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Binary Decision Diagrams

2

Combinatorial Circuits

3

Combinatorial Problems

Sudoku Eight Queen
4

Control Programs 
A Train Simulator, visualSTATE (VVS)

1421 machines
11102 transitions
2981 inputs
2667 outputs
3204 local states
Declare state sp.: 10^476

BUGS ?

“Ideal” presentation: 1 bit/state

will clearly NOT work!
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Reduced Ordered Binary Decision 
Diagrams [Bryant’86]

• Compact represetation of boolean functions
allowing effective manipulation (satifiability, 
validity,….)

or

• Compact representation of sets over finite 
universe allowing effective manipulations.
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Boolean Logic
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Boolean Functions
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Truth Tables
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Combinatorial Circuits

Are they two circuits equivalent?

10

“Good” Representations of 
Boolean Functions

Normalforms
– Disjunctive NF
– Conjunctive NF
– If-then-else NF
– …….

THEOREM (Cook’s theorem)

Satisfiability of Boolean 
expressions is NP-complete

Compact representations are
• compact and
• efficient

on real-life examples

Always perfect representations are hopeless
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If-Then-Else Operator
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If-Then-Else Normal Form
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Binary Decision Structures
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Shannon Expansion
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Binary Decision Trees

Variable is set to 0
Variable is set to 1

Each path determines
a partial (set of) truth
assignments.

Result of the boolean
expression under the 
given assigment
found in value of
terminal.
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Binary Decision Diagrams
allows NODES to be shared

Equivalence ~ on nodes:

n ~ m iff
either both n and  m are terminals 

and have the same value
or  both are non-terminals with var(n) = var(m) and

1.  n’ ~ m’ when n -0-> n’ , m-0->m’ , and
2.  n’ ~ m’ when n -1-> n’ , m-1->m’

Have you seen this somewhere
before ?
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Orderedness & Redundant TESTS
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Orderedness & Reducedness

x

y z

x x x

x<y   x<z
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Reduced Ordered Binary 
Decision Diagrams

Iben
Edges to 0
implicit
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ROBDDs formally
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Ordering DOES matter
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Canonicity of ROBDDs
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Algorithms on ROBDDs

24

Array Implementation
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MakeNode
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Build

Complexity ??
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Boolean Operations on BDDs
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Idea (x1 < x2 < x3< L xn)
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APPLY operation

Complexity ??
30

APPLY example
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APPLY operation
with dynamic programming

Complexity O(|b1||b2|)
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Other operations

33

Application  of ROBDDs

Constraint Solving & Analysis
& IBEN
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Mia’s Schedule 4th Grade 

geobio13-14

bio14-15

gymgymfysfysfysgym12-13

gymmatbiodandan11-12

tysdantysdaneng10-11

tysgeodantysmat9-10

engtysdanengmat8-9

SunSatFriThuWedTueMon
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Boolean variables
================
vars d1 d2 d3;
vars t1 t2 t3;
vars f1 f2 f3;
vars e1 e2 e3;
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--Encodning of days —
=================
man := d1  & d2  & d3;
tir := d1  & d2  & !d3;
ons := d1  & !d2 & d3;
tor := d1  & !d2 & !d3;
fre := !d1 & d2  & d3;
lor := !d1 & d2  & !d3;
xxx := !d1 & !d2  & d3;
son := !d1 & !d2 & !d3;
uge := man + tir + ons + tor + fre;
weekend := lor + xxx  + son;
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--Encodning of hours—
==================
h1 := t1 & t2 & t3;
h2 := t1 & t2 & !t3;
h3 := t1 & !t2 & t3;
h4 := t1 & !t2 & !t3;
h5 := !t1 & t2 & t3;
h6 := !t1 & t2 & !t3;
h7 := !t1 & !t2 & t3;
h8 := !t1 & !t2 & !t3;
formiddag := h1 + h2 + h3 + h4;
eftermiddag := ! formiddag;
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--Encodning of topic
--==================
dan := f1 & f2 & f3;
eng := f1 & f2 & !f3;
mat := f1 & !f2 & f3;
tys := f1 & !f2 & !f3;
geo := !f1 & f2 & f3;
bio := !f1 & f2 & !f3;
fys := !f1 & !f2 & f3;
gym := !f1 & !f2 & !f3;
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--Mia's Schedule —
==================
skema := man & h1 & mat +

man & h2 & mat + 
man & h3 & eng  + 
man & h4 & dan +  
man & h5 & gym + 
tir & h1 & eng + 
tir & h2 & tys + 
tir & h3 & dan + 
tir & h4 & dan + 
tir & h5 & fys + 
ons & h1 & dan + 
ons & h2 & dan + 
ons & h3 & tys + 
ons & h4 & bio  + 
ons & h5 & fys +

ons & h6 & bio + 
ons & h7 & bio + 
tor & h1 & tys + 
tor & h2 & geo + 
tor & h3 & dan + 
tor & h4 & mat + 
tor & h5 & fys + 
tor & h6 & geo + 
fre & h1 & eng +  
fre & h2 & tys +  
fre & h3 & tys + 
fre & h4 & gym + 
lor & h5 & gym;
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--Various questions —
======================
q1 := (skema & mat) => formiddag;
q2 := (skema & fys) => eftermiddag;
q3 := (skema & dan) => (man + tir + ons);
q4 := (skema & gym) => uge;
konfliktfri :=        

(( skema & (subst [e1/f1 e2/f2 e3/f3] (skema))) => 
((e1=f1) & (e2=f2) & (e3=f3)));
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