Complete Axiomatization for the
Total Variation Distance of MCs

Giorgio Bacci, Giovanni Bacci,
Kim G. Larsen, and Radu Mardare

Aalborg University, DK

MFPS XXXIII
Lubljana, 14th June 2017

1/30



INntroduction

Kleene’s Theorem: fundamental correspondence
between regular expressions and DFAs

Salomaa‘66, Kozen‘91: complete axiomatization for
proving equivalence of regular expressions

Milner‘83: applied the above program on process
behaviors and LTSs

Rabinovich‘83: distributivity axiom capturing trace
equivalence of LTSs

Many variations of the above schema
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Expressions: ts:= X | at | t+es | rec Xt
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Example: Markov chains

names probabilistic choice
XEX 66[0’1]

Expressions: ts:= X | at | t+es | rec Xt

action-prefix recursion
achA

Kleene’s theorem for MCs N

a 1/3

b,2/3 ] : t=rec X.(a.X +13 b.s)
@ @ s =rec Y.(c.Y)
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f'

Example: Markov chains

names
XeX

Expressions: ts:= X |

probabilistic choice
ee[0,1]

at | t+es | rec Xit

action-prefix recursion

inite Mcs  — Kleene’s theorem for MCs

a 1/3

@b%@ =

achA

t =rec X.(a.X +13 b.s)
s =rec Y.(c.Y)
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Example: Markov chains

|—t+eS:S+1-et
- (t +¢ S) +e U =1 +ee (S +eee U) — for e,e’e[0,1)

1-ee’

(Unfold) + rec X.t = t[rec X.t/ X]
(Fix){t=s[t/X]} mt=rec X.s — for X guarded in t
(Unguard) F rec X.(t +e X) = rec X.t

(Dist-pref) - a.(t +e S) = a.t +e a.s
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Example: Markov chains

' ' tization
Silva-Sokolova a)_(loma |
probabilistic trace equivalence (MFPS’11)

(Bl)Ft+1s=

B2)Ft+et =t

(SC)Ht+eS =8 +1et

(SA) - (t +eS) 4 U =1 4ee (S +e-ee' U) — fOr e,e’e[0,1)

1-ee’

(Unfold) + rec X.t = t[rec X.t/ X]
(Fix){t=s[t/X]} mt=rec X.s — for X guarded in t
(Unguard) - rec X.(t +e X) = rec X.t

(Dist-pref) - a.(t +¢ S) = a.t +c Q.S
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Stone’s barycentric axioms
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" (Unfold)  rec X.t = tfrec X.t / X]
(Fix){t=s[t/X]} mt=rec X.s
L(Unguarol) - rec X.(t +e X) = rec X.t

Milner’s recursion axioms
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Example: Markov chains

' ' tization
Silva-Sokolova a)_(loma |
probabilistic trace equivalence (MFPS’11)

Stone’s barycentric axioms

i (B1) - t+1s =

B2)Ft+et =t

(SC) Fi+eS =S +1etl

(SA) - (t +e S) +e¢ U =1+e¢ (S +% U) — for 9,9’6[0,1)
- “ee »
- (Unfold) - rec X.t = frec X.t/ X] Milner’s recursion axioms

(Fix){t=s[t/X]} mt=rec X.s — for X guarded in t
L(Unguarol) - rec X.(t +e X) = rec X.t )
o Rabinovich’s distributivity axiom
L(Dlst—pref) - a.(t +e s) = a.t +e a.s J
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...Tor probabilistic systems

Generative Markov chains:
Baeten-Bergstra-Smolka'95 & Stark-Smolka‘00

Simple Probabilistic Automata:
Bandini-Segala‘'01

(fully) Probabilistic Automata:
Mislove-Ouaknine-Worrell'04 (strong-bisimulation)
Deng-Palamidessi‘O7 (weak-bisimulation & behavioral eq.)

Quantitative Kleene Coalgebras:
Silva-Bonchi-Bonsangue-Rutten®11 (coagebraic bisim.)

efc...
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N this talk...

