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INntroduction

Kleene’s Theorem: fundamental correspondence
between regular expressions and DFAs

Salomaa‘66, Kozen‘91: complete axiomatization
for proving equivalence of regular expressions

Milner‘84: applied the above program on process
behaviors and LTSs

Many variations of the above schema
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Example: Markov chains

) t+1s =t

) Fl4+el=1

JEt1+eS =S +1et

JE (t+eS) +e U =1 +ce’ (S +emee’ U) — fOr e,e’€[0,1)

1-ee’

(B1
(B2
(SC
(SA
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Example: Markov chains

Stark-Smolka
axiomatization

Stone’s barycentric axioms

Jt+eS =8 +1et
A) — (t +e S) +eo U =1 +ee’ (S +e-ee’ U) — for 6,9’6[0,1)

1-ee’

_/

(Unfold) + rec X.t = t[rec X.t / X]
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(Unguard) + rec X.(t +e X) = rec X.t
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Example: Markov chains

-
(B
(B
(SC)Ht+eS =85 +1et
(SA)F (t+eS) +e U =1 +ee (S +e-ee U) — foOr e,e’€[0,1)
L 1-e€’ D
r Milner's recursion axioms

-

(Unfold) + rec X.t = t[rec X.t / X]
(Fix){t=s[t/X]}] Ht=rec X.s
(Unguard) + rec X.(t +e X) = rec X.t

— for X guarded in t
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...Tor probabilistic systems

Generative Markov chains:
Baeten-Bergstra-Smolka'95 & Stark-Smolka‘00

Simple Probabilistic Automata:
Bandini-Segala’'01

(fully) Probabilistic Automata:
Mislove-Ouaknine-Worrell'0O4 (strong-bisimulation)
Deng-Palamidessi'O7 (weak-bisimulation & behavioral eq.)

Quantitative Kleene Coalgebras:
Silva-Bonchi-Bonsangue-Rutten‘11 (coagebraic bisim.)
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Equational Theories

{ti=si|liel}j-t=s

inference

7/25



Equational Theories

{ti=si|liel}j-t=s

inference

(Refl) Ht =t
(Symm) {t=s} s =t
(Trans) {t=u,u=s}+t=
(Cong) {t1 = s1,...,th = sn} + f(t1,...,tn) = f(S1,...5n) — for fe2
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Quantitative Theories

Mardare-Panangaden-Plotkin (LICS'16)

{ti=¢si|liel}-t=cs

quantitative
inference
(Refl) =t =0t
(Symm) {t =¢ S} -+ 5 =¢ t
(Triang) {t =e U, U =5 S} 1 =¢456 S

)
)
) {t
(NExp) {t1 =¢ S1,...,th =¢ Sn} + f(t1,...,tn) =¢ f(S1,...5n) — for fex
){t=es}1=e68 — for &6>0

) {t

(Arch) {t=ss| 6>} Ht=¢s
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Quantitative Semantics

Quantitative Algebra

o = (AZadn) = (A,Za) — Universal algebra

(A,da) — metric space

Satisfiability

A

=({ti = Si ‘ | € |} -1 =¢ S)
It

for all iel. da([til,[si]) <& implies  da([t],[s]) <€
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completeness

quantitative B quantitative
algebra g theory

dr(Ft=s) (ri=s)ew

soundness

10/25



completeness

quantitative quantitative
algebra ol theory

ducF (Ft=cs)  (Ft=cs)e%u

soundness

10/25



The Quantitative
Universal Algebra

11/25



Universal Algebra of MCs
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Universal Algebra of MCs

Signature: X:0 | a-:1 | 4e:2 | rec X: 1

OO
(X)I\/IC = E ( +e A )I\/IC = Jeu+(1-e)

g wora

(a.@)mc :@
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Universal Algebra of MCs

Signature: X:0 | a-:1 | 4e:2 | rec X: 1

OO }\
(X)mc = 5 (+e)Mc :[
: -/% N
)

(a-@)

£

 (rec X. |

U

...............
. .
------

o
. »
. .
. .
.................

eu+(1-e)v

S(5)




Bisimilarity distance for MCs

(Desharnais et al. TCS'04)

it is the least 1-bounded pseudometric satisfying

(m) ()
dmic( /N ) =min { [ Advc) dw | weQ(u,v) )}
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Bisimilarity distance for MCs

(Desharnais et al. TCS'04)

it is the least 1-bounded pseudomet couplings

G 0 — probabilistic “relations”
el [ /) = (o) | weiu )

Kantorovich lifting

N(dwc) — greatest 1-bounded pseudometric on (AxMC)uX

s.t, for all aeA, /\(dmc)((a,@)( @ = dmc( @ Q
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Running example

a, /2 a,1/3
duc?
K—3
1/2 2/3

m =rec X. (a.X +12 Z) n=recY.(a.Y +132)
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optimal coupling between - V(ﬁ’;” Vzﬂ}zs)
transition probabilities
of m and n u((am)=1/2 | 1/3 1/6
a,1/2 a1/3 ,u(Z)=1/2 1/2
d(1/2 ,2/3i ) —
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optimal coupling between & e

" - 1/3 213
transition probabilities
of mandn u((@m)=1/2 | 1/3  1/6
a,1/2 a,1/3 M(Z)=1/2 1/2
1/2 |
H a,/2 a,1/3

a1/2 anl/3

:? ) )

=ld 112 | a1/2 a1/3
A

2/3

Solution: dmc(+
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The Quantitative
Equational Theory
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Axiomatization (first attempt)

