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Abstract. We design and implement an efficient model checking algo-
rithm for alternating-time temporal logic (ATL) on turn-based multi-
player stochastic games with weighted transitions. This logic allows us
to query about the existence of multiplayer strategies that aim to maxi-
mize the probability of game runs satisfying resource-bounded next and
until logical operators, while requiring that the accumulated weight along
the successful runs does not exceed a given upper bound. Our method
relies on a recently introduced formalism of abstract dependency graphs
(ADG) and we provide an efficient reduction of our model checking prob-
lem to finding the minimum fixed-point assignment on an ADG over the
domain of unit intervals extended with certain-zero optimization. As the
fixed-point computation on ADGs is performed in an on-the-fly man-
ner without the need of a priori generating the whole graph, we achieve
a performance that is comparable with state-of-the-art model checker
PRISM-games for finding the exact solutions and sometimes an order
of magnitude faster for queries that ask about approximate probability
bounds. We document this on a series of scalable experiments from the
PRISM-games benchmark that we annotate with weight information.

1 Introduction

Advances in model checking over the last decades allow us to verify larger sys-
tems using less resources. More recently, addition of quantitative aspects to
model checking techniques became an important research topic. In order to
model real-world applications, modelling formalisms must reflect both probabilis-
tic choices [5] that model the uncertainties in system behaviour and at the same
time be able to reason about quantitative aspects such as cost [22]. Moreover, in
order to take into account the unpredictable environment, we need to verify that
the desirable properties hold for all possible environmental behaviours. These as-
pects are usually modelled as games—in our case multiplayer games [39] where
the players form coalitions in order to enforce a given property.

In order to reason about the probabilistic, cost and game aspects, we study
the model of turn-based multiplayer stochastic games [40] where transitions con-
tain multidimensional cost (weight) vectors, representing different cost quanti-
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ties. Multidimensional verification is necessary in applications where the sys-
tem must respect bounds on several dependent quantities simultaneously (see
e.g [26,12,27]), such as consumption of energy and the discrete progression of
time. We assume that any play of a game eventually accumulates some weight,
which is natural for many models that include quantities such as time and en-
ergy, as executing an infinite number of actions without progressing time or
consuming energy, is in many cases unrealistic. Our model can be seen as a
weight extension of PRISM-games [32], where we consider properties formulated
in an extension of alternating-time temporal logic (ATL) [1] that contains op-
erators that specify existence of strategies for player coalitions ensuring cost-
and probability bounded next or until properties. Hence we can ask questions
like ”is the probability that player 1 and 3 can form a coalition such that they
enforce that a certain state is reachable within a total cost of c1 time units and
c2 units of energy, greater than 0.8”? . We can thus reason about strategies that
enforce strict bounds on multiple accumulating quantities simultaneously. This
has many practical applications for systems that e.g have to complete a number
of tasks within a given time-limit, but must at the same time also stay within
an energy budget, no matter how the environment behaves.

Our verification approach is based on a novel reduction to the problem of find-
ing fixed points on abstract dependency graphs (ADG) [25,23], a recently intro-
duced formalism that extends classical dependency graphs by Liu and Smolka [35].
Dependency graphs allow us to assign Boolean values to nodes in the graph,
whereas ADGs assign to nodes values from a more abstract domain. In our case,
we use the domain of the unit interval, representing probabilities, extended with
a special value called ”certain-zero” [20] that allows for an early termination of
the on-the-fly computation of the fixed point on the ADG. We formally prove the
correctness of our encoding and provide an efficient implementation that allows
us to take as input the models described in PRISM-games and perform model
checking in an on-the-fly manner. On three different PRISM-games case studies
(annotated with the cost information), we demonstrate that our implementation
is performance-wise comparable to the state-of-the-art model checker PRISM-
games on queries that include exact probability bounds. However, once we lower
the probability threshold from the exact probability bound, our on-the-fly algo-
rithm demonstrates the potential of significantly outperforming PRISM-games.

