢ | (p\a) (5.1)
(b?z.((x | @)\a)) | (b'p'.p) = ((p' | @)\a) | p (5.2)

In (5.1) any occurrence of a in p’ becomes unbound after the communication
even though we would expect them to be bound if we analyze the system before the
communication. In (5.2) we have the opposite situation. Now any occurrence of «a
in p’ unbound before the communication would be bound after the communication.
These examples show that sending the process p’ amounts to passing the text of p'.
This is closely related to the treatment of function parameters in LISP as originally
defined by McCarthy and often referred to as dynamic binding. This parameter
mechanism is complicated to work with when analyzing the behaviour of programs
from their text.

The approach in the previous three chapters was chosen because the semantics
of CHOCS could be given as a straightforward extension of the CCS semantics
and because it yielded simple algebraic laws. However, some of the laws included
reference to the sort of the process (i.e. the set of port names the process might
use). The calculation of the sort is either a costly calculation needing to run the
process (or even worse needing all possible runs of the process) or a very rough
approximation to the actual sort. This approximation often yields infinite sort for

processes intuitively having finite sort.

137
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Inspired by the idea presented in [EngNie86, MilParWal89] of the restriction
operator p\a being a scope binder, which intuitively should bind all occurrences of
a in p, we now present a calculus of higher order communicating systems with static
binding of port names by restriction. We call this calculus Plain CHOCS.

We are looking for a calculus which has the property that scope extrusion, as
we call the technique to take care of the problem in (5.1) above, will automatically

take care of a static binding mechanism for the restriction operator. For example
(5.1) becomes:

(02x.(x | q)) | (01" .p)\a) —= (p'{b/a} | q | p{b/a})\b (5.3)

where {b/a} is a label substitution such that b does not belong to the set of free
names in ¢ and the restriction will therefore not bind any port in ¢ only in p and p'.
Also scope intrusion, as we call the problem in (5.2), will be taken care of by a new
definition of process substitution which takes the static nature of the restriction

operator into account. Therefore (5.2) above becomes:

(02x.((x [ ¢)\a)) | (01" .p) == ((x [ @\a)[p'/x] | p = ((p" | ¢{b/a})\b) | p  (5.4)

where {b/a} is a label substitution such that b does not belong to the set of free
names in p’ and the restriction will therefore not bind any port in p’ only in ¢. It
turns out that it is interesting to have the capability of describing a kind of dynamic
binding of port names of processes received in communication. This is obtained by

allowing free names to be renamed to bound names upon reception of a process:

(b2a((ela s ] | {d'fakg)\a)) | (B1p'p) = ((pla = o) | {d//a})\d) | p (5.5)

where ¢’ does not belong to the set of free names of p’ and ¢. This construction
simulates the behaviour described in (5.2). However, we cannot program the be-
haviour described in (5.1) since in Plain CHOCS a bound name remains bound and
can never become unbound again.

To illustrate these concepts, before presenting a formal syntax and semantics
of the Plain CHOCS calculus, we first study a small example. In this example we
shall rely on the knowledge of CHOCS and the above remarks.

Example 5.0.1 The example consists of a simple user/resource system similar to
the system studied in [EngNie86]. The system is constructed from a number of
users, a resource manager and a resource. In this example the resource is a process
which takes in a number and multiplies it by 2. A resource is obtained on the ¢
channel, then put into use in parallel with the user process. Note how free names

of the resource are renamed and bound when received by the user process.
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Uy = cle(x[br a] | al8.aly.dily.nil)\a
Uy = cle(a[br a]| alb.aly.dyly.nil)\a
RM = (c(R).fin?7.RM)\ fin
R = blx.bl[2x*x]. finl.nil
SYS = (U |Uy| RM)\c

The fin! signal from the resource R tells the resource manager RM when the
resource has finished its task for a user. The resource manager can then (recursively)
restore itself and thus provide a resource for other users. The restriction of fin
ensures that there is a private communication channel between resource and resource
manager which cannot be interfered by any user process.

It is interesting to observe how the system executes and how scope extrusion
takes care of preserving private links with the sending process. We give an example

of one execution sequence where Uy gets the resource first.

SYS = (U | Uy | RM)\c
17 Since U, Z50U)=(w[ba]la!5.a7y.doly.nil)\a and RM
(U | ((R[b— a] | alb.a?y.doly.nil)\a | fin?.RM)\ fin)\c
I Since Rlbsa] 2801 [2a]. fintnil and at5.a?y.dyly.nil<Sa?y.dyly.nil
(Up | (((B1[2 % 5]. finlnil)[b— a] | a?y.daly.nil)\a | fin?.RM)\ fin)\c
i; Since 51[2*5].fm!.mlwfm!.ml and a?y.dg!y.nilg?—y}clgly.nil
Uy | (((fintnil)[b— a] | d2'110.nel)\a | fin?.RM)\ fin)\c
42110 Since dy110.0i 2% nit
(Ur | (((fintni)[b— a] | me)\a | fin?.RM)\ fin)\c
lr Since fintnitZ%nit and fin?. RMLY RM
(Uy | ((nil[b— a] | nel)\a | RM)\ fin)\c
=

c! . R
U p A= fin? RM

This derivation of transitions illustrates how the system may evolve. However,
the linear representation of the system in the Plain CHOCS syntax does not show
very well how the underlying process network dynamically reconfigures itself. As an
attempt to illustrate this the following cartoon is intended to show how the system

evolves spacially when going through the first of the above transitions:
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Fig 5.0.1: Dynamic reconfiguration of user/resource system.

We have adopted the convention from the process diagrams in [MilParWal89]
and displayed private links inside the circles representing processes and public links
along the edges of the connections. The box around the resource R is symbolizing
the renaming of the public name b to the private name a which is not a process, but
more like an encapsulation construct.

It is interesting to note that should a user make copies of the received resource
ie.: Us = cla(afb— a] | 2[b — a] | ald.aly.dsly.nil)\c then the resource manager
will restore itself after the first copy has finished its task. Since the signal is private
between the resource manager and the particular copy of the resource sent to Us the
signal from the “second” copy will be ignored (or rather the “second” copy will be
in the state fin!.nil which is equivalent to nil since no process is able to match this
signal). Us will nondeterministically send out either 8 or 16 on ds depending on
whether only one copy of the resource or both copies are used.

Note that the number of users and resources is not hard wired into the system. As
for the system studied in [EngNie86] we may add any number of users or resources

without changing the structure of the overall system e.g.:
SYS;=(U|...|Us | RMy | ... RM,,)\c

The above system is very simple, but it easily generalizes to systems with a queue
system for resource requests from users, multiple resources or even systems where the
resource is returned to the resource manager instead of just stopping and allowing
a new copy to be used. Some quite elaborate examples of user/resource systems
with the above facilities which use process passing have been studied by Cozens in
[C0z90]. This work presents a promising motivation for the use of process passing

in system description.
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5.1 Syntax and Semantics

The syntax of Plain CHOCS is essentially that of “dynamic” CHOCS with a re-
stricted renaming construct.

Processes are built from the inactive process nil, three types of action prefixing,
often referred to as input, output and tau prefix, (nondeterministic) choice, parallel
composition, restriction, renaming and variables to be bound by input prefix. We
presuppose an infinite set Names (the set of port names) ranged over by «a,b,¢, ..
and an infinite set V' of process variables ranged over by z,y, z,... We denote by

Pr the set of expressions built according to the following syntax:

p:::nil|a?:1:.p|a!p’.p|7’.p|p—|—p’|p|p'|p\a|p[al—>b]|:1;

To avoid heavy use of brackets we adopt the following precedence of operators:
restriction or renaming > prefix > parallel composition > choice.
We shall write p[S] for pla — b] where S = a — b and let Dom(S) = {a} and
Im(S) = {b}. The operator \a acts as a kind of A-binder for port names (elements
of Names) in a sense to be formalized later, e.g. we have a notion of a—convertibility
of restricted names. To formalize this we define the set of free names fn(p) of a

process p.

Definition 5.1.1 We define free names fn(p) structurally on p:

fn(nil)
fn(alz.p)
fn(alp'.p)
fn(r.p)

falp+p) = folp)U fn(p)
fn(p | p)
frn(p\a)
fn(p[S])
fn(z)

Il
=

The set of free names of processes constructed using the renaming construct
carries a potential overhead since it is not necessarily the case that the names in
Dom(S)U Im(S) are going to be used, but the overhead is necessary since we may
receive processes in communication with free names which will be renamed by 5.

The free names of Plain CHOCS processes are going to play an important réle in the
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definition of the semantics of the language and as we shall see in the next section,
where we define a notion of equivalence, the free names are the windows through
which we can observe the processes. As opposed to the static sort of dynamic
CHOCS we point out that processes to be sent contribute to the free names of the
overall system whereas the empty set of free names is ascribed to process variables.

We may need to syntactically substitute one port name for another. Using the

above definition we may now define a label substitution.

Definition 5.1.2 First for a,b,c € Names lel

b ifc=a

a otherwise

(b/c}a = {

Then label substitution {b/c}p is defined structurally on p:

{b/ctnil = nil
{o/ctlalep) = ({b/c}a)le.({b/c}p)
{o/c}alp'.p) = ({b/c}a)l({b/c}p).({b/ctp)
{o/ci(mp) = 7.({o/c}p)
{o/ctp+1) = ({b/chp) + ({b/c}p’)
{o/c}(p | P ({b/ctp) | ({b/c}p)

p\a ifa=c
{b/c}(p\a { ({b/c}({d/a}tp))\d otherwise for some d & fn(p\a) U {b}
{b/c}(pla = o]

({b/c}p [({b/c}a) = ({b/c}a’)]
{o/c}(z

)
)
)
)
)
)
)
)

Input prefix is a variable binder. This implies a notion of free and bound vari-

ables.

Definition 5.1.3 We define the set of free variables F'V(p) structurally on p:

FV(nil) = 0
FV(alep) = FV(p) {«}
FV(alp'.p) = FV(p)UFV(p)
FV(rp) = FV(p)
FV(p+p) = FV(p)UFV()
FV(plp) = FV(p)UFV(Y)
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FV(p\a) = FV(p)
FV(p[S]) = FV(p)
V(z) = {x}

A variable which is not free i.e. does not belong to F'V(p) is said to be bound in

An expression p is closed if FV(p) = (0. Closed expressions are referred to as

processes. The set of closed expressions is denoted by CPr.

To allow processes received in communication to be used we need a way of
substituting the received processes for bound variables. We shall use the definition
of label substitution to avoid unintentional binding of free names when processes

are substituted.

Definition 5.1.4 The substitution plq/z] is defined structurally on p:

nillg/z] = nil
a?y.(plg/]) fy#zandyd F'V(qg)
(aly.p)la/x] = { a?z.((plz/y])la/x]) otherwise
2 g FV(p) U FV(g)U{z,y}

(alp’.p)lg/x] = al(p'la/]).(pla/z])

(r.p)la/] = 7.(pla/a])
(p+1)la/z] = (pla/«]) + (¥[a/x])
(pl1p)la/z] = (pla/=]) | (P'[a/])

(P\a)lg/=x] = (({d/a}p)lg/=])\d for some d & (frn(p\a)U fn(q))

(p[SDla/2] = (pla/])[9]

y otherwise

dald = {4

The only difference between the above definition of substitution and the one
given for dynamic CHOCS in definition 2.2.3 is in the clause for restriction. In the
above definition we ensure that we do not restrict names in gq.

Here are a few useful properties of substitution:

Proposition 5.1.5

Lo Ifx#y then p[p'/«][p"/y] = plp" [yl TP 1y]/x].
2. plp'fe] =pif e & FV(p).

PROOF: The proof of 1. is easily established by structural induction on p. Then
2. is a corollary of 1.
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With the above machinery in hand we may now give the operational semantics
for Plain CHOCS. The operational semantics is given in terms of a labelled transi-
tion system in the style of [Plo81]. The transition relation — is a family of binary
labelled relations — between elements of CPr (processes) and CPrU[CPr — CPr]
(either processes or functions from processes to processes) of the form p L p.
The action r may have one of the following forms: a?x, algp, 7, where a € Names,
B C Names, * € V and p € CPr. Let the bound names bn of an action be defined
as: - .

ifr=alp
bn(r) = { 0 otherwisep
In the definition of the semantics of Plain CHOCS it is convenient to write p\ B
where B C Names is a finite set: p\B is shorthand for p\b;...\b, where B =
{by,...,b,} and p if B = 0.

Definition 5.1.6
Let — be the smallest transition relation closed under the rules of table 5.1.1.

input a?z.p L P

algp’

p = p

output alp

tau T.p —>p

r 'z
: p—>p
ChOlCG —F
pt+q—p’
r
p p//

r
pla—1p"]q

par

,bn(r) N fn(q) =10

Tz

ren S(a)?w
—

plS] p"15]
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I
alpp

p_>p//

!

plS] 5 (s

, BN (Dom(S)U Im(S)) =10

P L> p//
plS] = p"[S]
alz
p—p"

res ————— ,a#b
p\b == p"\b

I
alpp

p _> p//
p\b “ZE5 pr\b

ya 70,6 & (fn(p') N fn(p"))

P L> p//
p\b — p"\b

p
open alpugay({d/ctp’) oaredgin(p\e)e(fnlp)nin(r")) B
p\e = " {d/ctp”
? 1!
% ! ‘ﬂ 7
com-close P — P4 7 BN fn(p) =0
pla— (P[] | ¢")\B
p 8y
non-struct W Ba(fr(p)Ufn(p")=B'n(fr(p)ufn(p"))
P L p//

The choice, par, com-close rules have symmetric counterparts.
Table 5.1.1: Operational semantics for Plain CHOCS

The structure of this transition system is tailored to cater for the behaviour we
have in mind for systems like those described by (5.3) and (5.4) in the introduction
to this chapter, but it also carries some philosophy of its own. The three kinds of

actions yield the following types of transitions or observations:

Input action p o, ¢, this kind of transitions may be interpreted as, “the process
p is capable of receiving on channel a”. We only allow transitions of this kind
where p € CPr and p’ € CPr — CPr. We want to model input transitions
in such a way that no further observations are possible until a value is sup-
plied. The reason for this is both technical and philosophical. Technically it
ensures that we do not “rewrite” to open terms which, without care, could
lead to confusion of free variables e.g.: a?z.x | b?aw.x 25 alr.a | o 25 o | .
Philosophically it follows a point of view of only observing systems by atomic

observations or combinations of atomic observations. The input observations
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consist of observing that input on channel « is possible and the systems readi-
ness to accept a value. To make further observations about this process we
have to supply a value say ¢ € CPr and observe the system p'[¢/x] with this
value. A more suggestive notation would perhaps be p N Az.p’, but it is
not essential in the present calculus since = only acts as a place holder. We
have chosen the notation p o, p’ since p’ is describable in the Plain CHOCS
syntax. We could extend the above transition system to open expressions. To
avoid confusion of variables introduced by the input-rule we would have to
ascribe the par-rule by the additional constraint FV(p") N FV(q) = 0. We
have not done this since the theory of equivalence will be defined in terms of
closed expressions and extended to open expressions using the definition for

closed expressions.

Output actions (with scope extrusion) p 24 g, if B = { this kind of tran-
sitions may be interpreted as, “the process p can output the process p’ on

" To observe this action we observe

channel a and in doing so become p
that output on channel a is possible, to make further observations we have to
observe both the value p’ and the resulting state p”. If p’ and p” share some
private channels these will be in the set B and a scope extrusion is necessary.
We observe this by the combined observation as for normal output actions
together with the additional observation of the scope extrusion. A more sug-
gestive notation for output transitions might be p N (B,p',p"). We refer to
p’ as the emitted process and p as the emitting process or rather p” since this

is the state of the system after emitting p'.

Silent actions p — p/, this kind of transitions may be interpreted as, “the pro-
cess p can do an internal or silent move and in doing so become the process
p’”. Silent actions arise from communications between two processes. Since
communications are the only computations in our calculus these are in a sense
the real computations of the system. 7-transitions may of course arise from

processes of the form 7.p as well.