* From equivalences to distances: we present

* a sound & complete axiomatization of the
total variation distance of Markov chains

e and a quantitative Kleene’s Theorem
for Markov chains (generalize Silva-Sokolova“11)

e How do we do it?
By using Quantitative Equational Theories* of
Mardare-Panangaden-Plotkin (LICS'16)

S:t ' > Szgt
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Equational Theories

{ti=si|liel}j-t=s

inference
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Equational Theories

{ti=si|liel}j-t=s

inference

(Refl) Ht =t
(Symm) {t=s} s =t
(Trans) {t=u,u=s}+t=
(Cong) {t1 = s1,...,th = sn} + f(t1,...,tn) = f(S1,...5n) — for fe2
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Quantitative Theories

Mardare-Panangaden-Plotkin (LICS'16)

{ti=¢si|liel}-t=cs

quantitative
inference
(Refl) =t =0t
(Symm) {t =¢ S} -+ 5 =¢ t
(Triang) {t =e U, U =5 S} 1 =¢456 S

)
)
) {t
(NExp) {t1 =¢ S1,...,th =¢ Sn} + f(t1,...,tn) =¢ f(S1,...5n) — for fex
){t=es}1=e68 — for &6>0

) {t

(Arch) {t=ss| 6>} Ht=¢s
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Quantitative Semantics

Quantitative Algebra

A = (A Sa.da) < (A,2a) — Universal algebra

(A,da) — (pseudo)metric space

Satisfiability

A

for all iel.

=({ti =, Si|lel} —1=¢ s)
Iff
da([t1,Isi]) <& implies  da([t],[s]) < €

9/30



completeness

quantitative B quantitative
algebra g theory

A (Ft=cs

soundness
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completeness

quantitative quantitative
algebra ol theory

Avc F (- t=es

soundness
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The Quantitative
Universal Algebra
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Universal Algebra of MCs

Signature: X:0 | a-:1 | 4¢:2 | rec X: 1

ENONNO
(X)MC = i ( +e )I\/IC = Jeu+(1-e)v
i E

(i)

S
(a. MC =@  (rec X. |




JTotal variation distance

tv(m,n) = supeeon) | P(M)(E) - P(n)(E) |

[1=Aw U A*X  (observable traces)

w-traces finite traces over A
over A terminating in X
T 1 1
b b,1/2
ey C@C
11 1
P(m)(€C(aabZ)) = 3 3 6 b 176
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A tiny yet tricky example

(from Chen-Kiefer LICS'14)

alld

c,1/2

c,1/2
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Converging to Total Variation
(Bacci et al. ICTAC’'15)

K — poset of positive integers ordered by divisibility

Theorem <

1. The net (dk)kek converges point-wise to tv
2. for all ke, dk > tv
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Converging to Total Variation
(Bacci et al. ICTAC’'15)

K — poset of positive integers ordered by divisibility

- Theorem )

1. The net (dk)kek converges point-wise to tv
2. for all ke, dk > tv

probabilistic k-bisimilarity distance
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K- b|S|m|Iar|ty distance

(generalizes Desharnais et al. TCS'04)

it is the least 1-bounded pseudometric satisfying

ak( g“% , ;R ) = min { | A(dk) dw | weQ(uk,vk) }
) [ ]
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K- b|S|m|Iar|ty distance

(generalizes Desharnais et al. TCS'04)

it is the least 1-bounded pseudomet couplings

probabillistic “relations”
ak( g{ , ;;% ) = min { | A(dk) dw | weQ(uk,vk) }
E2RED

T~~~ —
Kantorovich lifting

A(dk) —greatest 1-bounded pseudometric on (AkxMC)uA<kX

s.t, for all weAk, /\(dk)((W,@) @ = d( @ [®J
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Running example

a,1/2 a,1/3
tv’?
for all k>1we compute dk
and we take the limit

m =rec X. (a.X +12 Z) n=recY.(a.Y +132)
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optimal coupling between

transition probabilities
of mand n w@@my=1/2 | 1/3  1/6
a,1/2 a,1/3
u(2)=1/2 1/2
d1(1/2 K ) —
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optimal coupling between W V(ﬁé”)) Vzﬁ/?
transition probabilities
of mand n w@@my=1/2 | 1/3  1/6
a,1/2 a1/3 M(Z)=1/2 1/2
1/2 |
H a,1/2 a,1/3 o~ al — =

