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Timed Automata & Model Checking

State (L1, x=0.81)
T i iTransitions
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->
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ARTIST Design PhD School, Beijing, 2011 Kim Larsen [2]



Timed Game Automata & Synthesis

controllable

uncontrollable

Problems to be considered:Problems to be considered:
- Does there exist a winning strategy?
- If yes, compute one (as simple as possible)

ARTIST Design PhD School, Beijing, 2011 Kim Larsen [3]



Decidability of Timed Games

ARTIST Design PhD School, Beijing, 2011 Kim Larsen [4]



Computing Winning States

ARTIST Design PhD School, Beijing, 2011 Kim Larsen [5]



Reachability Games
Backwards Fixed-Point ComputationBackwards Fixed-Point Computation

Definitions

cPred(X) = { q∈Q | ∃ q’∈ X. q c q’}
uPred(X) = { q∈Q | ∃ q’∈ X. q u q’}
P d (X Y) { Q | t X d YC }Predt(X,Y) = { q∈Q | ∃ t. qt∈X   and  ∀ s≤t. qs∈YC }

(X) = Pred [ X ∪ cPred(X) uPred(XC) ] X(X) = Predt[ X ∪ cPred(X) , uPred(XC) ]

Y
Predt(X,Y)

Theorem:
The set of winning states is obtained as the least fixpoint
of the function: X  (X) ∪ Goalof the function:             X  (X) ∪ Goal

Kim Larsen [6]ARTIST Design PhD School, Beijing, 2011



Symbolic On-the-fly Algorithms for 
Timed Games          [CDF+05, BCD+07]

symbolic version of on-the-fly MC algorithm
for modal mu-calculusf m m

Liu & Smolka 98

Kim Larsen [7]ARTIST Design PhD School, Beijing, 2011



Symbolic On-the-fly Algorithms for 
Timed Games
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UPPAAL Tiga [CDF+05, BCD+07]

 Reachability properties:
 control: A[ p U q ] untilcontrol: A[ p U q ] until
 control: Ahi q  control: A[ true U q ]

 Safety properties:
 control: A[ p W q ] weak until
 control: A[] p  control: A[ p W false ]

Ti ti lit Time-optimality :
 control_t*(u,g): A[ p U q ]

 u is an upper-bound to prune the searchpp p
 g is the time to the goal from the current state

ARTIST Design PhD School, Beijing, 2011 Kim Larsen [15]



Model Checking (ex Train Gate)

Controller

Never two trains at
the crossing at the

 i

Environment

ARTIST Design PhD School, Beijing, 2011 Kim Larsen [16]

same time



Synthesis (ex Train Gate)

??

Controller

Never two trains at
the crossing at the

Environment

ARTIST Design PhD School, Beijing, 2011 Kim Larsen [17]

same time



Timed Games
Controllable Uncontrollable

Controller

Never two trains at
the crossing at the

same time
Find strategy for controllable



Environment

ARTIST Design PhD School, Beijing, 2011 Kim Larsen [18]

same timeactions st behaviour satisfies 



Production Cell Overview

 Realistic case-
study described
in several formalisms
(1994 and later)(1994 and later).

 Objective: stamp
metal plates in press.

 feed belt,  two-armed
robot, press, and
deposit beltdeposit belt.

Kim Larsen [19]ARTIST Design PhD School, Beijing, 2011



Production Cell in UPPAAL Tiga

ARTIST Design PhD School, Beijing, 2011 Kim Larsen [20]



Experimental Results
[CDF+05]

[BCD+07]

Kim Larsen [21]ARTIST Design PhD School, Beijing, 2011



Two Tank Example

T1

T’=-0.1*T + 10

on/off T’=-0.1*T + 10

off? on?

ff? on?

T’=-0.1*Ton/off

off? on?

T2

T’=-0.1*T

Kim Larsen [22]ARTIST Design PhD School, Beijing, 2011



Two Tank Example

T1

Temp

on/off

Temp

on/off

T2
time

Kim Larsen [23]ARTIST Design PhD School, Beijing, 2011



Two Tank Example

T1

Temp

[80,100]

on/off

Temp[60,70]

[30,40]

[0,10]

on/off
[60,70]

[80,100]

T2
time

[30,40]

[0,10] 4[ ]
8
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Two Tank Example

T1[80,100]
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Two Tank Example

Kim Larsen [26]ARTIST Design PhD School, Beijing, 2011



Plastic Injection Molding Machine Quasiomodo

 Robust and optimal 

[CJL+09]

control

Tool Chain Tool Chain
 Synthesis:       UPPAAL 

TIGA
 Verification:    PHAVer
 Performance:  SIMULINK

 40% improvement of 
existing solutions..