The input, output and com-close rules form the basis for inferring a communi-
cation between two agents. In the rules of table 5.1.1 all transitions of the form
P Ll p’ have the property that p € CPr and p’ € CPr — CPr and all transitions
of the form p “sy p" have the property p,p’,p" € CPr, therefore p'[¢'/x] € CPr in
the com-close rule. This set of rules gives an operational description where input is
modelled as a function and communication acts as a generalized application. This

is very different from the nature of inferring communication in dynamic CHOCS
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(or in CCS with value passing [Mil80]). In dynamic CHOCS we have the following

three rules as the basis for inferring communication:

a?p' 17 a!p' 1"

a7p! ay  p—=p'q—q

ale.p == plp'/x] alplp —>p —
pla—1p"]q

Note that in these rules the transition relation is always between elements of
CPr. One way of interpreting the above rules is to say that the process with input
prefix knows all the possible values it can receive. What it does is to offer a (an
infinite) choice between all the possible new states and when the communication
takes place it is only a signal from the output process to the input process telling
which value to use (choose). The value is not really transmitted. This viewpoint
is further strengthened by the (elegant) way of encoding value passing in SCCS as
described in [Mil83]. In [MilParWal89] a scheme similar to the above for inferring
communication has been termed early instantiation, referring to the fact that the
instantiation of the free variable takes place in the axiom for input prefix as opposed
to the scheme used in table 5.1.1. The scheme we are using has been termed late
instantiation, though there is a difference since processes are allowed to offer new
transitions after an input transition. This calls for some machinery to ensure that
free variables are not confused. We have chosen the late instantiation scheme with
the restriction that p’ € CPr — CPr in p o p’ for the reasons given above;
late instantiation also seems necessary for the scope opening and closing rules for
the restriction operator. The rules concerning the restriction operator have several
alternatives, e.g. in dynamic CHOCS this operator does not bind names in the
process emitted but only in the emitting process as the examples in the introduction

show. Another possibility would be the following rule

o/

p =" p”

p\b a%b) p”\b

a#b

i.e. the res-rule without the side condition b & fn(p') N fn(p”). This approach
would ensure that bound names would be bound both in the emitted process and
in the emitting process, but it is too restrictive since they can not use the local
channel to communicate with one another since the \b encapsulates the process.
To elaborate on this we follow the ideas of [EngNie86, MilParWal89] and adopt the
restriction rule above, but with the mentioned side condition. We also introduce
two new rules; open and com-close. The opening rule signals that in the emitted
process there are some bound names, names which are shared with the emitting

process. The com-close rule ensures that exported restrictions are reintroduced
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upon reception. The condition on this rule ensures that we do not bind free names
in the receiving processes. When B = () this rule is just a communication rule.

We conclude this section by listing a few useful properties of the transition
system defined in table 5.1.1

Proposition 5.1.7

alpp’ al u b/c}p’
1. Ifp LBk p" and b ¢ fn(p)U B then p (5 fexuivy e {b/c}p" for any
ce B.

2. Ifp a!i>p/ p" then p aﬂ/ p" for some B' with B N (fn(p) U fn(p”)) =
B' 0 (fn(p)U fn(p”) and B" C fn(p') N fo(p”) and B'N0 fn(p) = 0.

3. Ifp ﬁp’ then fn(p') C fn(p).
4. Ifp a!ip;p” then fn(p') C fn(p) U B and fn(p”) C fn(p) U B

5. Ifp - p then fn(p') C fn(p).

ProoF: By induction on the length of the inference used to establish the transition
and cases of the structure of p.

5.2 Bisimulation and Equivalence

In the previous section we presented the operational semantics for Plain CHOCS
in terms of a labelled transition system. The structure of this transition system
resembles a merge between the applicative transition systems of [Abr90] and the
higher order communication trees used in the semantics for CHOCS in chapter
2. The transition relation — forms the basis for the observations we can make
about processes, but it is in itself too shallow to use as a distinguishing equivalence.
Instead we use the notion of (bi)simulation [Par81, Mil83] redefined to the kind of

observations the transition allows:

Definition 5.2.1 An applicative higher order simulation R is a binary relation

on CPr such that whenever pRq and a € Names then:

i) Whenever p 5% o then a—?y> " for some ¢ and
(i) p P, q q q.y
p'lr/x|Rq[r/y] for all r € CPr

(ii) Whenever p a4 p’, then q =14 q" for some ¢, q" with
BN (fr(p)VU frn(q) =0 and p'Rq" and p"Rq"
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(iii)) Whenever p — p', then ¢ — ¢’ for some ¢’ with p'Rq

A relation R is an applicative higher order bisimulation ¢f both it and its inverse
are applicative higher order simulations.
Two processes p and q are said to be bisimulation equivalent iff there exists an

applicative higher order bisimulation R containing (p,q). In this case we write

p~q.

The first clause of this predicate is essentially the clause for applicative (bi)simu-
lation in the Lazy-A-Calculus as defined in [Abr90]. It can be interpreted as saying
that if p can do an input on channel ¢ and become the function p’, then ¢ must
match this by being able to input on channel a and become the function ¢" and for
all values (arguments) we can receive on this channel the resulting process together
with this value should continue to simulate each other. The second clause with
B = ) and the third clause are similar to the clauses of higher order bisimulation
defined in definition 2.3.2. The second clause supports a kind of black box view of
the processes being sent. If p can output a process p’ on channel ¢ and in doing so
become p”, then ¢ should be able to output some ¢ on channel ¢ and in doing so
become ¢"” and p’ and ¢', as well as p” and ¢” should be equivalent. The second clause
with B # () is a generalization of the clause for scope extrusion in the strong ground
bisimulation defined in [MilParWal89]. B is a set of private channels between p'
and p”. These channels are exported from their original scope and are intended to
become restricted upon reception.

Now for R C Pr? we can define 4H3(R) as the set of pairs (p,q) satisfying
for all @ € Act the clauses (i) to (i7¢) and their symmetric counterparts above.
From this definition it follows immediately that R is a bisimulation just in the
case R C AB(R). Also, A8 is easily seen to be a monotone endofunction on the
complete lattice of binary relations (over CPr) under subset inclusion. Standard
fixed point results, due to Tarski [Tar55], yield that a maximal fixed point for 445
exists and is defined as U{R : R C AB(R)}. This maximal fixed point actually

equals ~.
Proposition 5.2.2 < is an equivalence

PrROOF: Reflexivity and symmetry are straightforward since the relation Id =
{(p,p) : p € CPr} is an applicative higher order bisimulation and the relation

RT = {(q,p) : (p,q)} is an applicative higher order bisimulation if R is an applicative
higher order bisimulation. Transitivity follows from the fact that if R and S are
applicative higher order bisimulations then R o S is an applicative higher order

bisimulation. To see this observe that if (p1,ps) € Ro .S and p; o py then for
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some py such that (p1,p2) € R and (pa,ps) € S we have p,y LN ph, for some pl,
y and (pi[r/x], phlr/y]) € R for all r and we have ps RIEN ps for some pf, z and
(ph[r/yl, pilr/z]) € S for all r. Thus (pi[r/z],pi[r/z]) € Ro S for all r.

If py i p{ then for some py such that (pi,p2) € R and (pa,p3) € S and BN
(fn(p1) U fn(p2)) =0 and BN (fr(p2) U fr(ps)) = 0 which implies BN (fn(p;) U
fn(ps)) = 0 we have p, B ! for some pl, p!l such that (pi.ph) € Rand (py,ph) €
R and we have ps R py for some pi, p4 such that (p),ps) € S and (pf,py) € S.
Thus (p}, ) € B oS and (p, p) € Ro 5.

If pp —— p/ then for some p, such that (p;,p2) € R and (py,ps) € S we have
p2 — ply for some pjj such that (p/,p%) € R and we have p; — p4 for some p
such that (py,p%) € S. Thus (p],p4) € Ro S.

Lemma 5.2.3 [fp~ q and b ¢ fn(p) U fn(q) then {b/a}p ~ {b/a}q.

Before relating the process constructions of Plain CHOCS to the underlying
semantic equivalence ~ we present a technical construction called an applicative
higher order bisimulation up to restriction. This construction resembles the higher

order bisimulation up to ~ presented for CHOCS in section 2.6.

Definition 5.2.4 An applicative higher order simulation up to restriction R is a

binary relation on CPr such that whenever pRq and a € Names then:

(1) If b & fn(p) U fn(q) then {b/a}pR{b/a}q

i) Whenever p 25 o, then a—?y> " for some ¢ and
(it) p P, q q q.y
p'lr/x|Rq[r/y] for all r € CPr

(iii) Whenever p L P, then g Rk ¢ q" for some ¢, q" with
B0 (fn(p)U fn(q) =0, p’Rq and p" Rq"

(iv) Whenever p —— p', then ¢ — ¢’ for some q' and either
P Rq’" or for some p”, ¢" and b: p' = p"\b, ¢ = ¢"\b and
p//Rq//

A relation R is an applicative higher order bisimulation up to restriction if both

it and its inverse are applicative higher order simulations up to restriction.

Lemma 5.2.5 If R is an applicative higher order bisimulation up to restriction
then R C~.
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PROOF: We show that the relation R\ = U,eco F2n where

Ro — R
Ropr = {(p\b,q\b) : (p,q) € R,,b € Names}

is an applicative higher order bisimulation.

First we show by induction on n that if pR,q and ¢ ¢ fn(p) U fn(q) then
{c/akpRatc/a}e

For n = 0 this is immediate from the definition of applicative higher order bisim-
ulation up to restriction. Suppose n > 0 and p\bR,¢\b where pR,_iq and ¢ ¢
fn(p\b) U fn(g\b). If @ = b then {c/a}(p\b) = p\bR\¢\b = {c/a}(q\b). If a # b
then {e/ab(p\b) = ({e/a} ({6, /bI)N\b1 R\ ({e/a}({b1/0}g))\by = {e/ak(g\)

Next we show by induction on n that if pR,, ¢ then

(i) Whenever p ate p', then ¢ a—?y> ¢ for some ¢, y and
P'[r/x]R\¢[r/y] for all » € CPr

(ii) Whenever p a4 p”’, then ¢ =14 q" for some ¢, ¢" with
B (fn(p) U fn(q) =0, p'R\q and p"R\q"

(iii) Whenever p — p’, then ¢ — ¢ for some ¢’ and p'R\¢’

n =0 This case is immediate from the fact that Ry is an applicative higher order

bisimulation up to restriction and from the definition of R\.
n >0 Suppose pR,q where p = p;\b and ¢ = ¢;\b.

1. Ifp Ll p’ this must have been inferred by the res-rule and p; o Py
with @ # b and p’ = pj\b. Then for some ¢, y we have ¢ LIEN q
and p![r/x]R\¢,[r/y] for all r € CPr. Then q i ¢ = q;\b and for all
r € CPr and some ¢ € fn(pi\b) U fn(q¢;\b) U fn(r) we have p/[r/x] =
(({e/byp)[r/aD\e R ({e/b}a)r/x])\e = ¢'[r /<]

2. Suppose BN (fn(p)U fn(q))=0. Ifp “or p” and this has been inferred
by the res-rule then p; a!ip;l pf witha £band b ¢ BU(fn(p))N fn(py))
and p’ = pi\b and p” = p{\b. So for some ¢;, ¢ we have ¢, a!iqé qy and
Py R\¢, and p!R\¢'. Thus q 5y q" with ¢ = ¢;\b and ¢" = ¢/\b and
P’ R\¢ and p"R\¢".

Ifp “sy p" and this has been inferred by the open-rule then p; UL!B—/Z;/1 Py
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with a # b, B= B'"U{c} and b € fn(p))U fn(p}) and ¢ € fn(p\b)U B’
and p' = {¢/b}p| and p" = {¢/b}p]. So for some ¢, ¢/ we have
el L] ¢ and p} R\¢}, and p"R\q}. Thus ¢ =14 q" with ¢' = {¢/b}q; and
q" = {c/b}q} and p' R\¢' and p"R\q".

Itp “sy p’" and this has been inferred by the non-struct-rule then p aﬂ
p" with B'O(fn(p")Ufn(p”)) = BN (fn(p)U fr(p")). So for some ¢, ¢"
we have ¢ el ¢" and p'R\¢' and p"R\¢". Thus B'0(fn(q)U fn(q")) =
B0 (fn(¢) U fa(q")) and ¢ 223 ¢ and we already know p'R\¢’ and
p”R\q".

If p = p then p; — p} and p' = pi\b. Then ¢ — ¢, and p,R\q,.
Thus ¢ — ¢’ = ¢, and p'R\¢".

Let T = (x1,...,2,) be a vector of variables of length n and x; # x; if i # j. We also

consider T as a set of variables {xy,...,z,} and we write T C F'V(p) which means
that the set T is a subset of F'V(p). Let p[q/T] mean (... (p[g1/21]) .. )[ga/xn]. We

only consider substitutions of compatible vectors, i.e. of vectors of the same length.

Let g, ~ G, mean q, ~ qz, for all ¢;; € q;, 2 € 1,2 and let g; € CPr mean ¢;; € CPr

for all ¢;; €.

Proposition 5.2.6 ~ is a congruence relation on processes (closed expressions).

1.

Pl /7] ~ pla,/7) if @ ~ G and T C F'V(p)
alr.p~ alx.q if plr/x] ~ q[r/x] for all r
alp'.p~ald.qifp~qandp ~ ¢
Tp~T.qifp g

P+ ~qtq ifp~qandp ~d
pl~qld ifp~qandp ~q

P\a ~q\a if p~q

pLS] ~qlSTif p~q
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PROOF:

1.

We prove this by showing that the relation ACR", the reflexive and transitive
closure of ACR, where

ACR =A{(pla, /7], pl@/7]) : p€ Pr&T S FV(p) &G ~ G, &G € CPr},

is an applicative higher order bisimulation up to restriction.

Note if ¢ ~ gy then (z[q1/7], z[g2/7]) € ACR* and we write (q1, ) € ACR".

We only show that ACR™ is an applicative higher order simulation up to restric-
tion, symmetry of ACR" then yields the result. To see that ACR™ is an applica-
tive higher order simulation up to restriction we show that if (p1,p2) € ACR
then p; = plg; /7] and:

(i) o & fn(plg,/7]) U frn(p[g,/T]) then
{0/a}(pla, /7)) ACR™{b/ a}(plg,/7])

(ii) Whenever p[q,/7] 1%, then plG2/7] 21y q for
some ¢', y and p'[r/x]ACR™¢'[r/y] for all r € CPr

(iii) Whenever p[q,/T] “eg p”, then p[q,/T] oy q" for
some ¢',q" with BN (fn(p) U fn(q)) =0, P ACR"¢
and p" ACR*q"

(iv) Whenever p[q,/T] — p', then p[g,/Z] — ¢ for
some ¢' and either p’ ACR"¢ or for some p”, ¢" and b:
p = p"\b, ¢ = ¢"\band p"ACR"¢"

If (p,q) € ACR™ then there is a sequence p; ...p, such that (p,p1) € ACR,
(pispit1) € ACR for 1 <i <n and (p,,q) € ACR. The result then follows by
induction on the length of the transitive sequence p; ...p, of ACR".

First (i) is easily proved by structural induction on p using lemma 5.2.3 in the

case p=y.