= %/\(m)((a,wz ) (a,zfs ) +

a,/2 a, 1/3

Z% 12 |>+%
H
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optimal coupling between A W V(g%”)) Vzﬁ/i)
transition probabilities
of m and n w@amy=1/2 | 1/3 1/6
a1/2 al/3
w(Z)=1/2 1/2
1/2
H a,i/2 a,1/3 “a, — S

= %/\(m)((a,wz ) (a,zfs ) +

a,/2 a, 1/3

:% e % + % a1/2  a1/3
OB FO

Solution: d+(i-
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general case (k>1)

a1/2 a/3 ai/2 a1/3

C@@ = - d Q@@ 1
/ / k / / 5
a,1/2 al/3
Solution: g?%?j) S
2(3k-1)

by the convergence theorem...

al1/2 anl/3

; (C( i )C( i )) | 3k—1 1
V(12 2/3 = HMk—> — —
) k _ 6

E B3 2(3%-1)
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The Quantitative
Equational Theory
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rec 1S problematic...

The quantitative equational framework
of Mardare-Panangaden-Plotkin requires
all operators to be non-expansive

(NEXp) {t‘] =e S1,..., tn = Sn} — f(t‘l ..... tn) =¢ f(S‘I,...Sn) — fOI’ fez
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rec 1S problematic...

The quantitative equational framework
of Mardare-Panangaden-Plotkin requires
all operators to be non-expansive

(NEXp) {t‘] =e S1,..., tn = Sn} — f(t‘l ..... tn) =¢ f(S‘I,...Sn) — fOI’ fez

.. but the NExp axiom is not sound for recursion

Anc ([t =¢ s} - rec X.t =, rec X.s)

(see paper for the counterexample) 21/30



Relaxing non-expansivity

we keep all the axioms of quantitative algebras
but the NExp axiom

(Refl) - t=0t
(Symm) {t =¢ S} - s =¢ t
(Triang) {t =e U, U =5 S} - t =¢46 S
(Max) {t =¢ s} F t =ex65 — for 6>0
(Arch) {t=ss| 6>} Ht=¢s
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Relaxing non-expansivity

we keep all the axioms of quantitative algebras
but the NExp axiom

(Refl) - t=0t
(Symm) {t =¢ S} - s =¢ t
(Triang) {t =e U, U =5 S} F t =¢45 S
(Max) {t =¢ s} -t =es6s — for 6>0
(Arch) {t =5 s | 6>} 1=es <[ the Archimedian axiom will be used j

to recover completeness
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Axiomatization

- Interpolative barvcentric axioms
—1+18 =0t (Mardare-Panangaden-Plotkin LICS'16)

(B1)
(B2)Ft+et=0t
(SC)

(S

F{4eS=0S +1et

A) — (t +e S) +c U =0 t +ee’ (S +e-ee’ U) — fOI’ e,e’E[O,‘I)
1-ee’
(IB){t=¢s,t'=¢S}Ht+et' =6 S +c¢ S —for & <ee+(1-e)¢’
 (Top) —t=15s y
Milner’ ' |
" (Unfold) - rec X.t =o f[rec X.t / X] NErs TECHISIon axioms
(Fix){t=s[t/X]} -t =0rec X.s — for X guarded in t
_(Unguard) + rec X.(t +e X) =0 rec X.t )
Rabinovich’s distributivit |
((Dist—pref) —a.(t +es) =a.t +ea.s ADINOVICITS CISHTIDEIVILY ax'gm

(Pref) {t =e s} - a.t =c a.s Weak NExp-axioms
(Cong) {t =0 s} +rec X.t =g rec X.s J




oroof of completeness
(by example)
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Same running example

a,1/2 1 a,1/3
6
&

1/2 2/3

m =rec X. (a.X +12 Z) n=recY.(a.Y +132)
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Same running example

a,l1/2 3 a,1/3
6
&—3
1/2 2/3
m =rec X. (a.X +12 Z) n=recY.(a.Y +132)

by using (Fix)+(Unfold)...
{ m=am+12”/ n=a.n+13”2 }
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Kantorovich via 1B

( )
(IB) {t =¢c S, t’ =g’ S,} 1 +e J[, =5 S +¢ S,

— for & < ee+(1-e)¢’

. J
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Kantorovich via 1B

r

.