(B1)t+1s =0t
(B2) —t+et=0t
(SC)+t+eS=0S +1et
(

SA) - (t +e S) +e¢ U =01 +ee (S +e'-ee’ U) — for 6,6,6[0,1)
1-ee’
(IB) {t=¢s,t'=¢S'}Ht+et' =565 +c¢ S —for & <ee+(1-g)e
(Top) —t=1s

(Unfold) + rec X.t = t[rec X.t/ X]
(Fix){t=s[t/X]} Ht=rec X.s — for X guarded in t
(Unguard) + rec X.(t +e X) = rec Xt

17/25



Axiomatization (first attempt)

(B1)t+1s =0t
(B2) —t+et=0t
(SC)+t+eS=0S +1et
(

-

SA) - (t +e S) +e¢ U =01 +ee (S +e-ee’ U) — for 6,6’6[0,1)
1-ee’
(IB) {t=¢s,t'=¢S'}Ht+et' =565 +c¢ S —for & <ee+(1-g)e
(Top) —t=1s
- Milner’s recursion axioms

(Unfold) + rec X.t = t[rec X.t/ X]
(Fix){t=s[t/X]} Ht=rec X.s — for X guarded in t
(Unguard) + rec X.(t +e X) = rec Xt

17/25



Axiomatization (first attempt)

SA) - (t +e S) +e¢ U =01 +ee (S +e-ee’ U) — for 6,9’6[0,1)
1-ee’
(IB){t=¢s,t'=¢S}Ht+et' =55 +¢ S —for 6 <ee+(1-e)’
(Top) —t=1s
_ y

(B1)

(B2) —t+et=0t
(SC)F1t+eS =08 +1¢t
(

Interpolative barycentric axioms
F1+1S=0tl (Mardare-Panangaden-Plotkin LICS’16)

r

-

(Unfold) + rec X.t = t[rec X.t/ X]
(Fix){t=s[t/X]} Ft=rec X.s — for X guarded in t
(Unguard) + rec X.(t +e X) = rec Xt

Milner’s recursion axioms
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(IB) {t=¢s,t'=¢ S} Ht+ct' =6S +c S
— for & < ee+(1-e)¢’

[ the terms from the example... J
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(IB) {t =¢c S, J[, =g’ S,} 1 +e t’ =5 S +e¢ S,
— for & < ee+(1-e)¢’

the terms from the example...
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rec 1S problematic...

The quantitative equational framework
of Mardare-Panangaden-Plotkin requires
all operators to be non-expansive

(NEXp) {t‘] =e S1,..., tn = Sn} — f(t‘l ..... tn) =¢ f(S‘I,...Sn) — fOI’ fez
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rec 1S problematic...

The quantitative equational framework
of Mardare-Panangaden-Plotkin requires
all operators to be non-expansive

(NEXp) {t‘] =e S1,..., tn = Sn} — f(t‘l ..... tn) =¢ f(S‘I,...Sn) — fOI’ fez

... but the NExp axiom is not sound for recursion

Avc ¥ ({t =e s} + rec X.t =c rec X.s)

(see Gebler-Larsen-Tini FoSSaCS’'15)
19/25



Relaxing non-expansivity

we keep all the axioms of quantitative algebras
but the NExp axiom

(Refl) - t=0t
(Symm) {t =¢ S} - s =¢ t
(Triang) {t =e U, U =5 S} - t =¢46 S
(Max) {t =¢ s} F t =ex65 — for 6>0
(Arch) {t=ss| 6>} Ht=¢s
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(Refl) - t=0t
(Symm) {t =¢ S} - s =¢ t
(Triang) {t =e U, U =5 S} F t =¢45 S
(Max) {t =¢ s} -t =es6s — for 6>0
(Arch) {t =5 s | 6>} 1=es <[ the Archimedian axiom will be used j

to recover completeness
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from what we have seen in the example before and
(Fix)+(Unfold)+(Top)+(IB) we obtain

{m =€ ﬂ} = M =1/3g+1/6 N
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from what we have seen in the example before and
(Fix)+(Unfold)+(Top)+(IB) we obtain

{m =€ ﬂ} = M =1/3g+1/6 N

3

0 1/4 '3 V2 1

(Max) {t =¢ s} +t =e+6s — for 6>0
(Arch) {t=ss| 6>} t=¢5s

—> =M =1/4 N
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Sound & Complete Axiomatization

Interpolative barycentric axioms

-
(B1) -t+1s =0t (Mardare-Panangaden-Plotkin LICS’16)
(BZ) Fl4+el=0t
(SC)+1+eS=0S +1et
(SA) - (t+eS) +e U =0t +ee (S +ese u) — for e,e’e[0,1)

(IB){t=¢s,t'=¢S}Ht+et' =6 S +c¢ S —for & <ee+(1-e)¢’
(Top) —t=1s
_ Y,
Milner's recursion axioms
(Unfold) - rec X.t = t[rec X.t/ X]
(Fix){t=s[t/X]} Ht=rec X.s — for X guarded in t
(Unguard) + rec X.(t +e X) = rec Xt
(Cong) {t =0s} +rec X.t =orec X.s )
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A guantitative Kleene’'s theorem

(MC/~, dmc)

(EXD/Z, dl—)
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(MC/~, dmc)
|| il
(EXp/= - d |—)

d-([t],[s]) =infle| Ft=c5s}
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Thank you
for your attention