Next we show (ii)-(iv) simultaneously. We proceed by induction on the length
of the inference used to establish the transitions of p[g, /] and cases of the
structure of p. We only need to consider transitions inferred by use of the
structural rules since we may transform any derivation of a transitions into
an equivalent one where we use the non-struct-rule excatly once after each

application of a structural rule.

p = nil Trivial since p[q,/T] 5.
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p = aly.py Assume y ¢ T (otherwise use a-conversion on y). Then p[g,;/7] =
ay.(p[@/7]) and plg,/7) 5 pilg/7]. Since FV(py) € (7 U {y}) and

y ¢ T we have (pi[q1/%])[r/y] = pr[G,, /%, y]ACR pi [z, 7 [T, y] =
(p1[@y/Z))[r/y] for all r € CPr, since r ~ r and g, are closed.

p= alprpy Then plg,/7) "5 (pafg, /)
and ps[q, /TJACR p2[q,/7] and pi[q, /TJACR p:[7,/7]

p = 7.p1 An argument similar to the argument given in the case above yields

this case.
p=pi+p I plg, /7] = p then

either p[q, /7] L p’ by a shorter inference. There are three cases
depending on the structure of r. We show the case when r = a7x:
By induction py[q,/T] <5 p” and p'[r/2] ACR*p"[r /2] for all r € CPr.
By the operational semantics for choice we have (py+p2)[q, /7] LA P’

which is a matching move.

or pa[q,/T] — p’ and we may argue as above.
_ . T
p=pi|py W plg,/7] — P then

either pi[7,/%] — p, by a shorter inference and p' = p} | p2[q,/7).
There are three cases depending on the structure of r:

r =a?z Then by induction py[g,/T] <5 p and (p)[r/z], p][r/z]) €

ACR” for all r € CPr. Then by the operational semantics for

a?lz

parallel we have (p1 | p2)[@,/7] = (1[3,/7)) | (pldaf 7)) < o}
p2[q,/T]. Since (pi[r/x], pilr/z]) € ACR" for all r € CPr there
exist ps, i, G5 and T for each r € CPr such that p\[r/z] =
pold /) and pflr/=) = psla /) with FV(ps) C 7 and @) 7.
We may assume T NT = () since if ¥ N T # () we proceed by
choosing ¥ such that g N (FV(ps) UZ UT) = 0 and we have
ps[@ /7] = (ps[y/T))[@ /) by proposition 5.1.5. Thus (p; |
pol@ /7)) = pi /2] | Pl ) = (ps | po)l@} LT U T and
0 | @ P /2] = /=] | pl@a) ) = (s | o)t U /7 U )
and ((ps | p2)[@ UG/ VT, (ps | po)[@ UGs/T UT]) € ACR®
for each r € CPr by proposition 5.1.5 since r and ¢! and ¢? are
all closed.

r =algp’ Then BN fn(pzq,/T]) = 0. By induction p;[q,/T] i Py
with (p/, p") € ACR" and (pi, p]) € ACR™ and BN (fn(pi[g,/7T])V
fn(p1[g,/])) = 0. Thus BN fn(p2[g,/T]) = 0 and by the opera-

1
alpp

tional semantics for parallel p1[q,/T] | p2[Gs/T] — pi | p2[3,/T].
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Since (p!, p') € ACR” there exist ps, Gt , G and T’ such that p| =
psla@i /@) and pi = psfgy /7] with FV(ps) C 7' and @i’ ~ g3’ We
may assume T NT = () since if ¥ NT # () we proceed by choosing
7 such that 70 (FV(ps) UT UT) = 0 and we have ps[q} /7] =
(ps[y/=DIg!' /9] by proposition 5.1.5. Thus (p} | p[gi /7)) = (ps |
p)l@ U@ /@ ual and (pf | p[@3/7)) = (ps | po)[@s UG /T UT)
and ((ps | p2)[@i Ua@/T VT, (ps | p2)[gs UG/T UT)) € ACR™.
r =7 and we may argue as above.
or p:[q,/T] L P, and we may argue as above.
or r = 7 and wlog p[g /7] <5 py and p2[q, /7] oy P, by shorter
inferences and p’ = (p|[r'/z] | p,)\B and BN fn(p]) = 0. By in-
duction p,[q,/T] 2t py with (', r") € ACR" and (p},py) € ACR”
and p;[q,/T] LN pi with (pi[r/x], p{[r/z]) € ACR" for all » € CPr.
By proposition 5.1.7 we may assume that BN fn(p]) = 0. By the
operational semantics for parallel (p; | po)[qy/T] — (p{[r"/z] |
PS\B. To see that pi[r'/x] | pbLACR™ p{[r"/z] | p4 and thus show-
ing that ACR™ is an applicative higher order bisimulation up to re-
striction we observe that (p)[r/z],p{[r/z]) € ACR* for all r € CPr,
in particular this is true for r’. Clearly p/[r'/z]ACR"p{[r"/z] since
" ACR™r" and if (', r") € ACR™ then v’ = r1[g, /7] and " = r1[q, /7]
for some r; with FV(r;) C 7 and g, ~ @, for some closed g;.
Then /=] = (@ /al/) = (lr /=)@ /7] and pilr"/=] =
Pl [3,/71/2) = (Wl /)37 since EV () = {=} and FV(r) = 7
we have FV(plr/=]) = 7 and (p{{ra/=) (/7). (11 /9)[@./7]) €
ACR*. Thus (pi[r'/x],p{[r"/z]) € ACR*. Therefore there exist ps,
71> G and T such that pj[r'/a] = pa[qy/T'] and pi[r" /2] = pa[Gy /7]
with FV(p3) C 7' and g} ~ g}. Also, since (p},p)) € ACR* there
exist ps, G1, G5 and T* such that py, = p4[q;/7?] and pl = pu[Gs/7?]
with FV(ps) = 7% and @ ~ @2. We may assume 7' N 7% = ) since if
T'NT? # () we proceed by choosing 7 such that yN(FV (p3)UFV (ps)U
T'UZ?) = () and we have p3[q! /'] = (p3[y/T'])[¢} /y] by proposition
5.1.5. Therefore we have p|[r'/x] | ph = (p3[q1/T']) | (pa[@i/T?]) =
(ps | po)lgs UG /7 UT*] and p{[r'/z] | ph = (ps[@/T']) | (pal@a/7%) =
(ps | p)[@UG/7 U] and (pi[r/2] | ph, pilr/=] | P) € ACR". (Note
that if we have to introduce a “new” ¥ it is because two or more oc-

currences of the same x; refer to different ¢,;’s after the transition.)

p = pi\b Then p[g;/7] = (({di/b}p1)[q;/T])\d; for some d; & fn(pi\b)U fn(T;).
By (i) we may assume b = d; = dy € fn(pi\b) U fn(q,) U fn(g,). If
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plq,/7] L p” then if

r = a?x Then p[q, /7] RIEN py by a shorter inference and p’ = pj\b and
a # b. By induction p,[g,/7] -5 Py (pilr/x], phlr/z]) € ACR* for all
r € CPr. By the operational semantics for restriction (p1\0)[q,/7] LIS
py\b. Since (p|[r/x],phlr/z]) € ACR" for all r € CPr there exist ps,
Gy, G, and T for each r such that p| = ps[q,/7] and py, = ps[q,/T]
with F'V(ps) C Tand g, ~ G, and (pi\b) = (ps\b)[7,/7] and (p5\b) =
(p2\B)[7/] thus (py\b. p\B) € ACR".

r = a'gp’ Then

1 '
4:BPy ;o "o

either pi[q,/T] — p{ by a shorter inference and p’ = pi\b, p” = p{\b,
b#a,bd B,b¢ fn(p))Nfn(p!). Then by induction p,[q,/7] il Pl
with (p},py) € ACR™ and (pY,py) € ACR" and BN (fn(pi[q/T]) U
fn(p1[g,/T])) = 0. Then by the res-rule we have (pi[g,/T])\b e\
py\b and we may argue as above that (pj\b,p5\b) € ACR" and
(p1\b, P3\b) € ACR”.

a!B]D'1 .
p

or p1[q, /7] — p{ by a shorter inference and p' = {d/b}p], p" =
{d/bypi. b # a, b & B, b € fn(py) N fo(py), B = B U {d},
d ¢ B"U fn((p1[q;/7])\b). Then by induction pi[g,/7] Uipé Pl
with (pi,py) € ACR™ and (py,py) € ACR" and B' N (fn(piq, /7)) U
fnlp1[g/=])) = 0. I b € fn(py) N fn(py) then by the open-rule we
have (p1[q,/7])\b Rl {d/b}py and by (i) we have
(LdJb3ph, 1d/bIp,) € ACR® and ({d/bpl. {d/b}pl) € ACR™. 1f b ¢
fn(py) N fn(py) then by the non-struct-rule we have (p1[q,/7])\b il
py and py = {d/b}p, and py = {d/b}py and by (i) we have
({d/b}sh, {d/b}r4) € ACR and ({d/b}p}, {d/b}pf) € ACR"

r =7 and we may argue as above.
p = p[S] 1 p[7,/7] = (1 [3,/7])[S] = p" then if

r=alz we have pi[q, /%] 25 P} by a shorter inference and a = S(b) and
p" = p{[S]. By induction p1[q,/7] RIEN py and pi[r/x]ACRpy[r/z]
for all » € CPr. Then (p1[q,/T])[S5] 25 p]S] with (p{[r/x])[S] =
(PUISDIr /2] ACR (p[ST)r/ 2] = (p5[r/=])[S] for all r € CPr.

b pp!
r = algp’ we have pi[q, /7] e p{ by a shorter inference and a = S(b)

and B N (Dom(S) U Im(S)) = 0 and p' = p| and p"” = p/[S].
By induction p1[q,/7] "o Py and pi ACR™p,, and p{ ACR"pj. Then
(70 /7)[S] % 1] with | ACR"p and p{[S]ACR py[5].

r = 7 this case is similar to the above.
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p =y By assumption F'V(p) C 7 thus T = (y) and if p[q, /7] = ¢ LN qy then

if

r = alx we have p[z/T] = ¢ IEN q, for some ¢, and z. Since ¢, ~ ¢y we
have (¢,[r/z], g4r/z]) €~ for all r € CPrand thus (¢}[r/z], ¢[r/2]) €
ACR” for all r € CPr

r = algp’ we have p[@R/T] = ¢ ahiqé/ q, for some ¢} and ¢}. Since ¢; ~ ¢
we have (¢, q}) €~ and (q/,q}) €~ and thus (q¢},q,) € ACR* and
(q1,¢3) € ACR”

r =7 A similar argument as above applies.

Thus in each case we have a matching move for p[q,/].
2. This is proved by showing that the relation Ry = RU ~, where:
R={(a?x.p,alz.q) : FV(p) = FV(q) C {z}&Vr € CPr.p[r/z] ~ q[r/z]}

is an applicative higher order bisimulation Note that the relation R; consists
of two parts; one part covers the structure we are interested in and the second
component is a kind of closure to cover the processes sent and received. The
second component is necessary since the processes sent and received do not
necessarily have the structure of the first part.

That the above relation is indeed an applicative higher order bisimulation is

easily established.
Assume (p,q) € Ry. Then

either p ~ ¢ and we are done since if p L p’ then ¢ -, ¢ for some ¢/, v'. If
r = a?z then 1’ = a?y and for all r € CPr we have (p'[r/z],¢'[r/y]) €~C
Ry. If v = algp” then 1’ = a!pq” and we have BN (fn(p) U frn(q)) =0
and (p”,¢") ~C Ry and (p,¢') ~C R;. If r = 7 then 1’ = 7 and we have
(v'.q') ~C Ri.

or p=a?x.p and ¢ =a?x.¢. If a?z.p’ LN p/ then r = a?x. Then a?x.¢ Ll
¢ and by assumption p'[r/z] ~ ¢'[r/z] for all r € CPr which implies
(P'lr/x], q[r/x]) € Ry

3. follows from ((a!z.y)[(p,p)/(x,y)], (alz.y)[(q,¢)/(x,y)]) € ACRif p ~ q and
p A~ q and x £ y.
4. follows from ((r.x)[p/], (r.z)[q/z]) € ACR if p ~ q.

5. follows from ((z +y)[(p,P')/(z.9)]. (x + y)l(q.¢')/(2,y)]) € ACRif p ~ q and
p~q¢ and z #y.
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6. follows from ((x | y)[(p,p")/(x.y)], (= | y)l(¢.¢)/(x,y)]) € ACRif p ~ q and
p A~ q and x £ y.
7. follows from (z[p/x],z[q/z]) € ACR if p ~ ¢ and the fact that ACR" is an

applicative bisimulation up to restriction.

8. follows from ((z[S])[p/], (z[S])[¢/x]) € ACR if p ~ q.

The congruence result easily generalizes to open terms by standard techniques
by defining p ~ q iff Vry...rpplry. . orn /e 2] ~ glr.. /2y .. x,] where
x1...x, are the free variables of p and ¢ and r{...r, are closed terms. This is

equivalent to the following definition: p ~ ¢ iff a?zy....a%z,.p ~ a?z;....al2,.q.

5.3 Algebraic Laws

From establishing bisimulations between Plain CHOCS processes we may show that
two processes are equivalent, but this technique often involves quite an amount of
ingenuity in the construction of a bisimulation relation. Instead we may prefer the
more well known techniques of algebraic reasoning. A lot of interesting properties
of Plain CHOCS may be inferred from equational reasoning. This kind of reasoning
may of course be combined with establishing bisimulations directly.

The first set of laws concerns the choice operator and shows that nil is a zero

for + and that + is idempotent, commutative and associative.
Proposition 5.3.1

p+nil ~ p

ptp ~ p

p+p ~ p4p
p+ ' +p") ~ (p+p)+p"

Proor: This follows from showing that the following relations are higher order
applicative bisimulations:

R = |
Ry = |
Ry = |
Ry = |

p+nil,p)tuUld

p+p.p)UId

p+p,p +p)uld

p+ 0 +0"),(p+0)+p") uld

e~ e~ =
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To see this observe that for (r,q) € R;,i € {1,

2,3,4} we have either (r,¢) € Id and

if r — 7 then r = q L ¢ = r’ and we have a matching move or (r, ¢) belongs to

the first part of R; and if r L 1 then this must have been inferred by the rules

for choice. Then also ¢ Ly " which is a matching move.

We now proceed with some properties of the restriction operator and its inter-

play with the other operators.

To smooth the presentation of equations we intro-

duce a fourth (derived) prefix; an output prefix with scope extrusion: algp’. Thus

algp’.p is shorthand notation for (alp’.p)\ B with the obvious operational semantics:
% p. We shall always assume that B C fn(p') 0 fn(p).

G'Bp p

Proposition 5.3.2

PROOF:

applicative higher order bisimulations:

Ry =
R, =
Ry =
Ry =
Ry =
Rs =
R: =
Rs =
Ry =

{

{
{

{

p\a
p\a\b
(p+p)\a
(a?2.p)\b
(a?2.p)\b
(7-p)\b
(alBp’.p)\b
(alBp’.p)\b
(a'sp’.p)\b

p ifad fnp)
p\b\a
p\a+p'\a

alre.(p\b) if a #b

nil ifa==50
7.(p\b)

alp(p'\b).(p\b) if a #b and b ¢ fn(p')N frn(p)
alpup’.p if a#bandb e fn(p')N fu(p)

nil ifa==50

The proposition follows from showing that the following relations are

p\a, p)

{(P\a\b, p\b\a)
{((p+ P N\a,p\a+ p'\a)
{((a?2.p)\b, aTz.(p\b)) :
(a?x.p)\b,nil) :
(7.p)\b, 7.(p\D))
(a!
(a!
(a!

{((a!sp’.p)\b, alupyp’.p)

(
(
(
(
(
(
(
(
(

a:pp p)\b nil)

: p€ CPra ¢ fn(p)}
:p€e CPriuUld

: p; € CPriuUld
alx.p € CPrya #b} U Id

alx.p € CPr,a = b}
:p€e CPriuUld

{((a!Bp'.p)\b, a5 (p"\b).(P\))

:p,pl € CPrya#b,b¢ fu(p') N fr(p)} U ld
: p,p' € CPrya#b,be fo(p')n fu(p)} Uld

: p,p) € CPr,a = b}
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We must include Id in relation Ry to R4 and Rg to Rs. For relation Rs, R,
and Rs to Rs this is clear since if (p,q) € R;,i € {3,4,6,7,8} then after the first
transition p LN p’ and a first matching transition ¢ -, q we will have (p', ¢') € Id.
For R, it is necessary to include Id since the restrictions may disappear due to

applications of the open-rule.

The following theorem states an expected property of restriction, namely that
the restricted name may be a-converted without affecting the behaviour of the

process involved.

Theorem 5.3.3 p\a ~ ({b/a}p)\b if b & fn(p)
PrROOF: This theorem follows by showing that the relation
B ={(p\a,({b/a}p)\b) : pe CPr,b ¢ fn(p); UId

is an applicative higher order bisimulation.