Related Work Since the introduction of stochastic games in the seminal work by
Shapley [39], a number of variations and extensions of the classical formalism
have been studied by the verification community. From a theoretical perspective,
Condon [18,19] studies the complexity and algorithms for (simple) stochastic
two-player games where the objective is to determine the winning probability
for a given player. More recently, [4,10] consider controller synthesis for turn-
based stochastic two-player games with PCTL winning objectives. Compared to
our work, these papers consider controller synthesis instead of model-checking,
and do not consider quantitative games and offer no implementation.

For quantitative verification of turn-based stochastic multiplayer games, [13]
presents the logic rPATL (Probabilistic Alternating-Time Temporal Logic with
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Rewards) that naturally extends the logic Probabilistic Alternating-Time Tem-
poral Logic [16] (PATL) with reward-operators. PATL is itself a probabilistic
extension of ATL. A similar logic is introduced in [36], interpreted on concurrent
games. The logic rPATL allows one to state that a coalition of players has a strat-
egy such that either the probability of an event happening or an expected reward
measure, is within a given threshold. Verifying rPATL properties on stochastic
multiplayer games has been implemented in PRISM-games [32]. PRISM-games
supports analysis of various types of games, verification of multi-objective prop-
erties [14] and has been applied to several case-studies (see e.g [15,13]). Compared
to our approach, PRISM-games does not directly support multidimensional
reward-bounded properties and the current implementation offers no on-the-fly
verification techniques that we demonstrate can yield a considerable speedup.
Recently, a number of papers [6,38,28] have improved value iteration, the under-
lying technique of PRISM-GAMES, to deal with inaccuracies in the computed
results stemming from certain termination criteria based on lower bound ap-
proximations. The approach has been applied to simple stochastic games [31,3]
but has yet to be incorporated into PRISM-GAMES. Although our approach
also computes lower bounds, we prove that we always terminate and compute
the exact answer, relying on the fact that any formula is weight-constrained
and any path of any game eventually accumulates weight. Another approach
to computing measures on probabilistic models with multi-dimensional rewards
and non-determinism (MDPs) is presented in [27]. A performance comparison is
left for the future work.

Lastly, our work is a continuation of the work done in [30], where a special-
purpose algorithm is developed for PCTL model-checking on models with multi-
dimensional weights.We lift the approach to games by showing how to formally
treat the game features in ADGs and we consider a new set of domain values
that treat the probabilities symbolically while the weights are encoded explic-
itly; our novel encoding outperforms the pure symbolic implementation provided
in [30] by an order of magnitude. Finally, our approach is more generic as it re-
lies on the notion of ADGs and variations of the logic and/or the model can
often be dealt with by minor modifications of the ADG construction, without
the need of changing the underlying fixed-point algorithm. A related abstract
approach is presented in [7,8], for solving systems of fixed-point equations over
(continuous) lattices via a game-theoretic approach. An example application is
(lattice-valued) µ-calculus model-checking [8] that deals with systems of fixed-
point equations over infinite lattices (e.g the reals), which in turn can be applied
to model-checking probabilistic CTL or probabilistic µ-calculi.

2 Turn-Based Stochastic Games

Before introducing turn-based stochastic games, we present some preliminaries.
For any set X, Xn is the set of all n-dimensional vectors with elements from
X and xn denotes the n-dimensional vector where x ∈ X is at all coordinates.
Thus, Nn is the set of all n-dimensional vectors of natural numbers and 0n is the
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Fig. 1: Two simple models

0-vector. We assume a fixed dimensionality n > 0 and any vector is written in
boldface e.g. x = (x1, . . . , xn) and y = (y1, . . . , yn) are vectors. For any such two
vectors, we let x ≥ y if and only if xi ≥ yi for all 1 ≤ i ≤ n. For any countable
non-empty set X, we let D(X) = {µ : X → [0, 1] |

∑
x∈X µ(x) = 1} denote the

set of probability distribution on X. For any distribution µ ∈ D(X), the support
of µ is defined as support(µ) = {x ∈ X | µ(x) > 0}. By Dfin(X) ⊆ D(X) we
denote the set of all distributions on X with finite support. For any two sets
X and Y we denote by f : X ⇀ Y that f is a partial function from domain
dom(f) = X to range ran(f) = Y . For a set X, let X∗ be the set of all finite
strings over X and for any string w = a1a2a3 · · · an ∈ X∗, let |w| = n denote
the length of w and for all 1 ≤ i ≤ |w|, let w[i] = ai be the i’th symbol of w.
The empty string is denoted by ε.