Kim Larsen [27]ARTIST Design PhD School, Beijing, 2011



Oil Pump Control Problem Quasiomodo

 R1: stay within safe 
interval [4.9,25.1]

 R2: minimize 
average/overall oil 

lvolume

Kim Larsen [28]ARTIST Design PhD School, Beijing, 2011



The Machine (consumption) Quasiomodo

 Infinite cyclic demand 
to be satisfied by our

 F: noise  0.1 l/s
to be satisfied by our 
control strategy.

 P: latency 2 s between 
state change of pumpstate change of pump

Kim Larsen [29]ARTIST Design PhD School, Beijing, 2011



Hybrid Game Model

ARTIST Design PhD School, Beijing, 2011 Kim Larsen [30]



Abstract Game Model Quasiomodo

 UPPAAL Tiga 
offers games of perfect informationoffers games of perfect information

 Abstract game model such that states only g y
contain information about:
 Volume of oil at the beginning of cycle

Th id l l di d b h The ideal volume as predicted by the 
consumption cycle

 Current time within the cycle D
V V ratey

 State of the Pump (on/off)
 Discrete model

V, V_rate
V_acc
time

Kim Larsen [31]ARTIST Design PhD School, Beijing, 2011



Machine (uncontrollable) Quasiomodo

Checks whether VChecks whether V 
under noise gets 

outside 
[Vmin+0 1 Vmax-0 1][Vmin+0.1,Vmax 0.1]

Kim Larsen [32]ARTIST Design PhD School, Beijing, 2011



Pump (controllable) Quasiomodo

Every 1 (one) 
seconds

Kim Larsen [33]ARTIST Design PhD School, Beijing, 2011



Global Approach

 Find some interval I1=[V1,V2] 
⊆ [4.9,25.1] s.t25

0 s 20 s

⊆ [4.9,25.1] s.t

 I1 is m-stable i.e. from any 
20

V0 in I1 there is strategy st
whatever fluctuation volume 
is always within [5 25] and

15

is always within [5,25] and 
at the end within 
I2=[V1+m,V1-m]

10

I1 I2
 I1 is optimal among all m-

stable intervals
5

I1 I2

ARTIST Design PhD School, Beijing, 2011

stable intervals.0

Page 34



Synthesized Strategy

D=1, m=0.4:   Optimal stable interval I1=[5.1,10]1

Kim Larsen [35]ARTIST Design PhD School, Beijing, 2011



Verification Using PHAVER

Bang-Bang  safe and robust

HyDAC optimizedHyDAC optimized
possibly unsafe under fluctuation

Kim Larsen [36]ARTIST Design PhD School, Beijing, 2011



Performance SIMULINK

Uniform
Cycle

Uniform 
distribution in 

[-0.1,+0.1]

UPPAAL Tiga strategy 
in m-format

Kim Larsen [37]ARTIST Design PhD School, Beijing, 2011



Results

Kim Larsen [38]ARTIST Design PhD School, Beijing, 2011



Results

Kim Larsen [39]ARTIST Design PhD School, Beijing, 2011



Tool Chain Quasiomodo

Strategy Synthesis TIGA

Performance Evaluation 
SIMULINKSIMULINK

Guaranteed
Correctness
Robustness

with
40% Improvement

Verification PHAVER
40% Improvement

Kim Larsen [40]ARTIST Design PhD School, Beijing, 2011



What else ? What next ?

 Timed Games w Partial Observability
 Action-based Observation: undecidable [BDMP03]
 Finite-observation of states: decidable [CDL+07]Finite observation of states: decidable [CDL+07]  

 Priced Timed Games:
 Acyclic, cost non-zeno: decidable [LTMM02] [BCFL04]
 1 clock: decidable [BLMR06]1 clock: decidable [BLMR06]
 >2 clocks: undecidable [BBR05, BBM06]
 2 clocks:  open

 Energy Games:Energy Games:
 Several Open Problems
 Exponential Observers

 Climate Controller inClimate Controller in
Pig Stables [JRLD07] 

 CHESS Way [Quasimodo@ESWEEK]

ARTIST Design PhD School, Beijing, 2011 Kim Larsen [41]
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Real-Time version of Milner’s Scheduler

S w0S

N0
w1

rec1rec0

N1

w1

rec2

N2

Ni+1

wi+1

Ni
w2reci+1

43ARTIST Design PhD School, Beijing, 2011

wi
reci



Demo

44ARTIST Design PhD School, Beijing, 2011



Compositional Verification

SubSpec1

SubSpec2

SubSpecSubSpec3

45ARTIST Design PhD School, Beijing, 2011



Specification Theory

Spec: set of specifications

   lImp: set of implementations



Operations on Specifications

 Logical Conjunction:
 Given S1 and S2 construct S1ÆS2 such that

| |    | | | ||S1 ÆS2|  =  |S1|Å|S2|

 Structural Composition: Structural Composition:
 Given S1 and S2 construct S1 par S2  such that

| S1 par S2 |  =  |S1| par |S2|
≤ h ld b t t  ll f   ≤ should be precongruence wrt par to allow for 
compositional analysis !