The Id component of this relation is necessary in case of scope extrusion due to
an application of the open-rule in which case the restrictions will disappear and «
respectively b will be substituted with a new name ¢ ¢ fn(p) U {b}. The matching

moves are easily established by appealing to proposition 5.1.7.

Before presenting any additional laws we need to introduce a concept related
to the concept of an applicative higher order bisimulation up to restriction. The
new concept is called an applicative higher order bisimulation up to ~ and allows
a relaxation of applicative higher order bisimulation in the sense that the relation
only has to satisfy the applicative higher order bisimulation properties up to the

closure property of ~:

Definition 5.3.4 An applicative higher order simulation up to ~ is a binary

relation R on CPr such that whenever pRq and a € Names then:

(i) Whenever p LIL p', then g R q" for some ¢, y and
plr/z) ~ R~ ¢[r/y] for all r € CPr

(ii) Whenever p 24 p’, then q L ¢ q" for some ¢, q" with
Bn(fn(p)Ufn(q) =0 andp' ~ R~ ¢ and p" ~ R~ ¢"

(iii) Whenever p — p', then ¢ — ¢ for some ¢ with p' ~
R~ ¢

A relation R is an applicative higher order bisimulation up to ~ if both it and

its inverse are applicative higher order simulations up to ~.
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Lemma 5.3.5 If R is an applicative higher order bisimulation up to ~ then R C~.

Proor: Follows by arguments very similar to the arguments given for lemma
5.2.5

Definition 5.3.6 An applicative higher order simulation up to ~ and restriction
R is a binary relation on CPr such that whenever pRq and a € Names then:

(i) If b & fn(p) U fn(q) then {b/a}p ~ R~ {b/a}q

i) Whenever p 25 o, then a—?y> " for some ¢ and
P P q q q,Y

p'lr/z] ~ R~ ¢[r/y] for all r € CPr
(iii) Whenever p a4 P, then g “5'q q" for some ¢, q" with

BN (fn(p) U fn(q)) =0, p ~ R A q and p" AR A q"

(iv) Whenever p — p/, then ¢ — ¢ for some ¢ and either
p~ R~ g orfor somep”, ¢' and b: p' ~ p"\b, ¢ ~ ¢"\b

and p" Rq"
A relation R is an applicative higher order bisimulation up to ~ and restriction

if both it and its inverse are applicative higher order simulations up to restriction.

Lemma 5.3.7 If R is an applicative higher order bisimulation up to ~ and restric-
tion then R C~.

PROOF: Let R\~ = Unew B where
Ry, = ~ R~
~{(P\a; q\a) :

Ry = (p,q) € R,,a € Names} ~

The argument that R\~ is an applicative higher order bisimulation follows the same

pattern as the proof of lemma 5.2.5
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With this machinery in hand we may now prove the following interplay between

the restriction operator and parallel composition:

Proposition 5.3.8 pi\a | p; ~ (p1 | p2)\a if a & fn(p,)
PrOOF: This proposition is proved by showing that the relation

R=A{(pi\a|pz,(p1 | p2)\a) : pi € CPr,a ¢ fn(p2)}UId

is an applicative higher order bisimulation up to ~ and restriction. To see this we
show that when (p,q) € R and p L p’ then ¢ LN ¢’ with a move which satisfies
the conditions of applicative higher order bisimulation up to ~ and restriction. If
(p,q) € Id the case is obvious so assume that p = pi\a | p2 and ¢ = (p1 | p2)\a and
a g fn(pz2).

Itp L p’ this transition must have been inferred in the following way:

either this has been inferred from the par-rule and p, LN py and p' = pi\a | pl.

There are three cases:

r =07z then b # a since a € fn(py). Then by the par-rule and the res-
rule we have (p; | p2)\a it (p1 | py)\a and for all » € CPr we have
(pi\a | p5)[r/a] ~ ({d/a}p)\b | pslr/=]R({d/a}py | py[r/z])\d ~ ((p1 |
py)\a)[r/x] for some d & fn(p1) U frn(p2) U fn(r).

r = blgp, then b # a and we may assume BN ({a} U fn(p1)) = 0. Then by
the par-rule and the res-rule we have (p; | p2)\a b!ﬁ;a (p1 | py)\a which

is a matching move since a € fn(p2) U B and therefore p)\a ~ p).

r =7 and we may argue as in the above case.

or this transition has been inferred by the par-rule and p;\a LN py{ and this has
been inferred from the res-rule and p; LN py" and p’ = p{ | p2. There are

three cases:

r =07z then pf = p{"\a and b # a. Then by the par-rule and the res-

rule we have (p1 | p2)\a LN (p!" | p2)\e. This is a matching move

since for all r € CPr we have (p{"\a | p2)[r/z] ~ (({d/a}p!")[r/z])\b |
PR} 2] | pd > (9 | pa)\a)lrfa] for some d & fr(pr) U
fn(p2) U fn(r).
r = blgp| then p, bﬂn Py and b # a and
either a ¢ fn(p!"”) N frn(p!") in which case pi = p{"\a and p] = p{'\a.
Then by the par-rule and the res-rule we have (p; | p2)\a e (p’

p2)\a which is a matching move.
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or a € (fn(p!) N fn(p!")) B in which case pj = p{” and pf = p’
and B = B’ U {a} for some B’ with « ¢ B’. We may assume
B'N fn(pz) = (). Then by the par-rule and the open-rule we have

1

(p1 | p2)\a el Py | p2 which is a matching move.
r =7 and we may argue as in the above case.

or I = 7 and the transition has been inferred by the com- Close rule and p;\a LEN

pi\a which has been inferred by the res-rule and p; LN py with b # a and
b 5p)

pe =% py and p' = ((pi\a)lph/a] | p5)\B. We may assume B U fn(ps) =

0 and a ¢ fn(p,). Thus by the com-close-rule and the res-rule we may

infer that (p; | p2)\a —— (pl[pz/x] | p9)\B\a which is a matching move

since (py[py/] | p3)\B\a ~ (pi[py/] | p3)\a\B by proposition 5.3.2 and
(P \a)[py/] | p3) R(Pi[ph/ 2] | p3)\a.

or I = 7 and the transition has been inferred by the com-close-rule and p;\a —> Py

which has been inferred by the res-rule and p, bﬂ py and b # a and
a & fn(p!”) 0 fo(pl’) and pi = p{"\a and p] = p{"\a and p, LIEN py and p' =
(p! | 5Py /2])\B. We assume BN fn(py) = (0. Then by the com-close-rule and
the res-rule we have (p; | p2)\a —— (p}" | py[p}"/=])\ B\a which is a matching
move since (! | P4l /2] \B\a % (5" | (" \a/a])\a\ B by proposition
5.3.2 and proposition 5.2.6 (and an argument by structural induction on pf

which is straightforward since by the assumptions either p/"\a ~ p? or p|"\a ~
pi") and pi' | pylpy /=] B(pi" | py[(p")\a/z])\a.

B!
or = 7 and the transition has been inferred by the com-close-rule and p;\a ip%

py which has been inferred by the open-rule and p, b!ﬂ;// " and b # «a
and a € fn(p!") 0 fo(py’) and pi = p” and pf = p}’ and B B'"U {a}
for some B’ with « ¢ B’ and p; LN py and p' = ( | pi[pi/x)\B. We
assume B’ N fn(py) = . Then by the com-close-rule and the res-rule we

1111

have (p; | p2)\a — (p’” | py[p"/x])\ B'\a which is a matching move since
(" [ palpy"/x\B\a ~ (p{" | p[p"/=])\B by proposition 5.3.2 and p{
pylpy/«Bpl" | py[pi"/ ]
We omit the proof for the cases showing R™! is an applicative higher order simula-
tion up to ~ and restriction. The arguments in these cases are very similar to the

above and follow almost from symmetry.

The next set of laws shows some expected properties of the parallel operator. It
would perhaps have been more natural to present these laws before the laws of re-
striction and its interplay with other operators, but to prove the law of associativity

for the parallel operator we need some of the above properties.
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Proposition 5.3.9

p | nil ~op
Pl ~ plm
P | (Pz |P3) ~ (Pl |P2) |p3

PrOOF: This proposition is proved by showing that the first two of the following
relations are applicative higher order bisimulations and that the last relation is an

applicative higher order bisimulation up to ~ and restriction:

Ry = {(p|nl,p): pe CPriuUld
Ry = {(p1|p2sp2|p) 2 pi€ CPryuUld
I {1 [ (p2 | pa)s (pr | p2) | ps) = pi € CPr}UId

The Id component in each of the above relations is necessary to cover the cases when
processes are communicated since these processes might not have the structure of
the first part of the relation. To see that the above relations are indeed applicative
higher order bisimulations respectively applicative higher order bisimulations up
to ~ and restriction we analyze each relation in turn. (The Id part of the above

relations is obvious.)

Ry Any transitions of p | nil must have been inferred from a transition of p and
the rule for parallel composition since nil has no transitions, thus p has a

matching move for each move of p | nil and vice versa.

Ry This is easily established by noting that both rules (par and com-close) involving

the parallel operator are symmetric.

R3 The proof that this relation is an applicative higher order bisimulation up to
~ and restriction is surprisingly complicated. This is due to the fact that
the communication of processes may introduce restrictions and thus alter
the structure of the term. To illustrate this point we show the case when
p1 | (p2 | p3) —— p’ and this transition has been inferred by the com-close-rule
and p; AN Py and (pa | ps3) Her] p"" and this is due to an application of the par-
rule and py Her] py with BN fn(ps) =0 and p” = p)) | ps and p' = (pi[p" /7] |
(ph | p3))\B. Then by the com-close-rule p; | p, — (p}[p"/z] | p3)\ B and by
the par-rule (pr | pa) | ps = (Ao[p"/2] | PO\ | ps. Since B0 fr(ps) we can

apply proposition 5.3.2 and (p{[p"/x] | py)\B | ps ~ ((py[p"/] | ph) | ps)\B
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and we have established a matching move which satisfies the conditions of
an applicative higher order bisimulation up to ~ and restriction. There are
five other similar cases: one when p; does an output transition and p, does
an input transition, two when p; and ps communicate and two when p, and
ps communicate. These cases follow the same pattern of argument as above.
The only three remaining cases are when either of the three components does
a transition on its own but in each case a matching move can be established

by two applications of the par-rule.

Using the above properties we may now present a law of interplay between

parallel composition and restriction which will look more familiar to readers with

knowledge of CCS.

Theorem 5.3.10 (p; | p2)\a ~ pi\a | p2\a if a € fn(p1) N fr(ps)

ProOOF: If a € fn(p1) N frn(pz2) then a can not be a free name in both p; and
p2. Suppose a € fn(pz). Then by proposition 5.3.8 and proposition 5.3.2 we have

(p1 | p2)\a ~ pi\a | p2 ~ pi\a | p2\a. The other case where a € fn(p,) follows by a

similar argument after commuting p; and py using proposition 5.3.9.

We now present some expected properties of renaming:

Proposition 5.3.11

nil[S] ~ nal
plsT ~ p[S][S]

plS\b ~ p\b[S] if b & Dom(S) U Im(S)
(p1 +p2)[S] ~ pu[ST+ p[S5]
(pr I p2)[ST ~ pu[ST | p2[S]
(a?w.p)[S] ~ S(a)?.(p[S])

(r.p)[5T ~ 7.(p[5])
(algp’.p)[S] ~ S(a)tsp’.(p[S]) if B O (Dom(S) U Im(S)) =10

ProoF: The proposition follows from showing that the following relations are
applicative higher order bisimulations:

R = {(nil[S],nil)}
Ry = {(p[S]p[S][S]) = p € CPr}
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Rs = {(p[S]\b,p\b[S] : p € CPr,b ¢ Dom(S)U Im(S)} U Id
Ry = A{((pr + p2)[S]. pu[S]+ p2[S]) : pi € CPryUId
Bs = {((p1 [ p2)[S]pu[ST ] p2lS]) « pi € CPryUId
Rs = {((a?x.p)[S],S(a)?x.(p[S])) : alx.p e CPr}UId
ke = A((r.p)S], 7 (p[5])) : pi € CPryUId
((a!

Ry = {((alp’.p)[S], S(a)lsp.(p[5])) :
p,p' € CPr,BN (Dom(S)U Im(S))=0}UId

The Id component in relations R3 to Rs serves to cover processes being sent. In
addition the Id component of relation R3 covers the case when the restriction dis-
appears due to an application of the open-rule. It is relatively straightforward to
find matching moves for each relation and we omit the details. (The proof for re-
lation Rs relies on the fact that p[S] ~ p[S][S] and this is easily established since
S = [a — b] and either @ = b in which case p[S] ~ p or a # b in which case the

second renaming will have no effect.)

We have not listed any immediate interplay between (nondeterministic) choice
and parallel composition. This is due to the fact that the two operators in general

do not commute, but there is a restricted interplay between them:

Proposition 5.3.12 Let T ={zy...2,}, y={y1...yn} and TNY £ 0 and A; N
fn(q) =0 and BN fn(p) =0 then
o p = EazxzpﬂrZa]Ap]p]
and q = b lyrqr + Xibilpqq
then plq ~ Nawi(pi | q)+ Xa;la,05.(p; | ¢+
Sebkyr.(p | ar) + Xibileg-(p | @)+
Yne(nsa=b)y T-(pilgr/@i] | @)\ Bi+

S melGh) s a=by (P | axlpl/ye])\A;
where Y;1;.p; describes the sum T1.p1 + ...+ Tp.p, when n > 0 and nil if n =0,

knowing this notation is unambiguous because of proposition 5.3.1.

PROOF: Assume the premisses of the proposition. Let rhis denote the right hand
side of the above equation. Let

R={(p|q,rhs)}UId

Then R is an applicative higher order bisimulation. For each transition of p | ¢ we
may find a matching transition of rhs and vice versa.

pr|qi>rthen
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either p LI pand r =p' | q. If T = aq;7x; then p’ = p; for some ¢ and
rhs —— pi | ¢ which is a matching move since x; ¢ F'V(q).
If r = a;l4,p) then p’ = p; for some j and rhs LN p; | ¢ which is a matching

move.
or ¢ L ¢ and r = p | ¢/. Then similar arguments as above apply.

or ' = 7. Then

bi!s,q;

either p A piand ¢ —%' q and r = (pi[q}/xi] | @)\ B; and a; = b;. Then

rhs — r which is a matching move.

b7 azla;p]
or ¢ = g and p =57 p;and r = (p; | ulp;/ui] | @)\A; and a; = by

Again rhs — r which is a matching move.

If rhs — r then a similar case analysis as above will yield matching moves for

plaq.

We can not hope that these equations form a basis for a sound and complete
proof system for Plain CHOCS. One reason for this is hinted in the translation
given in the next section from Plain CHOCS into Mobile Processes [MilParWal89).
This translation needs parallel composition under the scope of recursion to work.
In [Mil83] Milner shows how this combination could be used to simulate a Turing

machine. Another reason is that we may encode recursion using the constructs of

Plain CHOCS. In fact the protocol we use is the one defined in [Tho89]:

Definition 5.3.13 Let Y,[] be the following context:
(a?x.([] | alenil) | al(a?x.([] ] alz.nil)).nil)\a

To see how this construction works consider the following example also presented

in [Tho89]:

Example 5.3.14 Let p = bl.x then according to the inference rules of definition
5.1.6 Y. [p] has the following derivations:

Yi[pl = (a?z.(bl.a | aleil) | al(a?x.(bl.a | ale.nil)).nil)\a
Ir
(bl.(a?x.(bla | alenil)) | al(a?x.(bl.a | ale.nid)).nil | nil)\a
!
(a?x.(bla | alenal) | al(a?x.(bla | alenil)).nil | nil)\a
Ir

(bl.(a?x.(bla | ale.nil) | al(a?a.(bla | ale.nid)).nil) | nil | nil | nil)\a
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Note how Y, [ ] needs a T—transition to unwind the “recursion”. This resembles
the unwinding of recursion in the inference rule of recursion in TCCS [HenNic87]:
recx.p~ plrecx.p/x], where ~ may be read as —.