2.1 Definition of Stochastic Games

We now present turn-based stochastic multiplayer games [39], where the states
are partitioned into a number of sets, each set owned by a player of the game.
The game begins in a state owned by one of the players and proceeds in turns,
by letting the owner of the current state play one of the available actions after
which the game then transitions to the next state by a probabilistic choice. Each
such transition has an associated cost vector, that can naturally be interpreted
as the cost of the transition. Hence, given a strategy for each player in the game,
any non-determinism is resolved and the induced model is what is known as a
Markov reward model with impulse rewards [2,17]. It is a folklore result that
deterministic strategies are sufficient (see e.g. [37]). We assume a fixed finite set
of atomic propositions AP.

Definition 1. A Markov reward model (MRM) is a tupleM = (M,→, `) where
M is a finite set of states, → : M → Dfin(Nn×M) is the transition function and
` : M → 2AP is the labelling function.

For any state m ∈ M , the probability of transitioning to another state m′ with
cost w is given by →(m)(w,m′). A w-successor of a state m is any state m′

such that →(m)(w,m′) > 0. A path is an infinite sequence of transitions π =
(m1,w1,m2), (m2,w2,m3) · · · where si+1 is a wi-successor of si for all i ≥ 1.
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We let Paths(m) denote the set of all paths starting in m and for any path π ∈
Paths(m) we let π[i] denote the i’th state of π and by πn denote the finite prefix

of π ending in state π[n]. We let W(π)(j) =
∑j−1
i=1 wi denote the accumulated

cost up until the state π[j]. Finally, we let Paths(M) be the set of all paths of
M . An example of an MRM can be seen in Figure 1b.

In order to measure events of any MRM M = (M,→, `), we introduce
the classical cylinder set construction from [5, Chapter 10]. For any finite se-
quence w = (m1,w1,m2), (m2,w2,m3) · · · (mn−1,wn−1,mn), the cylinder set
of w, C(w) is the set of all paths having w as a prefix, i.e., C(w) = {π ∈
Paths(M) | πn = w} and the measure associated to the cylinder of w is given by

PM (C(w)) =
∏n−1
i=1 →(mi)(wi,mi+1). We can now define the probability space

(Mω, Σ,PM ) where Σ is the smallest σ-algebra that contains the cylinder sets
of all finite alternating sequences of states and costs.

We now lift MRMs to stochastic games. Let Act be a fixed finite set of actions.

Definition 2. A turn-based stochastic multiplayer game is a structure G =
(Π,M, {Mi}i∈Π ,→, `) where Π is a finite set of players, M is a finite set of
state, {Mi}i∈Π is a partition of M such that for any i ∈ Π, Mi is a finite set of
states controlled by player i, → : M ×Act⇀ Dfin(Nn ×M) is the finite (partial)
transition function and ` : S → 2AP is a labelling function.

For any state m ∈ M we let Act(m) = {α ∈ Act | (m,α) ∈ dom(→)} denote
the set of enabled actions in state m and assume any game to be non-blocking
by requiring all states to have at least one enabled action, i.e Act(m) 6= ∅. An
α-successor of a state m is any state m′ such that the probability of transitioning
fromm by playing the α action is strictly positive for some cost vector w ∈ Nn, i.e
→(m,α)(w,m′) > 0. We let succ(m)α be the set of all α-successors of m. A path
is an infinite sequence of transitions π = (m1, α1,w1,m2), (m2, α2,w2,m3), . . .
where mi+1 is an αi-successor of mi with cost vector wi for all i ≥ 1. For any
action α ∈ Act(m) we let k = min{w | →(m,α)(w,m′) > 0} be the smallest
possible transition cost when playing action α in m and say that α is k′-enabled
in m whenever k′ ≥ k with Actk′(m) ⊆ Act(m) being the set of all k′-enabled
actions in m. Thus, the set Actk′(m) contains the actions available to the player
owning state m, if only transitions with a cost at most k′ are permitted. We
extend the path notation introduced for MRMs by letting Paths∗i be the set of
all finite paths that end in a state owned by player i ∈ Π and for any such finite
path π ∈ Paths∗i , the last state is given by last(π).