 Quotienting:
 Given overall specification T and component specification S  

construct the quotient specification T\S such thatconstruct the quotient specification T\S such that
S par X ≤ T     iff X ≤ T\S

47ARTIST Design PhD School, Beijing, 2011



Specifications and Implementations

Timed I/O Transition Systems

SPECs

Timed I/O AutomataTimed I/O Automata

IMPs

Timed I/O Transition SystemsTimed I/O Transition Systems

48ARTIST Design PhD School, Beijing, 2011



Timed Systems Specifications =
Timed I/O Automata

Administration

grant
patent

grant

Input: 
control. 

Input: 
control. 

coin
pub (required)

Output: 
uncontrol.
(allowed)

(required)
Output: 

uncontrol.
(allowed)

Machine Researcher

(allowed)(allowed)

tea

cof
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Overall Specification

grant patent

AdministrationAdministration

grant patent

≥
coin pub

tea
Machine Researcher

?

cof

50ARTIST Design PhD School, Beijing, 2011



Timed I/O Transition Systems

touch?

dim!

1.4

off!

St

51ARTIST Design PhD School, Beijing, 2011



Refinements, Implementations, Consistency

52ARTIST Design PhD School, Beijing, 2011



Refinement =
Timed Alternating Simulation

Intuition:Intuition:Intuition:
S leaves less choices than T

for an implementation.

Intuition:
S leaves less choices than T

for an implementation.

53ARTIST Design PhD School, Beijing, 2011



Refinement (example)

A (S)
INC

T

B (T)

UNI

54ARTIST Design PhD School, Beijing, 2011



Refinement as a Game
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Refinement in ECDAR

Administration

grant patent

coin pub

≤ ?????
tea

cof

Machine Researcher
≤

grant patent

56ARTIST Design PhD School, Beijing, 2011



Consistency

S SS

S

57ARTIST Design PhD School, Beijing, 2011



Consistency

S

Err = 
Definitions

0
Err = 
{ | . . }      d os d s o s

(X) = 
Err ∪
Pred [ X ∪ iPred(X) oPred(XC) ]Predt[ X ∪ iPred(X) , oPred(X ) ]

Theorem
A specificiation (state)  s  is 

inconsistent
iff

s ∈ μX. π(X) 

58ARTIST Design PhD School, Beijing, 2011



Consistency

S

0 5 10

y

0 5 10

0 5 10

y

6

y

0 5 10

y

(X) = Err ∪ Predt[ X ∪ iPred(X) , oPred(XC) ]
0Err = { | . . }      d os d s o s

Pruned Version

59ARTIST Design PhD School, Beijing, 2011



Consistency in UPPAAL Tiga+

GUI
Command-Line

GUI

60ARTIST Design PhD School, Beijing, 2011



Consistency
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Conjunction, SÆT
I

A

g
hl

o!

IA
Theorem
SÆT ≤ S
SÆT ≤ TCl
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Conjunction, Ex. 

S T

S Æ T

Clearly
Inconsistent !

63ARTIST Design PhD School, Beijing, 2011



Composition, S|T

tea
Machine Researcher

i ? b!

cof

TheoremTheorem

coin? pub!

If    A1 ≤ B1 and
A2≤ B2

th

If    A1 ≤ B1 and
A2≤ B2

ththen
A1|A2 ≤ B1|B2

then
A1|A2 ≤ B1|B2

Classical rules for
Composition of I/O transition

Systems 64ARTIST Design PhD School, Beijing, 2011



Quotienting, T\S
I …
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Quotienting, T\S
oS!

I …

S

i? X

A
hi o !