As mentioned in section 2.6 this protocol only simulates recursion in “dynamic”
CHOCS when x ts not free in a sending position. But because of the static nature of
the restriction operator in Plain CHOCS we may use the above construct to program
systems which recursively send out copies of themselves:

Let p = bla.x then according to the inference rules of definition 5.1.6 Y, [p] has

the following derivations:

Yilpl = (a?x.(ble.x | alenil) | al(a?x.(bla.x | alz.nil)).nil)\a
Ir
(bl(a?x.(ble.x | dlanil)).(a?x.(ble.x | alenil)) | al(a?z.(ble.a | ale.nid))nil | nil)\a

\Lb!{a}(a?x.(b!l’.x|a!1’.ni1))
(a?x.(bla | alenid) | al(a?x.(bl.a | ale.nil)).nil | nil)

After this transition we have a scope extrusion on a but when the “copy” (a?x.(bla.x |
alz.nil)) is received the com-close-rule will ensure that this “copy” can communicate

with al(a?x.(bl.a | ale.nil)).nil and thus continue the “recursive unfolding” of p.

As in section 2.6 we may introduce a recursion operator rec x.p with the follow-

ing operational semantics:

plrecx.p/x] LA P

r /
recr.p — p

rec. is a variable binder and fn, { / }, F'V and [ / ] have to be extended to
cater for the new operator.

We cannot prove a simulation of recursion theorem for Plain CHOCS as directly
as theorem 2.6.2 for “dynamic” CHOCS. This is because when we send out copies
of the recursive process we have to do a scope extrusion for a in the Y construct to
keep a connection to the remaining part and keep the “recursion” going, whereas
the recursion construct does not need to do a scope extrusion and the two terms
are incomparable until they are received and we have closed the scope in the YV
construct.

However, we conjecture the following relationship:
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Conjecture 5.3.15 If x is not free in a sending position in p and a & fn(p) then
Y,[p] ~ reca.m.p

It would be interesting to formulate an equivalence theory where the kind of
distributed property of a system linked by internal channels such as the above Y
construct is taken into account. I imagine that such a theory would have to use the

ideas of context dependent bisimulation described by Larsen in [Lar 86].

5.4 Plain CHOCS and Mobile Processes

In this section we compare the approach taken in this thesis of sending processes
to that of sending labels as described in [EngNie86, MilParWal89]. We shall not
embark on a discussion of which is the best or the correct way of expressing mobility
in concurrent systems, since we feel that both approaches have their justifications.
This is further strengthened by showing that the calculi may simulate each other.

The description of Plain CHOCS in Mobile Processes uses the capability of
changing the interconnection structure of processes describable in Mobile Processes
in a very disciplined way. Whenever a process is sent in Plain CHOCS a link to
a trigger construct (which provides copies of the process to be sent) is sent in the
Mobile Processes translation. To a certain extent this resembles invocations of
procedures in conventional programming languages. The triggering of a copy of the
process to be sent and the instantiation of its names could correspond to a new
activation record for a procedure and instantiations of its parameters.

The description of Mobile Processes in Plain CHOCS is done by passing very
small processes around. These small processes are essentially one element buffers
which simulate the behaviour of channels.

We briefly review the m—Calculus as presented in [MilParWal89]. This calculus
is a description tool for Mobile Processes with link passing as a means for expressing
process networks with dynamically changing interconnection structure.

Processes are built from the following range of constructs: The inactive process
0, three types of prefixes; input prefix x(y), output prefix Ty and 7 prefix, (non-
deterministic) choice, parallel composition, restriction, match and recursion.

This is summarized by the syntax of the m-Calculus:

pu=0|x(z)p|Typ|rp|p+p |pl ¢ |Wp|lz=ylp|recXp| X

Here X € Var (a set of variables to be bound by the recursion construct). In
[MilParWal89] agent identifiers are used to express recursion, but we prefer the

equivalent but more explicit recursion construct above.
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In the m—Calculus the communicable values are links or rather names of links,
thus =,y above belong to the set Names of port names. The constructs of input
prefix and restriction bind port names in their scope. The set of free names of a
process is denoted by fn(p), the set of bound names of a process is denoted by
bn(p) and the set of names of a process is n(p) = bn(p) U fn(p).

We may substitute one label for another and label substitution in the 7—Calculus
follows the pattern of label substitution in Plain CHOCS. We have to take care not
to bind free names by input prefix or restriction. If the names coincide we do

a-conversion:

{2 = (y)p) = {2/23e(y).({Z' /23y [y}p)) where y' & fn((y)p) U {='}
{'/2}((v)p) (¥ ){2' /23y ytp)) where y' & fn((y)p) U {='}

Free and bound (recursion) variables are defined as usual and substitution of
processes is the usual one taking care of not accidentally binding free names by
restriction and free recursion variables by the recursion construct.

The dynamic behaviour of processes is defined in terms of an operational se-
mantics given as a labelled transition system. Processes may evolve by performing
actions of the following kind: input actions x(y), free output actions @y, 7 actions
and bound output actions T(y). Actions are ranged over by a. A name occurring
in brackets in an action is said to be a bound name and the set of bound names
of an action is denoted by bn(«). fn(a) denotes the set of free names of an action
and n(a) denotes the set of all names of an action. ¢(a) denotes x in o = x(y) and
a =T(y).

In the following we give the operational semantics for the 7-Calculus as presented
in [MilParWal89]. Formally the operational semantics is given as the smallest rela-

tion — satisfying the following rules:

TAU-ACT: T.p SN p
OUTPUT-ACT: Ty.p —% p
INPUT-ACT: z(2).p {w/z}p ,w & fo((2)p)

p—p

SUM: B SS —
pt+qg—p
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o /
MATCH; — P —P
[x = z]p — p'
REC: plrec X.p/Xle’
rec X.p — p/
o /
PAR: % Jou(a)n fo(q) =0
pla—17p'|q
Ty , z(z ,
COM P —T> y g2y
plg—71|d{y/=}
T(w , z(w ’
CLOSE: P %p o
plg— (w)(p'|¢)
p—p
RES o ) Y € U(Oé)
(y)p — (y)p/
Py
OPEN: Y F xw g fo((y)p)

(y)p =% {w/y}p’

Table 5.4.1. Operational semantics for the m-Calculus. Rules involving the binary

operators + and | additionally have symmetric forms.

To compare terms in the 7—Calculus we use a generalization of the notion of

bisimulation called strong ground bisimulation:

Definition 5.4.1 A strong ground simulation R is a binary relation on CPr such
that whenever pRq then:

(i) Whenever p o pand y & n(p) Un(q), then q ol q for
some ¢ and {w/y}p' R{w/y}q" for all w € Names

(ii) Whenever p LN P, then g N q for some ¢ and p'Rq

(iii) Whenever p GO pand y & (n(p) Un(q)), then q 2 q
for some ¢ with p' Rq'

(iv) Whenever p — p', then ¢ — ¢ for some ¢’ with p' Rq

A relation R is a strong ground bisimulation if both it and its inverse are strong
ground simulations.
Two processes p and q are said to be strong ground bisimulation equivalent iff there

exists a strong ground bisimulation R containing (p,q). In this case we write p ~ q.
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In [MilParWal89] the relation ~ is shown to be an equivalence relation and

it has the expected congruence properties with respect to the constructs of the

m—Calculus. It also satisfies a set of expected properties:

p+0 p
p+p P
P+q q+p
pt+(g+r) (ptaq)+r
(x)p p ifx & fn(p)
(@)(y)p ~ (y)(x)p
(@)(p+q) (x)p+ (x)q
(x)o.p a.(x)p if ¢ € n(a)
(x)o.p 0 if 2 = (o)
pl0 ~ p
pla ~ qlp

(x)(plq) ~ (2)plqifzg fn(q)
pliglr) ~ (plg)lr

The relation ~ is however not preserved by arbitrary label substitutions. A no-
tion of strong bisimulation equivalence ~ is introduced in [MilParWal89] as p ~ ¢
iff {a/b}p ~ {a/b}q for all label substitutions {a/b}. We shall not concern our-
selves with this relation since the strong ground bisimulation relation suffices for
the presentation in this section.

Before turning to translations between the m—Calculus and Plain CHOCS we
present a useful construct and show a few facts about this. We shall need commu-
nications which carry no parameters. This could be modelled by presupposing a
special name ¢ which is never bound and we write Z.p in place of Te.p and z.p in

place of (y).p where y is not free in p.
Definition 5.4.2 Let
b=p=recX.b(p]|X)
where b & n(p) and X & FV(p).
This construction is intended to provide copies of p when triggered by b actions

e.g:
(b)(g.nil | b.nil | b= p) s T (b)(nil |nil |p|p|lb=p)~plp
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This construct satisfies several interesting properties:

Lemma 5.4.3 if p; 7bL>, i €{1,2} and b & n(q) then
LHS = (b)(p1 b= q)+ (b)(p2 | b= q) ~ (b)((p1 +p2) | b= q) = RHS

PRrROOF: First note that the p;’s are allowed to trigger b = ¢, but we assume that
only b = ¢ SN g | b= q. We use b as a private name in both summands of LHS

and in RHS, this is convenient and obtainable by a suitable a-conversion on the
private names.

To prove the lemma we show that the relation:
R={(LHS,RHS)} U ld

is a strong ground bisimulation.
To see this observe that if LHS — r then

either (b)(p; | b= ¢) — r and this is because

either p; — p| with a # b and r = (b)(p} | b = ¢q).
Then RHS — (b)(p} | b = ¢) which is a matching move.

or p; L>p’1 with a =7 and r = (b)(p} | ¢ | b= q).
Then RHS — (b)(p} | ¢ | b = ¢) which is a matching move.

or (b)(pz | b= q) — r and an argument as above applies.
Also if RHS —*+ r then
either p, N py with

either o' = a #band r = (b)(p| | b= q).
Then LHS — (b)(p} | b = ¢) which is a matching move.

or o' =band a=r71andr= (b)(p} | q|b=q).
Then LHS — (b)(p} | ¢ | b= q) which is a matching move.

al ’ .
or p; — ph and an argument as above applies.

We have abused the notation slightly when o # b in the above proof since we should
analyze each case of a: a(x), @b, @(c) or 7. We shall not do so since it is not hard

(only elaborate) and each case follows the general pattern.
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b
Lemma 5.4.4 if pi /4 for all derivatives p. of p;, 1 € {1,2} and b & fn(q) then

LHS = (0)(p1 [ b= q) | (0)(p2 | b= q) ~ (0)((pr | p2) [ b= ¢) = RHS

PROOF: To prove the lemma we show that the relation:

R={(LHS,RHS)}

is a strong ground bisimulation.
To see this observe that if LHS — r then

either (b)(p1 |b= ¢q) —— r" and r =1 | (b)(p2 | b = ¢) and this is because

either p; — p| with a # b and ' = (b)(p} | b = q).
Then RHS — (b)(p} | p2 | b = ¢) which is a matching move.

or p; L>p’1 with o =7 and v = (b)(p] | ¢ | b = q).
Then RHS — (b)(p, | p2 | ¢| b = q) which is a matching move.

or (b)(p2 | b= q) — r’ and an argument as above applies.

or p; — p} andp2Lpgandazrandrz(b)(p’l|b:>q)|(b)(p’2|b:>
q), where @ is an action with opposite polarity of o [MilParWal89]. Then
RHS — (b)(p} | py | b = ¢) which is a matching move.

Also if RHS - r we may argue in a similar way as above.

b
Lemma 5.4.5 if pi /4 for all derivatives p. of p;, i € {1,2} and b & fn(q) and
¢ & fn(p1) U fn(p2) U fn(q) then

LHS =(c= (0)(pr[0=q) [ (0)(p2 [ 0= q) ~ (b)(c = p1 [p2 | b= q) = RHS
PROOF: To prove the lemma we show that the relation:
R={(LHS,RHS)}

is a strong ground bisimulation up to ~ (strong ground bisimulation up to ~ is
defined similarly to the definition of bisimulation up to ~ in [Mil89]).
To see this observe that if LHS — r then

either a = cand r = (B)(p1 | b= q) | (c = (B)p1 | 5= 0)) | B)(p2 | b= g)
(c = B)p1 | b= q) | (b)(p1 | p2 | b = ¢q) which follows by lemma 5.4.4.
Then RHS — (b)(p1 | ¢ = p1 | p2 | b = ¢) which is a matching move.
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or a # cand (b)(ps | b= q) — v and r = ¢ = (b)(p1,b = q) | v’ and this is

because

either p; N ph with o = o’ # b and ' = (b)(p, | b = ¢q). Then RHS
(b)(¢ = p1 | Py | b = ¢) which is a matching move.

or p; l> phy witha =7 and v’ = (b)(p2 | ¢| b= ¢). Then RHS — (b)(c =
1| p2 | ] b= ¢q) which is a matching move.

Also if RHS —*+ r we may argue in a similar way as above.

We now turn to the question of translations between Plain CHOCS and Mo-
bile Processes. First we give a translation of Plain CHOCS without the renaming
construct into Mobile Processes. This subset of Plain CHOCS corresponds very
closely to the informal idea of encoding process passing in Mobile Processes de-
scribed in [MilParWal89]. This translation carries no additional parameters which
shows that Plain CHOCS programs can be viewed as a set of derived operators in

Mobile Processes.

Definition 5.4.6 []: Plain CHOCS — M P

[nil] = 0

[atx.p] = a(2).[p]

[alp’pl = (b)(@.([p] | b= [p1)), b & fr(p) U fu(p') U {a}
[rp] = 7.[p]

[p+71 = [p]+[]

[p1 Y] = [Pl IP]

[P\a] = (a)[p]
[z] = z.0

Note how a process variable in Plain CHOCS is translated into a process which
is only capable of synchronizing on the x channel and then stop. This is exactly the
idea described in [MilParWal89] of an executor to trigger the start of the process.

An interesting point to note about the above translation is that only a rather
special kind of recursion is needed. We only need a construction which provides
“copies” of the process to be sent. This construction resembles a Kleene-star opera-
tor. Combining this with conjecture 5.3.15 (which would show that general recursion

may be simulated in Plain CHOCS) we see that using this Kleene-star operator and
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the dynamic interconnection mechanism provided by Mobile Processes we may sim-
ulate recursion in e.g. CCS. In fact we do not need to appeal to conjecture 5.3.15
to show this; The lemmas above suffice to prove (2)(Z.0 | z = p[2.0/X]) ~ rect.p
if 2 ¢ fn(p).

Note that this translation ensures static scope for the restriction operator since

the process p’ being “sent” stays in the “sending” environment e.g:

[a?e (x| 2) | (a'p'p)\e] = a(x).(z.0[ 7.0) | ()(@(d).((b =[] [ [P]))
(b)(8-0 5.0 (C)i(j(b = [P [ Ir])
(6)(8-0] 0 | (C)([[p’fl (0= [D IT2D)
O)(O [0 ] (e)([PT | [[i;’]] | (0= 1D [ T2])

(T IPT 1P

In this example we see how the recursion in the translation of the output prefix
ensures that a sufficient number of copies of the process to be passed is provided.

As we can see from the above example the translated terms need an additional
7—move to simulate the substitution. Let us specify this at the Plain CHOCS level
by introducing a notion we call 7—substitution [ / ],. This substitution is defined as
[p/x]; = [r.p/x]. In the following two propositions let — be a transition relation
defined as the transition relation of definition 5.1.6, but with [ / ], instead of
[ /] in the com-close-rule. Let ~, be the applicative higher order bisimulation
equivalence defined as in definition 5.2.1 relative to the new transition system with
T—substitution instead of the usual substitution in clause (7). Using these definitions

we can now formally relate the two calculi. In the following ~ is the strong ground

bisimulation defined in [MilParWal89)].