Remark 1. Notice that if |Π| = 1, the resulting model is a Markov decision
process (MDP) [37] with impulse rewards and if furthermore |Act| = 1, the
model is an MRM. Hence, turn-based stochastic multiplayer games subsume
both MDPs and MRMs.

In the rest of the paper, we restrict the class of games, by assuming that the
accumulated cost of any loop of any game is of strictly positive magnitude.
Formally, for any state m ∈ M , it is the case that for all paths π ∈ Paths(m)
such that π[j] = m for some j ∈ N (a loop), we have that W(π)(j) 6= 0n.
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Example 1. Figure 1a depicts a simple turn-based stochastic game G with two
players Π = { , }. The states depicted as circles, m1 and m3 belong to player

while the state m3 belongs to player . The transition function is depicted by
edges labelled by a given enabled action, followed by the cost of the transition and
probabilities to successor states. The labelling of each state is given next to the
state. In case the probability distribution assigns probability 1 to a single state,
there is no branching and we simply label the edge with the action, probability
1 and the associated weight.

Starting from the state m1, player is in control and may choose either of
the actions β and α. For β, there is a small probability, 1

10 , of transitioning to
state m3 whereas for action α, the game transitions to m2 with probability 1

2 .
In m2, player may choose to let the game stay in state m2 by the self-loop,
or decide to transition to m3.

If the two players are considered opponents and the goal of player is to
maximize the probability of reaching a state labelled b (m3) within a given bound
on the accumulated cost of reaching b, the only safe option is to always choose
the action β in state m1 as player can force the game to stay in state m2 if it
is ever reached. On the other hand, if the two players work together, player
always plays the action β in m2 to ensure that state m3 is reached.

2.2 Strategies

As indicated by Example 1, any game unfolds by applying concrete strategies for
each player, specifying which action to play in a given state. We now formally
define strategies by first fixing a game G = (Π,M, {Mi}i∈Π ,→, `). Given a
player, i ∈ Π, a (history-dependent deterministic) strategy for player i in G is
a function σ : Paths∗i → Act, that associates an action with each finite path
ending in a state owned by player i. Thus, a strategy prescribes which action
a player should play in a given state, given the full history of the game. For a
strategy to be sound, only actions enabled in the given state must be played.
Formally, a strategy σ for player i is sound if for any finite path π ∈ Paths∗i with
last(π) = mi ∈Mi, it holds that σ(π) ∈ Act(mi). We let Si denote the set of all
sound strategies for player i in G.

Remark 2. If σ(π1) = σ(π2) for all π1, π2 ∈ Paths∗i with last(π1) = last(π2), we
say that σ is a memoryless strategy for player i, as the action prescribed depends
only on the last state of the game.

Strategies naturally extend to sets of players by considering what is commonly
known as a coalition of players. A coalition strategy for any coalition C ⊆ Π in
G, is a set of sound strategies, {σi}i∈C , such that σi ∈ Si for all i ∈ C. We let
SC denote the set of all coalition strategies for the coalition C, use σC to range
over elements of SC and let C = Π \ C be the coalition containing the players
in the complement of C. Given a state m ∈ M , coalition strategies σC and σC ,
a unique MRM is induced from G by resolving the non-deterministic choices as
prescribed by σC and σC . We let PσC ,σCG denote the probability measure on the
induced MRM.
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Example 2. Consider again the game from Figure 1a and the memoryless strate-
gies σα and σβ , respectively defined for any π ∈ Paths∗ and π ∈ Paths∗ as

σα(π ) = α and σβ (π ) = β. The induced MRM is the one depicted in Figure 1b.