IA oX!ki
qi

…

Ei

T

S

oX!
Ci

gi

i?

oS!… s
i

ri

UNI

Ai T
ri

…

A\B i?
INC

h vj
gi,uj i?

r t

B
vj

IB oX?wj
æj

…

Fi

hi,vj

os? ¬ H ,vj

ki,wj
ox!

qi ,æj

ri ,tj

Ai\ Bj

Dj
uj

vj

i?

oS!…
t

pj
os? ¬ V

os?

qi ,æj

Ei\ Fj

si,pj

Bj S

tjCi\ Dj

INC UNI

Ei\ Fj

T\S
66ARTIST Design PhD School, Beijing, 2011



Quotienting, T\S
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Quotienting, ”Application”

Administration

grant patent

coin pub

Machine Researcher

coin pub

Machine Researcher

u≤20

tea

cof

Machine Researcher
tea

cof

u≤20

≤

Spec \ Adm

≤IFF
u≤20

grant patent

Specification
Spec \ Adm

u≤20

Spec\Adm
68ARTIST Design PhD School, Beijing, 2011



Compositional Refinement Checking

≤… ≤
C1 C2 CnC3 S

≤iff …
C2 CnC3 S \ C1

iff
P( S \ C1 )

iff …
CnC3

≤
P( P(S C1) \C2 )

iff … … 69ARTIST Design PhD School, Beijing, 2011



Assume-Guarantee

Guarantee Assumption

Good

Bad

ButA

ButB
Properties
 A>>G ≥ G
Properties
 A>>G ≥ GButB A>>G ≥ G

 A ≤ A’⇒
A>>G ≥ A’>> G

A>>G ≥ G

 A ≤ A’⇒
A>>G ≥ A’>> G

A>>G = (A | G) \ AA>>G = (A | G) \ A
A>>G ≥ A’>> G

 G ≤ G’⇒

A>>G ≥ A’>> G

 G ≤ G’⇒

70ARTIST Design PhD School, Beijing, 2011

A>>G ≤ A>>G’A>>G ≤ A>>G’



Assume-Guarantee Reasoning

A1, G1 A2, G2

A, G

Proof Rule:
A>>G ≥ ( A >>G | A >>G )

Proof Rule:
A>>G ≥ ( A >>G | A >>G )

71ARTIST Design PhD School, Beijing, 2011

A>>G ≥ ( A1>>G1 | A2>>G2 )A>>G ≥ ( A1>>G1 | A2>>G2 )



Milner’s Scheduler Compositionaly

S
N0

w0

w1rec1rec0 Find SSi and verify:Find SSi and verify:
N1

N
Ni+1

wi+1

rec2 1. N1≤ SS1
2. SS1 | N2 ≤ SS2

1. N1≤ SS1
2. SS1 | N2 ≤ SS2N2

Ni

i 1

r c

reci+1 w2

3. SS2 | N3 ≤ SS3
… …

n SS 1 | N ≤ SS

3. SS2 | N3 ≤ SS3
… …

n SS 1 | N ≤ SSreci
wi

n. SSn-1 | Nn ≤ SSn

n+1.  SSn | N0 ≤ SPEC

n. SSn-1 | Nn ≤ SSn

n+1.  SSn | N0 ≤ SPEC

72ARTIST Design PhD School, Beijing, 2011
SPEC



Milner’s Scheduler Compositionaly

S
N0

w0

w1rec1rec0

Find SSi ……Find SSi ……

A
N1

N
Ni+1

wi+1

rec2

A1

N2

Ni

i 1

r c

reci+1 w2 A2
reci

wi

GG
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Milner’s Scheduler Compositionaly

S
N0

w0

w1rec1rec0

A

Take SSi = (A1 & A2)>>GTake SSi = (A1 & A2)>>G

N1

N
Ni+1

wi+1

rec2

A1

N2

Ni

i 1

r c

reci+1 w2 A2
reci

wi

GG
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Milner’s Scheduler Compositionaly

S
N0

w0

w1rec1rec0

Take SSi = (A1 & A2)>>GTake SSi = (A1 & A2)>>G

N1

N
Ni+1

wi+1

rec2

N2

Ni

i 1

r c

reci+1 w2

reci
wi
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Experiments

76ARTIST Design PhD School, Beijing, 2011



Conclusion & Future Work

 Complete specification theory based on Timed I/O 
Automata
A l i  fi  i  ibili Analysis: refinement, consistency, compatibility

 Operations: conjunction, parallel composition, quotienting

 Implemented in the tool ECDAR using the engine of  Implemented in the tool ECDAR using the engine of 
UPPAAL Tiga.

 Non-determinism ? Timed Gamesm m
 Unobservable actions ? 

 Applications : 

W Partial Observability

 Milners Scheduler
 Leader Election Protocol
 Fischers Protocol

 USE IT !!!
77ARTIST Design PhD School, Beijing, 2011
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