Proposition 5.4.7 [p[g/z].] ~ (b)([p[{6/2} | b = [q]) where b ¢ fr(p) U fn(q)

PrOOF: By structural induction on p using lemma 5.4.3 to lemma 5.4.5.

by definition of [ / |,
by definition of [ |
by algebraic laws

by definition of [ |

p=nil [nillqg/z];]
[nil]
0

(0)(0{b/a} [ (b= [q]))
(O)([nall{b/=} | (b= [4]))

-

-
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p=aly.pr Assumey # x and y € FV(q) (otherwise use a-conversion)
[(a?y.p1)lq/x]+] by definition of [ / |,
la?y.(pilg/x]+)] by definition of [ |
a(y)-[(pla/z],)] by LH.
a(y).(0)([pa{o/} | (b= [a])) since b & fn(p)
(0)(aly).([pa]{0/2} | (0 = [4]))) since y & F'V(q) and y # «
(0)((a(y)-Ipi) {6/} | (b= [q])) by definition of []
(0)((la?y.pi]){b/x} | (b = [al))

p = alpipy [(alprpa)lg/el ]
= by definition of [ / |,
[a!(pila/]-).(pala/2]-)]
= by definition of [ |
(0)(@b.((b = [pila/x]-1) | [p2la/x]-]))
~ by LH. (b & fn(p1) U fn(pz) U fn(q))
(0)(@.((c)((b= (e)([ps]{c/a} | (¢ = [al)))
| (e)([p2l{e/a} | (e = [a])))))
~ by lemma 5.4.5.
(0)(@b.(c)((b = [p1l{c/x}) | [pd{c/z} | (¢ = [al)))
~ since ¢ # a and ¢ # b, otherwise use a-conversion on ¢

(€)(0)(@-((b = [p:]{c/}) [ [padic/a} | (e = [d])))
= by definition of { / }

(©)(0)(@.(((6 = [p]) | D)/} | (e = [a]))

(@)(@)(@.(((b= [p]) [ [pD{e/23) [ (e = [a])))
~ since b ¢ fn(q)
(e)([a!pr-pal{c/z} | (e = [d]))

p=pitp2 [(p+p)le/al]
= by definition of [ / |,
[[pl[Q/x]T]] + HPZ[Q/x]T]]
~ by L.H.
O)([pa {0/} | (b= [a)) + (0)([pa1{b/x} | (b= [al))

~ by lemma 5.4.3.

(0) ([0 {6/} + [pal{b/2}) | (b= [a]))
= by definition of { / }
(0)([p1 + p2]{b/x} | (b= [dl))
p=pilp2 [(p | p2)la/zl]
= by definition of [ / ]; and by definition of [ |
[pila/)s] | Ipala/ )]
~ by I.H.
O)([pad{o/2} | (b= al)) [ (0)([p21{0/x} | (b= [al))

~ by lemma 5.4.4.

() (([pa]{0/ 3 [ [pal{b/2}) | (b= [a]))
= by definition of { / }

(0)([p1 | p2D{b/} | (b= [ql))

-2 ¢ I

¢

and by definition of [ ]
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p=pi\a Assume a & fn(q) otherwise use a-conversion.
[(pi\a)[g/z]] = by definition of [ /]
[(pilg/x]-)\a] = by definition of [ |
(a)([p1lg/x]-1) ~ by LLH.
)(0) ([l {0/} | (b= [q])) since a & fn(q)

e

(a
EZ)((G)([[pl]]{b/w}) | (b= [d])) by definition of { / }

)(Ip\al{o/z} | (b= [a]))
p=y ify# x then
[yla/x]]
[v]
7.0

(0)((-0){b/z} | (b= [d]))

-

if y = a then

[yla/x]-]

[7.4]

7.[q]

(0)((7.0){6/x} | (b= [q]))

-

Proposition 5.4.8

1. if p 5 o then [p] ot []

2 i p My then [p] T q & (b)) (b)(b = ] | []) where B =
{b1,...,b,} for some q.

3. ifp -2 p then [p] = [¥]

4. if g~ [p] and q M q' then p atz, p' for some p' with ¢'{b/x} ~ [p']{b/x}
for all b € Names.

. @b
5. if g~ [p] then ¢ 4.

6. if g~ [p] and q M q' then p a!i%/ p" with ¢ ~ (by)...(b,) (0= [p] | [p"])

for some B, p',p" where B = {by,...,b,}.

7. ifq~[p] and ¢ "> ¢ then p —— p' with ¢’ ~ [p'] for some p'.

PROOF:

1. By induction on the length of the inference used to establish p Ll p’ observing

the structure of the process p. The cases when p = nil, p = alpy.p; and p = 7.py
alx
are trivial since p 4.
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p =alx.py Then alz.py L p1 by the input-rule and p’ = py. Also [a?x.pi] =
a(x).[pi] o] [p1] by the INPUT-ACT-rule.

p=p+po prﬁp’then

either p, Ll p' by a shorter inference, and by induction we have [p]] o]
[p'] and by the SUM-rule we have [p; 4 p] M I

or p, ate, p’ by a shorter inference, and by induction we have [ps] M
[p'] and by the SUM-rule we have [p; 4 p] M I

p=pi|pe Ip 2% p then
either p; Ll py and p’ = p| | p2 by a shorter inference, and by induction
we have [p;] o) [p}] and by the PAR-rule we have [p; | p2] o] Ip']-

or p, L ph and p’ = py | py by a shorter inference, and by induction we
have [p2] o] [p5] and by the PAR-rule we have [p; | p2] o) I

p=p\b Il p L p’ then py L py with @ # b and p’ = pj\b by a shorter

inference, and by induction we have [p;] o) [pi] and by the RES-rule

we have [p1\0] o] Ip']-

2. By induction on the length of the inference used to establish p a4 p’" observing
the structure of the process p. The cases when p = nil, p = a?x.p; and p = 7.p;
are trivial since p .7jz>p.

p = alp;.p; Then alp;.ps “oby p2 by the output-rule. Also [a!p;.p2] =l (b =
Ip]) | [p2] by the INPUT-ACT-rule.
p=p+po pra!ip;p”then
either pl_a!i%/ p" by a shorter inference, and by induction we have
Ip1] o\ P~ (by)...(b)((b=[P]) | [p"]) and by the SUM-rule we
a(b .
have [py 4 pa] 3 p” < () .. (b)((b = [/ [ ')
or p, ‘“i@i p" by a shorter inference, and by induction we have
Ip2] o\ P~ (by)...(b)((b=[P]) | [p"]) and by the SUM-rule we
(b .
have [py 4 pa] 3 p” < (1) .. (b)((0 = /D) [ ')

p=p | p2 pra!i%p”then

"—

either p; “sy py and p"” = pY | po by a shorter inference, and by induc-
tion we have [pi] G\ P~ (b1) ... (b)) (b= [p]) | [P{]) and by the
PAR-rule we have [p1 | pa] 2% p < (by) ... (b) (b= [V]) | [p4]) |
Ip2] ~ (b1) ... (ba)((b = [p]) | [P"]) (using a suitable a-conversion).
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or po 5B 4 azld p" = p1 | p4 by a shorter inference, and by induction we
have [pz] o\ Py~ (by)...(b,)((b = [P]) | [p7]) and by the PAR-

rule we have [p; | p2] =l P~ I L (6) - (60)((6 = [PD) | [P2])
~(by) .. (b)) (0= [P]) | [P"]) (using a suitable a-conversion).

p=pm\d If p Ez2d p’" then

either p; aﬂ/ pi by a shorter inference and d € (fn(p’) N frn(pf)) B
and B = B'U{d} and a # d and p” = p/. By induction we have
Ip1] o\ P~ (b)) ... (bp)((b=Tp]) | [p{]) and by the RES-rule we

have [pi\d] = ()([n]) “3 p" < (d)(br) ... (b.)((b = D) | D)
or p =5 P} by a shorter inference and d ¢ fn(p') N fn(p]) and a # d

"o —

and p’ = pi\d. and p” = p{\d. By induction we have [p;] =0,
P~ (b)) ... (be)((b = [P]) | [p{]) and by the RES-rule we have

[p\d] = (D)([p]) 22 p7 & (@)(by)... (b = D) | D) ~
(b) . (b) (b= (DIA]) | (DD,

3. By induction on the length of the inference used to establish p — p’ observing
the structure of the process p. The cases when p = nil, p = a?x.p; and

p = alpy.pe are trivial since p /.

p = 7.p1 Then p — p; by the tau-rule and p’ = p;. Also [p] = 7.[p] — [pi]
by the TAU-ACT-rule.

p=p+p Ifp—5p then

either p; —— p’ by a shorter inference, and by induction we have [p;] —
[p] and by the SUM-rule we have [p; + p2] — [p'].

or p; — p’ by a shorter inference, and by induction we have [p,] —
[p'] and by the SUM-rule we have [p; 4 p] S I

p=p | p2 If p — p' then

either p; — p! and p’ = p} | p2 by a shorter inference, and by induction
we have [p;] — [p}] and by the PAR-rule we have [p; | po] — [¢'].

or p, — ph and p’ = p; | p, by a shorter inference, and by induction we
have [ps] — [p,] and by the PAR-rule we have [p; | p2] — [p']-

alpp)
or p 25 P, and py —% pll by shorter inferences and p' = (p,[p}/z], |

py)\B. By induction and propositions 5.4.8.1 and 5.4.8.2 we have

[ 2 ] and [pa] 22 (B1)... (b,2)((b = [p,]) | [2]). Then by
the CLOSE-rule we have [p; | p2] — (b)([p']{0/x} | (b1) ... (b,)((b =

[P5]) | IpeD) ~ (ba) . (0a)((O)([P {0/} | (b = [pt]) | [P5])) =
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[(pi[ph/x]- | P5)\B] by proposition 5.4.7 and assuming BN fn(p') =0
(otherwise use a-conversion).

alx alBp} "
or p; — ph and p; — pf and we may argue as above.

p=pi\b If p - p’ then p; — p} by a shorter inference, and by induction we
have [pi] — [p|] and by the RES-rule we have [p;\b] = (6)([p:]) —

(0)([pa]) = [P

4. Assume ¢ ~ [p] and ¢ M ¢. Then [p] M ¢" for some ¢’ with ¢/{b/z} ~
q"{b/x} for all b € Names since g ~ [p].
We proceed by induction on the length of the inference used to establish [p] 2=}

q" observing the structure of p.
If [p] ol=) ¢" then p must have one of the following forms:

p = alxz.p; In this case [p] o=} [p1]- By the input-rule we have a?z.p; ara Py

which proves the lemma in this case.
p = p1 + p2 In this case

either [p] o=} ¢" by a shorter inference and by induction p; o, p} and
q'{b/x} ~ [piJ{b/x} for all b € Names. By the sum-rule we have
p1A+ py 5 py and ¢"{b/x} ~ [pi]{b/x} for all b € Names.

or [p:] o=} q" by a shorter inference and by induction p, Ll ph and
q"{b/x} ~ [py]{b/x} for all b € Names. By the sum-rule we have
p1A+ py 5 ph and ¢"{b/x} ~ [po]{b/x} for all b € Names.

p = p1 | p2 In this case

either [p] o] gy by a shorter inference and ¢"” = ¢ | [p2]. By induction
pr L5 py and ¢ {b/x} ~ [pi]{b/x} for all b € Names. By the par-
rule we have p; | pa RIEN Py | p2 and ¢"{b/x} ~ [p| | p2]{b/x} for all
b € Names.

or [p2] o] ¢4 by a shorter inference and ¢"” = [p1] | ¢5- By induction
py 25 phy and ¢4 ~ [p5]. By the par-rule we have p; | py 2 py | ph
and ¢"{b/x} ~ [[p1 | p]{b/x} for all b € Names.

p = p1\c In this case [pi] o=} g/ and a # c. By induction p; L Py and
[pi]{b/2} ~ ¢/{b/x} for all b € Names. By the res-rule we have p;\c =%
pi\c and ¢"{b/x} ~ [pi\c]{b/x} for all b € Names.

b
5. From the definition of [ ] it is easy to see that [p] /4. Since ¢ ~ [p] this must
be true for q.
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6.

Assume ¢ ~ [p] and ¢ 20l q'. Then [p] = q" with ¢’ ~ ¢", since ¢ ~ [p].

: . : ) a(b
We proceed by induction on the length of the inference used to establish [p] Q>
q" observing the structure of p.

If [p] =l ¢" then p must have one of the following forms:

p = alp;.p; From the output-rule we have p oy p2 and from the OUTPUT-
ACT-rule we have [p] o\ (b = [p1]) | [p2] which proves the lemma in
this case.

p = p1 + po either [pi] =l q" by a shorter inference and by induction we

have pi 5 pi and ¢ & (by)...(b,)((b = [p]) | [p{]). Then
P+ pr =5 Py by the sum-rule and by the SUM-rule we have [p] =),
¢" which proves the lemma in this case.

or [p:] =) ¢" and an argument as above applies.

p = p1 | po either [pi] = gy by a shorter inference and ¢"” ~ ¢ | [p2]. By
induction we have p; —= p! with ¢/ ~ (b)... (b.)((b = [p{]) | [P!])-
By the par-rule we have py | py T P} | p2 and by the PAR-rule and
RES-rule we have [p1 | p2] el q" ~ (by)...(b,)((b = [pi]D | [Py
p2]) by a suitable a-conversion such that BN fn(pz) = 0.

a(b . .
or [p:] Q> ¢4 and symmetric arguments as above yield the result.

p = p1\d Then [p] =l ¢ by a shorter inference and a # d and ¢" = (d)(q).
By induction we have p; a!ip;l P with ¢ ~ (by) ... (0,)((b = [pi]) | [P])-
Ifd & frn(py)U fn(p]) then by the res-rule we have p;\d a!B—p/l>\d p{\d and
by the RES-rule we have [p] el q" ~ (by)...(b,)()((b=[pi]) | [P]) ~
(br)-- (5.6 = (DI | (DID): -
Ifd € (fn(p))Nfn(p!)) B then by the open-rule we have p;\d Rt Py
and by the RES-rule we have [p] e q" ~ (b1)...(b)()((b = [pi]) |
[PVT)-

Assume ¢ ~ [p] and ¢ — ¢'. Then [p] - ¢" with ¢’ ~ ¢ since ¢ ~ [p].

We proceed by induction on the length of the inference used to establish [p] —

q" observing the structure of the process p.

If [p] —— ¢” then p must have one of the following forms:
p = 7.p1 Then by the tau-rule we have p —/ p; and by the TAU-rule [p] —
[p1] which proves the lemma in this case.

p = p1 + py either [pi] — ¢” by a shorter inference. By induction we have
p1 — p| with ¢” ~ [p4]. By the sum-rule p; + p, — p} and by the
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SUM-rule we have [p; + po] — ¢”

or [p;] — ¢" and a similar argument as above applies.

p=p1 | p2 either [p;] - ¢/ by a shorter inference and ¢” = ¢! | [p.].

By induction we have p; — p, with ¢/ ~ [p{]. By the par-rule
p1 | p2 = p| | p2 and by the PAR-rule we have [p; | p2] — ¢/
[p2] ~ [p1 | p2]

or [p;] — ¢} and an argument as above applies.

or [p1] o) ¢y and [p2] el ¢, by shorter inferences and ¢” ~ (b)(¢;{b/x} |
¢¥) modulo the appropriate a-conversions. By proposition 5.4.8.4 we
have p; 25 py with ¢;{b/z} ~ [pi]{b/xz} for all b € Names and by
proposition 5.4.8.6 we have py a!i%é py with ¢b ~ (by)...(b,)((b =
[P5]) | [p5]). By the com-close-rule we have py | ps — (pi[ph/x]; |

py)\ B assuming BN fn(p}) = 0 (otherwise use a suitable a-conversion).

By the COM-rule we have
[Py | p2] — " ~ (O)([Pi1{0/ =} | (br).. - (ba)((b = [pa]) | [P5]))

~ [(pips/ ]+ | p5)\B] according to proposition 5.4.7.
or [pi] =) q; and [p2] o=} ¢4, which is a symmetric case to the above.

p=pi\b Then [p] —— ¢ with ¢" = (b)(¢) by a shorter inference. By
induction py — p} with ¢} ~ [p}]. By the res-rule we have p;\b — p/\b
and by the RES-rule we have [p;\b] — [p}\0].