(IB) {t =¢c S, t’ =g’ S,} 1 +e t, =5 S +¢ S,

— for & < ee+(1-e)¢’

J

am+ip2Z =o0(@m+yzam)+ipZ (B2)

=0 a.m +1/6 (.M +255 Z) (SA)
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-
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am+i2Z=0(@m+yzam)+ip2Z (B2) w* @v Z
=oa.m +1ie (@M +2572) (SA) @x | 13 1/6

Z 1/2

an+i3Z =02 +23 a.n (SC)
=0 (£ +1/4a Z) +2/3 @.N (B2)
=0 Z +1/6 (A.N +255 2Z) (SA)+(SC)

26/30



Kantorovich via 1B

(IB) {t =¢c S, t’ =g’ S,} 1 +e t, =5 S +¢ S,

— for & < ee+(1-e)¢’
\_ Y,

a.m +12 Z =o (a,+1/3 am)+ip2Z (B2) w* @y 7

@M +252) (SA)®

an+i3Z =02 +23 a.n (SC)
=0 (£ +1/4a Z) +2/3 @.N (B2)
=0 Z +16 (A.N +255 Z) (SA)+(SC)

M +1/6

(ax) | 1/3 1/6 ‘

Z 1/2
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Kantorovich via 1B

-
(IB) {t =¢c S, t’ =g’ S,} 1 +e t, =5 S +¢ S,

— for & < ee+(1-e)¢’
\_ Y,

a.m +12 Z =g /l\ ‘(BZ) w* @y Z
=o(@.Mm +1e)(@.m +2s5 Z) (SAY»

(ax) | 1/3 1/6 I

an +132Z =0 Z +2/3 a.N (SC) ‘ | 1

=0 (£ +1/4 Z) +2/3 @.N (B2)
=d Z +1/6 [@-P—z57) (SA)+(SC)
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from what we have seen before and
(Pref)+(Top)+(IB) we obtain:

{m —€ ﬂ} = M =1/3g+1/6 N

3

0 1/4 13 172 1

(Max) {t =¢ s} +t =e+6s — for 6>0
(Arch) {t=ss| 6>} t=¢5s

—> M =1/4 N
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from what we have seen before and
(Pref)+(Top)+(IB) we obtain:

{m =g ﬂ} = M =1/3g+1/6 N

3

0 1/4 '8 1z 1

(Max) {t =¢ s} +t =e+6s — for 6>0 a

(Arch) {t=ss| 6>} Ht=¢s —> = m =1/4 I

27130




What about generic k=17

(Pref)
m=oam +1pZ =———yp a.m=¢a.(a.m +122)

=pa.a.m +12a.Z (Dist-pref)

M =o (@.a.m +1pa.2) +12 2
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What about generic k=17

(Pref)
m=oam +1pZ =———yp a.m=¢a.(a.m +122)
(k=1) \ —oa.a.m +i2a.Z (Dist-pref)
+ M =o (@.a.m +1pa.2) +12 2
(k=2)
+1\p ((a.a.a.m +1pa.a.zf) +1pa.z) +12 2

(k= )
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What about generic k=17

(Pref)

m=oam +1pZ =———yp a.m=¢a.(a.m +122)
(k=1) \‘ —oa.a.m +i2a.Z (Dist-pref)
1 ¥ M =o (a.a.m +1p2a.2) +12 2
(k=2)
+1\b :o (a.a.a.m +1pa.a.z) +ipal) +ip 2

=3)

1. for each k>1 we proceed as before to compute dx

2. by (Arch)+(Max) we converge to tv
28/30



A guantitative Kleene’'s theorem
finite MCs (MC/Q, 'tV)

(EXD/Z, dl—)
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A quantitative Kleene's theorem

finite MCs (MC/%, tv)

IR Isometric

(EXp/=, dl—)

d-([t],[s]) =infle| Ft=c5s}
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Conclusions

Sound&Complete Axiomatization
Quantitative Kleene's Theorem

future work...
Different models? (e.g., non-determinism)

Coalgebraic generalization?
(like Silva-Bonchi-Bonsangue-Rutten'11)

Beyond non-expansive operators
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Thank you
for your attention



