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Motivations

e (Growing interest in quantitative aspects
(probabilities, weights, time, etc.)

e Behaviors: from equivalences to distances
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Linear vs Branching

Probabilistic case: (labelled Markov chains)

Linear-time

Trace Distance
(a.k.a. total variation)

Probabilistic LTL

(Baccié, Larsen & Mardare. 2015)

NP-hard (undecidable?)

(Lyngso & Pedersen et al. 2002)

Branching-time

Bisimilarity Distance
(a.k.a. Kantorovich)

Probabilistic HML

(Desharnais et al. 2004)

Polynomial-time
(Chen, van Breugel & Worrell. 2012)
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A,converging sequence

[ nice ] (BaccPé, Larsen, Mardare. FoSSaCS15 & ICTAC15)

[ Trace distance ] [Bisimilarity distance]
v V

T=IIMkBxk & - <Bk< - <|33 B2<B1_B

Prob. trace equivalence ] [ Probabillistic bisimilarit?/j

Rough idea: "extending observations

with a lookahead of k-steps” 4o



EqQuivalences don't converge
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St iff for all Lie S/=#and C e 5/~«
K P(s)(€(Lo..Lx1C)) = P(t)(€(Lo..Lk1C))
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A,converging sequence

[ nice ] (Bacci et al. FoSSaCS15 & ICTAC15)

[NP-hard] [ Polynomial-time ]
\%

\V4
T=1IMmMkBk + - <Bk< - <B3<B><B1=8B

. 1. Kantorovich Duality ( 7 fable spoon)

[ 2. Coupling Structures (eo-many for each k)



The recipe comes
N different flavors

Examples: |
Labelled Markov Chains [ ' Pargjjg
Weighted Transition Systems
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Labelled Markov Chains

MM=(S, 7. SPNS), [: S Z)

[IJa\beIIing function ]

prob. on w-traces ]

[ set of states A] transition
probabillity

- Trace distance - (up to trace equivalence)
T(s,t) = sup_|P(s)(E) - P(t)(E)]
Eeo(9)
r Bisimilarity distance 1
B(s,t) £ max{1#((s),1(1), K(B)(x(s), (1))}

{ Kantorovich distance ]
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Weighted Transition Systems

W:(S, 0 /\S_ng(S)’ W S_p[Ker{(K,d) metric spaoe]

[ set of states q transition [_Cveight function ]
function
point wise Trace distance 1
T(s,t) = H(d*)(Tr(s), Tr(1))
Hausdorffdistance] [ set of w-traces ]_,

@ point wise Branching distance 1
Ifo

B(s,t) = maxid(w(s),w(t)), FI(B)(6(s),6(1))}

A\

i Hausdorff distance ]
(de Alfaro et al. 2009) 9/24




1stingredient
DUALITY



Kantorovich duality

K(d)(p,v) =sup {| | fdu -] fdv|:feNexp |

= min {J ddw: w e Q(,u,v)}

SXS
Ieft marginal ]> AAn/ \Aﬂi <[ right marglnal

veA
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Hausdorft duality

H(d)(A,B) = max {sau/g d(a,B), sup d(b,A)}

= inf { supd(xy): Re (A B)}

P( SXS)
left image }gy ﬁi% right image ]

\B e P(S)
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2hd ingredient
Coupling Structures



— Coupling Structure of rank k —

E: SxS FPA(SK x SK)
such that €(s,t)eQ(z(s),z%(t))

SXS
S ¢ S
k-step '
[ transition ]>Tk A(SKXSK) X

ZE
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— Rel. Coupling Struct. of rank k—

R SXS P P(SK x SK)
such that Z(s,t)el'(6K(s),0%(t))

\ .

SXS
S % S
K-step
[ transition LHK SKXSk Ok

P Pro
P (SK) / \@(Sk)
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From coupling structures
to couplings on w-traces

G: SxS = A(SKkxSK)

{

P?: SxS = A(S”xS?)
/\ N

P®(s.t) is the probability Lemma
induced by € P¥(s,t) e Q(P(s),P(t))

over pairs of w-traces

Qk(s,t) = {P?(s,t) | € coupl. struct. of rank k}
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From rel. coupling structures
to rel. couplings on w-traces

B SXS = P(SKkxSK)

{

Q% Sx/% — P(S”%xS?)

Q‘%(s,t) is the relation
over pairs of w-traces

Lemma

7

induced by &£ via composition

y, \

Q%(s,t) e L(Tr(s),Tr(1))

w

y

Ii(s,t) = {Q%(s,t) | # coupl. struct. of rank k}
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Coupling Characteriz

Trace distance

T(s,t) = min {w(z) | @ € Q(P(s),P(t)) }
k= B|S|m|Iar|ty distance
Bk(s,t) = min {w(z) | @ € Q(s,1) }
Lemma

(i) Q€ Q(P(s),P(t)) and (i) Qx € Qs

hence:

T<ImBk+ - <Bk< - <B><B{=8B
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Coupling Characteriz

7

.

point wise Trace distance 1

T(s,t) = Inf {(SLPJ)pR do(z,p) | ReD'(Tr(s), Tr(t)) }

V.

r k-point wise Branching distance )
Bk(s,t) = Inf {Sup de(z,p) | Rel'k(s,t) }

L (z,p)eR )

Lemma 1

(i) Tk € T(Tr(s),Tr(t)) and (ii) Ik € Tk+1

hence:

T<ImBk+ - <Bk< - <B><Bi{=8B
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39 ingredient
Density/Saturation



Density/Saturation

Trace distance

: T(st) =

min { \a)eQP()P(t))}j

k= B|S|m|Iar|ty distance

Bk(s,t) =

min {w(z) | @ € Qk(s,1) }

(1) UkQx =

Lemma

O(P(s),P(H) hence;

dense T — “mk Bk

(1) UkQk € Q(P(s),P(1))
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Density/Saturation

point wise Trace distance

rT(s,t) = mMin {agg de(z,p) | Rel'(Tr(s),Tr(t)) }1

k-point wise Branching distance

Bk(s,t) = min {(SU)Q do(r,p) | Rel'k(s,t) }

Lemma
(1) Uk = T(Tr(s), Tr(t)) hence:
dense T — “mk Bk
(1) Uk € T(Tr(s), Tr(t))
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Open Questions

* To what extent can this recipe be generalized?
(via functor Lifting... as in Baldan et al. 2014)

* |s this construction compositional?
(composition of behavior functors)

e Can this convergence be exploited for
faster approximations of the linear distances?
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Thank you
for your attention