The above proposition shows a strong connection between transitions of pro-
cesses in Plain CHOCS and their translations into Mobile Processes. We have so
far been unsuccessful in proving that the translation preserves equivalence but we
conjecture that this holds under certain restrictions on the observations we allow

ourselves i.e.:
Conjecture 5.4.9 p~, ¢ < [p] ~ [q]
An immediate attempt to prove the above conjecture is to show that the realtion:

Ry ={(q1,92) : 3p1,p2-qr ~ [p1], g2 ~ [p2l, 1 ~ P2}

is a strong ground bisimulation and that the relation

Ry = {(p17p2) : [[pl]] ~ [[pz]]}

is an applicative higher order bisimulation w.r.t. [ / ];. Unfortunately this attempt

has so far been unsuccessful. The reason for this is that for relation E; I have
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been unable to prove that if ¢ o=} qy then g o=} ¢, and ¢1{b/x} ~ ¢4{b/x}
for all b € Names from p; Ll py and py Ll py, and p[r/z], ~; pylr/z], for all
r. [pilr/z];] ~ [pslr/x].] does not seem to imply [pi]{b/x} ~ [ps]{b/x} for all
b € Names. For relation Ry I have been unable to prove that if p; a!ip;l py then
po 2 gty and g and g sl from S g 2 (bu) o (6a) (0 = [4] | T4)
and ¢, =) gy ~ (br)...(by)(b = [p5] | [P5]) and ¢ ~ ¢5. It does not seem to be
possible to infer from (b = [pi] | [p{]) ~ (b = [p4] | [p5]) that [pi] ~ [p5] and
[PVT ~ [P5]-

The above only applies to the sublanguage of Plain CHOCS where the renaming
operator has been omitted. The type of systems we can describe in this language
is limited in the sense that there is no real need for passing the process in the
communication since the receiving process can do no more than copy it and start
each copy at different times. This is reflected in the above translation in the sense
that the process to be “sent” stays in the sending environment and the “receiving”
process only receives a link which can be used to trigger copies of the “received”
process. The renaming construct allows us to change the way we communicate with
each copy by renaming some of the free names to locally bound names. This may
be incorporated into the translation by extending the translation function by a list

of names L i.e.:

Definition 5.4.10 []: Plain CHOCS — Names” — M P

[nid]L = 0
latx.p]L = a(z).[p]L
[alp".p]L = (b)(@.([p)L | b(L) = [P]L)), b & frn(p) U fn(p’)U{a} UL
[r.p]L = =.[p]L
[p+ 2L = TpIL+[P]L
[p | PIL = [p]L|IP]L
[P\alL = (d)[{d/a}p]L where d & fn(p\a)U L
[pla — b]]L = {b/a}([p]L)
[z]L = =TL.0

where b(L).p means b(ly)....b(l,).p and bL.p means bly....bl,.p
for L={l,...,0,}.

When translating a Plain CHOCS expression p we then instantiate L to a list
consisting of the elements of fn(p) to obtain the desired effect.
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Let us consider the following small example to give an idea about how the above

translation works:

Assume {a,b} = fn(p) U fn(p’) U fn(p”) and V' & {a,b}.

la?z.(x[b— b | 072.p)\0' | alp’ .p"]jan
aw).(b')(Tab".0 | b'().[Plfa) | (C):(EC-((C(Q)(??) = [P lws) | 12T )
(e)((¥) (a0 | ¥'(z).[P]far) Iij(C(a)(b) = 1Pl | 1" 1)
:
(VO [ 6'(2). [y | {1/ a3 {01 [P o)) | (el@)(0) = 1P Tpws) | [P T1a)

() (0" (@)-[Plga.ey | ({a/ a3 {6 /03[P Ta))) | 12" Dact

Note that if p’ has any b-ports they will be renamed to ¢’ and thus be pri-
vate between b'(2).[p].y and [p'llap. The translated terms need a sequence of
T-transitions to establish the connection between the “receiving” process and the
“copy” it is “receiving”. This sequence has the same length as the parameter L.
In the above example we needed two 7-transitions and in general we will need as
many T-transitions as the cardinality of the set fn(p).

We now turn to the question of encoding label passing using process passing.
This may seem as an artificial question, but as a theoretical result it is of inter-
est since it will provide a basis for discussion of the expressive power of the two
approaches.

The idea in the translation below is that instead of sending a channel ¢ we send
a wire (a — chan) defined as i?.a?x.cl.nil + o?.c?x.alx.nil. This wire has a multi-
purpose plug ¢ and a switch to indicate in which direction the wire is to be used. We
assume ¢, 1, 0 are distinct names not used in the Mobile Processes expression being
translated. When this wire is received it is plugged into the receiving process by
the localizing constructions: (...[c > ][i = '][o— o].. )\&\i"\o'. The receiving
process will choose in which direction to use this wire by sending an o’ signal for
output or an ¢’ signal for input. The wire will be private to the sending and receiving
processes in the case of a bound name in the Mobile Processes expression. This is
ensured by a scope extrusion caused by the static restriction operator.

Mobile Processes [MilParWal89] was developed from ECCS [EngNie86] by sim-
plifying the notions of values, labels and variables into one concept called names.
This, however, presents a problem when translating Mobile Processes into Plain

CHOCS since a name in a process p may act as a name of a link (as e.g. y in
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y(x).p) or it may act as a variable (as e.g. @ in y(x).p) or it may act as a local link
name (as e.g. x in («).p). To overcome this difficulty we first translate all free names
and all names bound by input prefix into process variables. Then we instantiate the
process variables corresponding to free names in the Mobile Processes expression
to names in Plain CHOCS. Names bound by restriction will be allocated names in
Plain CHOCS in the first translation step.

Definition 5.4.11 []; : MP — Plain CHOCS is defined structurally:

[0l = nal
[2(y)-pli = (zlem €li = o o | LTy [pJ)\ N
[rypl = (zlers ¢l 7o o] | oLty [N

[rpl: = ~[pls
[p+rT = Tph+ Pl
P17l = [l | TP
[(x)(p)]: = ([plil(e — chan)/x])\a, where a has not been used before

[l2: MP — Plain CHOCS is defined as:

[pl: = (- ([Phil(ar = chan)/a:]) .. )[(an — chan) /]

where FV([p]1) = {x1,..., 2.} and a1 ...a, are allocated by some 1 — 1 mapping
between V' and Names (usually established by the 1 —1 mapping between fn(p) and

FV([[p]]l))'

We have omitted the match construct of Mobile Processes. This can be elim-
inated in the Mobile Processes expression according to [MilParWal89]. Recursion
could be translated using the Y[ | construction from the previous section.

It is easy to see from the above definition that the label passing in the Mobile
Processes is mimiced by the translation only requiring two additional communica-

tions for each use of the wire, i.e:

[a(z).p]: ~ 7.a?z.7.[p]:
[ab.p], ~ 7.7.al(b— chan).[p]s

We may state this more precisely:
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Proposition 5.4.12

1. ip M p’ then [p] %M% I

. ab. 7 71 alg(b—chan) o,
2. ifp—yp then [p] —— "— " [p]
[']

4. if p = p' then [p] = [p'] or [p] —— """ [¥]

@ . 7 al b—chan
3. ifp ﬂ> p' then [p] —— {b}(—> )

ProoF: By induction on the length of the inference used to establish the transition
of p observing the structure of p.

We conjecture the following relationship between Mobile Processes and their
translations into Plain CHOCS:

Conjecture 5.4.13 if p ~ ¢ then [p]. N [q]2, where & is a suitable formulation of

weak higher order applicative bisimulation.

We can not hope for the implication to hold in the opposite direction since
the translation may introduce non-determinism not present in the original term
e.g: Consider the following term p = (a)(b)(a(x).c(x).0 4+ b(x).0 | @c.0) then p ~
7.c(2).0 & p + 7.0 whereas [p] ~ r.7.7.7.7.7.c?x. TNl + 7.0 ~ [p + 7.0].

To see how the translation works we study the following small system consisting
of two components. Initially the first component is ready to receive a channel on
a and the second component is ready to send the b-channel on a. Upon receiving
a channel the first component is ready to send a bound channel d on the newly
received channel. The second component is ready to receive this channel. The
end result is that the second component receives a private d-channel from the first

component.

[a(2).(d)(zd.P) | ab.b(x).Q]

r.ale. 7. [(d)(Td.P)] | 7.1.al(b— chan).[b(x).Q]
RN NN
([(d)(@d-P)][(b ~ chan)/] | [6(x).Q])
((7.7.01(d — chan).[P][(b— chan)/x])\d | 7.bTx.7.[Q])
SN NN

((IPTI(b = chan) /] | [Q][(d — chan)/x])\d)
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Comparing the two translations presented in this section we see that the two
calculi Mobile Processes and Plain CHOCS are equally expressive in the sense that
they may simulate one another. However, the translations are rather ad hoc. It
would be of interest if this comparison could be formulated in a more general frame-
work for comparison. In a private communication Chen Liang has told me that he
is working on such a generalized framework and he is using the translations between
Plain CHOCS and Mobile Processes as an example. His framework is built on a
category theoretical characterization of transition systems and the translations are

expressed as functors.

5.5 Plain CHOCS Object Oriented Programming

Over the past two decades object oriented programming has grown into a strong
discipline in the world of industrial programming. One reason for the success of
this programming notion is the link with ideas of structured programming. Object
oriented programming allows problems to be broken down into “objects” of man-
ageable size. There is to date no unifying definition of what exactly an object is and
what an object does although over the years much effort has been devoted to finding
such definitions. It seems as if each object oriented programming language (and
even each object oriented programmer) seems to have its (his/her) own definition
of an object.

This having been said, there seems to be a consensus that an object is regarded
as an encapsulating entity and there are strong analogies to the ideas of abstract
data types. Thus objects encapsulate “things” and users access these “things”
via “methods” which are the terms used for the diverse access strategies used in
object oriented programming. The idea behind the method paradigm is to present
the user with an interface through which objects can be accessed and at the same
time hide the way the objects are implemented. Most present day object oriented
programming languages have roots in ideas presented in the SIMULA language
[DahMyhNyg68] designed in the late sixties and ideas presented in the Smalltalk
language [GolRob83] have had substantial influence.

The object oriented approach has mostly grown out of an imperative sequen-
tial programming discipline as a structuring device for large scale programs, but
recently it has been recognized as a useful tool in the description and construction
of distributed and concurrent systems [Atk89]. As we shall see in this section there
seems to be a strong analogy between the idea of objects and processes, encapsula-
tion and restriction, method call and communication via named channels. We shall

also see that it is possible to make connections between concurrency theory and
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inheritance, which for many object oriented programmers seems to be a vital part
of the definition of what can be characterized as object oriented programming.

Many object oriented programming languages do not have a formal seman-
tics but rely on (thorough) verbal descriptions of the semantics. Recently some
more thorough studies of semantics foundations of object oriented programming
languages have emerged, POOL [Ame87] and Dragoon [Atk89] are very good ex-
amples of how far the current state of affairs for real life programming languages
has reached.

In this section we study the connection between concurrency and object ori-
ented programming in more details. We do this via a small toy language O. We
may consider O as a prototype core of most imperative concurrent object oriented
programming languages. In O we may define a class of objects and instantiate
objects to be of a defined class. In each class we may define a number of methods
and a thread of control. This thread of control is the primary means for concur-
rency since objects may be started and executed in parallel. The parallelism is
asynchronous and synchronization is obtained by method calls. O was inspired by
the toy language P studied in [Mil80] and in section 3.3, and the thread of control
in each object is similar to the sequential part of P. The language O is untyped
and we only consider type meaningful programs. We assume that objects are de-
clared before they are created, that all objects are created before started and that
all objects are started only once.

The semantics of O is described in Plain CHOCS in a phrase-by-phrase style re-
sembling a denotational semantics. However, we do not give any semantic domains.
Instead we may view the O semantics as a set of derived operators in Plain CHOCS
since the translation carries no parameters. Plain CHOCS only caters for process
values in communication. To allow for other values in Plain CHOCS than process
values we use the technique of [Mil83] and introduce a D-indexed family of actions
a?y, aly, d € D for each value domain D. Due to the fact that only finite sums of
processes can be handled in the version of Plain CHOCS presented in this thesis we
restrict our attention to finite value domains as e.g. the set of booleans and finite
subsets of the integers. We let a?,.p abbreviate Yepa?y.p{d/=} where {4/z} means
exchanging all occurrences of = in p by d as e.g. a?,.08!.nil{d/z} = Y4epaly.flynil.
We shall use the following construct from [Mil83]: If b is a boolean valued expression
in = then let a?,.(if b then p else p') be encoded by Y.epesa?s.p+ Yrepe—sals.p.
We should not confuse a?,.p with a?x.p since the first is a convenient shorthand
notation and the latter is part of the Plain CHOCS syntax.
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The language O

Programs in O are built from declarations D, expressions F and commands C,
using assignments to program variables X. Variables Y always refer to objects and
variables Z refer to classes. Some set of functions F'is assumed and for the cause
of simplicity we do not consider types of expressions. O has the following abstract

syntax:

Declarations: D = var X | obj Y | D; D |
method P(ref X) is ('|class Z is D body C
Expressions: = X | F(Ey,....FE,)
Commands: Co= X=F | C;C | if I then C else C’l
while I/ do C | skip |begin D;C end |
Y.create 7/ | Y.start | Y.call P(X)

Table 5.5.1: Syntax of O

To give a smooth definition of the semantics of O we need some auxiliary defi-
nitions.

To each variable X we associate a register Regy. Generally it follows the pattern:
Loc = a?,.Reg(=)

Reg(y) = al,.Reg(z) + v, Reg(y)

and thus for X we will have Locy = Locla — ax]|[y — vx]. Initially we write in
a value, thereupon we can read this value on 4 or overwrite the contents of Loc
via . We have written the above definition in an equation style to make it more
readable. The proper Plain CHOCS definition is: Loc = (a?,.hl,.nil | Reg)\h
where Reg = Ypey[h?ls.(alz.h!..Reg + v1.hl.Reg)] | Yieep[h?s.-hls Keep]. The
second component of this process takes care of the parameters in the recursion
of the above equations. (This is in fact a general technique for simulating the
parameterized recursion of [Mil83]). We also associate a register to each class 7,
each object Y and each method P. It may be defined in the same way as above
with = substituted with x.

To each n—ary function symbol F' we associate a function f which is represented
by:

b =p17ar- o Pulon P (o) N

Constants will thus be represented as e.g. by.ye = plypye-nil. The result of evaluating

an expression is always communicated via p. It is therefore useful to define:

presult p' = (p|p)\p



Chapter 5: Plain CHOCS

We adopt the protocol of signaling successful termination of commands via ¢

and it is therefore convenient to define:
done = él.nil

pbefore p’ = (p[d — B]| B7.p\B .8 & fnlp) U fn(p')

We now give the semantics of O by the translation into Plain CHOCS shown in

table 5.5.2.
Declarations:
[var X] = Locx
[obj Y] = Locy
(0:0] = [0]][D]
[method P(ref X)is C] = ((Locp | ap!( method process ).nil)\ap)
[class Z is D body C] = ((Locz | az!( class process ).nil)\ayz)

where method process = [C]lax — ap,][vx — vp,]

and class process = ([D][ap, — of |lvp, = 78,1 | [CD\VD
Expressions:
[X] = ~x?e.plenil
(B B = (Lo /p] |- T TERDpn/ ) [ 0f)\pr - \pn
Commands:

[X :=FE] = [F]result(p?s.ax!,.done)
[C;CT = [C]before [C]
[if F then C else C'] = [E]result p?,.(if = then [C] else [C'])

[while E do C] = Y,[[F] result p?..(if « then ([C] before w) else done)]

[skip] = done
[begin D;C end] = ([D][[CD\Lp

[Vcreate Z] = vzlz.avl(z[af — ap ][y — h.]).done
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[Yistart | = Ay ?la.(z[d — S]] 571.done)\ [
[Veall P(X)] = 257 (elal, s ax]lh v 1x][6 = 5] | 57.donc)\3

Table 5.5.2: Semantics of O

In the definition of class process we let \ Vp abbreviate restrictions with respect
to all variables and objects declared in D and in the equation for [begin D;C end]
we let \ Lp abbreviate restriction with respect to a and ~ channels for all variables,
objects, classes and methods declared in D. The method and class definitions each
create a location to store the method process respectively the class process. The
restrictions \ap respectively \ oz ensure that these processes cannot be overwritten
after their definitions.

Note that if we disregard the object oriented part of O we have essentially a
language definition similar to the definition of P from section 3.3. However, if we
compare the semantic definition of procedures in P with the semantic definition of
methods in O we note that the T'ransform process needed to ensure static binding
of variables in the P semantics is no longer present in the O semantics. This is not
because we advocate dynamic binding for variables in the object oriented paradigm.
It is because the static nature of the restriction operator in Plain CHOCS will ensure
that static binding is obtained. The static nature will ensure (by a scope extrusion)
that any variable reference is kept with the defining environment. Assignments to
variables may be nondeterministic since two or more methods may refer to the same
variable and we can have situations where one method reads the value currently
stored then another method writes a new value before the first method overwrites
the current value. As for the semantic description of P we can avoid this problem
by surrounding each variable with a semaphore construct.

A class is defined as a process stored in a register. The class process behaves
like a block except that we can invoke the methods defined in the declaration part.
These will execute concurrently with the thread defined by the command part of
the class process. A class is a passive entity in the sense that it is stored in a
register. An object Y of class Z is just a copy of the class process stored in another
register. It becomes active when started by the Y.start command which reads
the register and activates the process by the vy ?a.(z...) construct. Each method

is also just a process stored in a register. When a method is called the register
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is read and a copy of the method process is activated. The renaming surrounding
the variable & ensures a call-by-reference parameter mechanism in the method call.
This parameter mechanism seems to be most in line with current trends in object
oriented programming, but we can also define call-by-value, call-by-name and lazy
parameter mechanisms for method calls in O using the same approach as in the
definition of parameter mechanisms in P discussed in section 3.3.

The semantic definition of O has not taken the object oriented paradigm to its
extreme where everything is an object. We have kept a distinction between objects,
values and methods. We can go a bit further and describe how objects can be
passed in method call. To some object oriented programmers this is the true spirit
of the object oriented paradigm. Let us see how object passing in method call can

be described semantically:
[method P(obj Y) is C] = ((Locp | ap!( method process ).nil)\ap)

where method process = [Cla}, — ap,|[vh, — 7p.]

[Y.call P(Y")] = ~p 2z.(x[ap, — ozg][’ypv > ’yg] be fore done)

Passing an object in a method call works very similar to the call-by-reference
parameter mechanism for normal method calls. We simply rename the method calls
of the formal parameter to method calls of the actual parameter.

Another phenomenon often connected with object oriented programming lan-
guages is the concept of inheritance. This is often considered the main structuring

mechanism. We may describe this semantically as follows:

[class Z inherits Z' is D body C] = ((Locy | az!( class process ).nil)\ap)

and class process = (yzpla.(z[0d — of]vE — ~E] before ([D]lap,

g Jlvp, = 78] | [CD\Vp)

This describes that the class Z inherits the methods and the thread of control
of class Z'. All methods of Z’ are renamed to methods of Z and the thread of
control of 7' is sequentially composed with that of Z. It is easy to generalize this
to multiple inheritance simply by sequentially composing each inheritance class. In
some object oriented programming languages programmers are allowed to redefine
inherited methods. This is easily obtained by restricting the o and 74 channels of
the redefined method from the inheritance class and redefining it in the declaration
part of the class.

This section represents a small step towards a semantic description of object ori-

ented programming in Plain CHOCS. Except for a few syntactic differences the core
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of POOL [Ame87] is very similar to O. There are many interesting and challenging
aspects in investigating a comparison of the semantics of POOL with the semantics
of O more thoroughly and perhaps establishing a translation of POOL into Plain
CHOCS and thus provide a basis for a formal comparison. These prospects are left

for future studies.
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Conclusion

The aim of this thesis has been to provide a thorough investigation into the foun-
dations of calculi for higher order communicating systems. I have aimed at putting
this study on the same kind of principles as the studies of functions using the A
Calculus. The achievements reported in this thesis do of course not compare to
those achieved for the A—Calculus but they are a first step towards exploring the
expressive power of calculi for higher order communicating systems. I have tried to
follow the path of simplicity and minimality and I have tried to carefully select a
small set of operators (as small as possible in fact) which can be used to express
complicated and sophisticated operators. This provides a minimal syntax (in the
sense of [Mil86]) for the calculus and I have investigated several semantic models.
The first part of this thesis described the CHOCS calculus with an operational
semantics given as an extension of the operational semantics for CCS with value
passing. We have shown how the fundamental notions of bisimulation and obser-
vational equivalence may be extended to take processes sent and received in com-
munication into account. We have shown that these equivalences satisfy almost the
same set of algebraic laws known from CCS only needing some obvious new laws for
process communication. As an interesting point to note we have shown how process
communication may be used to simulate recursive behaviour. We have also shown
how to define a denotational semantics for CHOCS and we have shown that this
semantics, with mild restrictions, is fully abstract with respect to the operational
semantics. These restrictions are due to the well known impossibility of modelling
unbounded nondeterminism in the Plotkin Power Domain. It is a challenging task
to see if the Plotkin Power Domain for countable nondeterminism [Plo82] could be

used to resolve this problem for a denotational semantics for CHOCS.

195
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6.1 Loose Ends

The study of calculi for higher order communicating systems presented in this thesis
has touched on most of the usual subjects of process calculus and successfully
extended these results to take processes sent and received in communication into
account. Only one major study has been “neglected”: most process calculi study
the subject of process logic. One outstanding representative for this approach is the
so-called Hennessy-Milner-Logic (HML) for CCS [HenMil85]. So far we have not
presented any results about process logic, but HML may be extended to a version
relevant for CHOCS. This logic takes processes sent and received in communication
into account and we therefore introduce binary modal operators which correspond
to the unary modal operators of HML.
Let the language £ of formulae be the least set such that:

. TerL
0. F.F' e L = (af)(F,F), (a)(F,F'), FANF' €L

3. Fel = (n)F, ~FeLl

The satisfaction relation F=C P x L is the least relation such that:

—_

pET for all p € Pr

2. pEFAF iffpEFandplE F’

3. pE-FiffnotpEF

4. pE (a?)(F, F") iff for some p', p", p ip;p” and p' E F and p"’ = F'

5. p E (al)(F, F') iff for some p/,p", p o7, p’ and p' E F and p’ E F

S5

p = (7)F iff for some p”, p — p” and p” E F’
Theorem 6.1.1 If P is image finite then

p~q if Lip)=L(q)
where £(p) = {F : pl= F}.

PROOF: The proof of this theorem follows the corresponding proof for HML given
in [HenMil85].
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It is an interesting subject for further studies to see if this extension of HML can
be reconstructed using the domain logic framework of [Abr87a] along the lines of the
reconstruction of HML in [Abr90a]. From the domain equation: D = P°[y g D],
where Dy = D x D, Dy = D x D and D, = D, defined in Chapter 4, we may
generate a domain logic using the framework based on Stone Duality presented in
[Abr87a]. Once this study is completed it is a natural next step to investigate if
and how this domain logic and the denotational semantics may be used to give a
compositional proof system for CHOCS along the lines of [Sti87] and [Win85].

6.2 Technical Choices and Open Questions

Throughout this thesis several technical choices have been made during the develop-
ment of the theory; often these choices have been motivated by technical necessity
to make the theory work or they have been made from “gut” feeling about the in-
tuition behind the theory. But wherever choices are made alternatives exist. I have
tried to list the most obvious ones and explain their implications at the appropriate
point in the text but one choice has been bigger and deserves more attention and
may turn out to be a worth-while path for future studies.

The choice relates to the question of the observational theory for CHOCS. This
theory is based on the definition of p L. p’asp - L p’" motivated by technical
necessity. I have not been able to prove congruence properties about weak higher
order bisimulation with the more common definition of p L. p’ asp SR NN N
p”’. Of course this does not imply that it is not possible to do so and philosophically
there should be no reason for not doing so. This is not the case for an observational
theory for Plain CHOCS however. For technical reasons we would have to define

T

L= T Since E5C Prox [Pr — Pr] and it would not make sense to write
L= T T We could define the output transitions as a:!p;ELﬁ ey T
but this would introduce an unnecessary asymmetry. In general the formulation of
an observational theory for Plain CHOCS is an open and interesting question.

We have not solved the problem of finding an alternative description of the
largest congruence containing higher order observational equivalence. What we have
shown is that we can define an irreflexive weak higher order bisimulation predicate
and prove that this equivalence is a congruence. There are a few suggestions to how

to proceed. One could define a recursive bisimulation-like version of the congruence:

Definition 6.2.1 A weak higher order context bisimulation R is a binary relation
on Pr such that whenever pRq and v € Act and C is a context then:
(i) Whenever Cp] L P, then C[q] L q for some ¢, 1’
with TR and p'Rq'
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i) Whenever Clg] = ¢', then C é " for some p', T’
(it) 1 q q, p p P,
with T'RE and p'Rq'

If there exists a weak higher order context bisimulation R containing (p,q) we

write p =% q.

c

It is relatively easy to see that the relation &% is a congruence relation containing

~. However, ~“ also contains the following relation:

Definition 6.2.2 A weak higher order plus bisimulation R is a binary relation on
Pr such that whenever pRq and v € Act and r € Pr then:

) enever p +r — en g+ r :/> or some r
) Whenever p = p/, then q = ¢ q,
with TR and p'Rq'

(it) Whenever g +r L. q, then p+r L p for some p', 1’
with T'RE and p'Rq'

If there exists a weak higher order plus bisimulation R containing (p,q) we write

paTg.

This relation generalizes the usual definition of &~ to a recursively defined
predicate on Pr’. Unfortunately this immediately refutes the law pre.7.p ~¢ pre.p,
where pre is any of the prefixes a?x, alp’ or 7 and thus leaves open the question of
the validity of this law for &°.

It is interesting to see if the approach of denotational semantics may help an-
swering this question. It seems possible to define a denotational semantics which
is fully abstract with respect to an operational semantics built on the notion of ir-
reflexive higher order bisimulation. Abramsky has recently discovered how this can
be used in the context of SCCS to get to full abstraction with respect to the obser-
vational congruence by “factoring” out the denotational semantics by the equation:
pre.7.p &° pre.p [Abr90b].

The second part of this thesis has provided an alternative operational semantics
for the calculus of higher order communicating systems. We have called this study
Plain CHOCS since it exhibits a static nature for the operators of restriction and
renaming. The study of Plain CHOCS is still in a rather preliminary stage. There
are various tasks to be continued. As mentioned above there is the immediate task
of establishing an observational theory for Plain CHOCS. Another major challenge
is to establish a denotational theory. The operational modelling of input suggests

that input should be modelled by function space D — D, but the behaviour is
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also dependent on the set of bound names exported in scope extrusion, thus one

suggestion for a denotation domain worth investigating is:

D= Py Names — D] — D + ¥ Names x D x D + D]

aeNames[ «cNames

In the context of Plain CHOCS there is a very interesting variant of the applicative

higher order bisimulation which deserves to be explored:

Definition 6.2.3 A variant applicative higher order simulation R is a binary

relation on CPr such that whenever pRq and a € Names then:

(i) Whenever p o P, then for all r € CPr there is some ¢/,
y such that q IEN q and p'[r/x]Rq'[r/y]

(ii) Whenever p % P’ then q % q" for some ¢, q" with
BN (fr(p)VU frn(q) =0 and p'Rq" and p"Rq"

(iii) Whenever p — p/, then ¢ — ¢’ for some ¢’ with p'Rq

A relation R is a variant applicative higher order bisimulation if both it and its
inverse are applicative higher order simulations.
If there exists a variant applicative higher order bisimulation R containing (p,q) we

write p < q.

This relation is obtained by commuting the quantifiers in the first clause of
definition 5.2.1. The relation <’ is interesting since it is stronger than the applicative
higher order bisimulation relation. A similar variation of strong ground bisimulation
was suggested in [MilParWal89] and it was shown that in the context of Mobile
Processes the variant relation is strictly stronger. It is an open question if the
inclusion is strict in the context of Plain CHOCS.

6.3 Applications

The calculi studied in this thesis are idealized cores for the study of process passing
in communicating systems and we have shown how other values, including higher
order functions, sequential programs and objects may be encoded. Several examples
throughout this thesis have shown that there are systems which naturally may be
described in terms of communicating systems passing processes in communication.
Even so it is my opinion that we need other types of values as primitive constructs

in the language for real programming languages and large scale specifications.
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Both the formalisms of LOTOS [BolBri87] and SMol.CS [AstReg87] have non-
process values as algebraic data types incorporated in their specification languages.
This seems to be an appropriate way of specifying communicable values from the
point of algebraic reasoning about values, but it offers little from the point of an
operational description of their behaviour. Therefore in my opinion non-process
values should be introduced together with an operational semantics and an appro-
priate integration of equivalences should be studied which could form a basis for
algebraic reasoning along the ideas of laws presented in this thesis. These ideas
have partly been pursued in TPL [Nie89] and more thoroughly studied in FACILE
[GiaMisPra90]. It is my hope that the calculi studied in this thesis may serve as a
foundational tool for future multi-paradigm programming languages. Already both
TPL and FACILE use foundational models similar to the higher order communica-
tion trees studied in detail in the first part of this thesis.

The introduction of non-process values calls for a notion of types. Both FACILE
and TPL are equipped with type structures, but in my opinion the FACILE type
structure which assigns the type code to process values is too restrictive since there
is no reference to the sort of the process, and the type structure of TPL which has
no distinction between process expressions and other expressions is too flexible. A
suggestion for a type structure is a merge between the FACILE type structure and
the sort system described in section 2.4 which should be pursued in the future.

Design of a new multi-paradigm language with non-process values and processes
as communicable values seems to be a major challenge. The theory presented in
this thesis is hopefully a useful tool, but for real life programming languages there
is also the inevitable question of how to implement them on real computers. The
translation of Plain CHOCS into Mobile Processes presented in section 5.4 gives
some ideas about how process passing could be implemented on a lower level using
processes on dynamically reconfigurable networks. This again calls for a study of
an implementation strategy for such processes. Some hints are given in [Mil90]
where a Chemical Abstract Machine [BerBou90] for Mobile Processes is considered.
A more thorough study of implementations of processes on dynamically reconfig-
urable networks will appear in [Let91]. Another suggestion is to use the frame-
work of Chemical Abstract Machines directly as demonstrated for the y-Calculus
in [BerBou90]. All the above approaches towards implementations are relatively
abstract. To get closer to a real implementation I think it is necessary to consider
implementations in an occam-like' language on a Transputer-like machine architec-
ture [INMS8S8]. This is one of the tasks that the ProCos Project under the ESPRIT
Basic Research Action 3104 [Bjg89] aims at doing for multi-paradigm languages

loccam is a trademark of INMOS Limited.
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based on a CSP/occam/Transputer approach. However, occam does not seem to be
quite adequate for implementing a multi-paradigm programming language built on
the ideas of CHOCS because it does not allow one to describe dynamically reconfig-
urable networks; such networks can only be simulated using large static networks.
Another promising machine architecture is the Alice machine [DarRee81]. This ma-
chine has a network of processors linked via a kind of telephone exchange mechanism
which allows physical connections between processors to be changed dynamically.
One problem I foresee with implementations on either a Transputer or an Alice
machine architecture is that they both seem to require large blocks of sequential
sub-computations to efficiently utilize the computing power of each processor in
the network. However, the translation of Plain CHOCS into Mobile Processes and
more generally the results on simulation of functional languages reported in [Let91]
indicate that we should be looking for a machine architecture where there are very
small blocks of sequential sub-computations and where the basic computation is re-
configuring the network. It will be a major challenge to see how this can be realized

in practice.
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