3 Probabilistic Weighted ATL

As a specification language, we employ an extension of Alternating-time Tempo-
ral Logic (ATL [1]) to reason about whether or not a given coalition of players
can together enforce the game to enjoy a given property, regardless of the strat-
egy of the remaining players of the game. Hence, a witness of satisfaction is
a coalition-strategy. Our logic is syntactically similar to probabilistic resource-
bounded ATL proposed by Nguyen and Rakib [36], but interpreted on turn-based
games instead of concurrent games. It is also similar to rPATL [13] employed
by PRISM-games, except that we do no support expected reward measures but
we allow instead for multi-cost bounded path formulae. We restrict negation to
atomic propositions and therefore include conjunction and disjunction explicitly.

Definition 3 (Syntax). The set of PWATL formulae is given by the grammar:

φ ::= a | ¬a | φ ∧ φ | φ ∨ φ | 〈〈C〉〉.λ[ψ] (State Formulae)

ψ ::= X≤k φ | φ U≤k φ (Path Formulae)

where a ∈ AP, C ⊆ Π, λ ∈ [0, 1], k ∈ Nn and . = {>,≥}.

The set of PWATL state-formulae is denoted by LATL. A formula 〈〈C〉〉.λ[ψ] ∈
LATL is satisfied by a state m ∈ M of a game G = (Π,M, {Mi}i∈Π ,→, `), if
there exists a coalition strategy σC for the players in C ⊆ Π such that, no
matter which coalition strategy σC is assigned to the remaining players in C,
measuring paths that satisfy ψ in the MRM induces from G by σC and σC , yields
a probability p such that p . λ.

Definition 4 (Semantics). For a game G = (Π,M, {Mi}i∈Π ,→, `), state m ∈
M , and path π ∈ Paths, PWATL satisfiability is defined inductively:

G,m |= a iff a ∈ `(m)

G,m |= ¬a iff a /∈ `(m)

G,m |= φ1 ∧ φ2 iff G,m |= φ1 and G,m |= φ2

G,m |= φ1 ∨ φ2 iff G,m |= φ1 or G,m |= φ2

G,m |= 〈〈C〉〉.λ[ψ] iff ∃σC ∈ SC .∀σC ∈ SC .

PσC ,σCG ({π ∈ Paths(m) | G, π |= ψ}) . λ
G, π |= φ1U≤kφ2 iff ∃j ∈ N.G, π[j] |= φ2,W(π)(j) ≤ k

and G, π[i] |= φ1 for all i < j

G, π |= X≤kφ iff G, π[2] |= φ and W(π)(1) ≤ k
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Example 3. Consider once again the game in Figure 1a and the formula φ =
〈〈C〉〉> 1

2
[aU≤8b] with C = { , } By the memoryless strategies from Example 2,

PσC ,∅G ({π ∈ Paths(m1) | G, π |= aU≤8b}) =
1

2

where σC = {σα, σβ}. This is easily verified by inspecting the induced MRM in
Figure 1b. Hence, the two memoryless strategies do not prove G,m1 |= φ.

To construct a strategy for G,m1 |= φ, we modify the player strategy.
Instead of always playing action α, the action will depend on the accumulated
cost of the game history: for any finite path π ∈ Paths∗ of length at least j,

σ∗(π ) =

{
β if W(π )(j) ≤ 4

α otherwise
.

4 Model Checking Through Dependency Graphs

In this section we demonstrate how the PWATL model-checking problem for
turn-based stochastic multiplayer games can be reduced to computing fixed
points on so-called abstract dependency graphs [25]. For a model-checking prob-
lem G,m |= φ, the corresponding abstract dependency graph represents the
decomposition of the problem into sub-problems (dependencies) given by the
inductive definition of PWATL semantics.

4.1 Abstract Dependency Graphs

An abstract dependency graph [25] is a (directed) graph consisting of a collection
of vertices V , together with a function that to each v ∈ V assigns a set of
vertices being the dependencies of v and a function for computing the value of
v, given the value of all its dependencies. The vertex values are drawn from a
triple D = (D,v,⊥) where (D,v) is a partial order, ⊥ ∈ D the least element
of D and v must satisfy the ascending chain condition: for any infinite chain
d1 v d2 v d3 . . . of elements di ∈ D, there exists an integer k such that dk = dk+j

for all j > 0. This kind of ordering is referred to in [25] as a Noetherian ordering
relation with least element (NOR). For any NOR we assume the elements are
finitely representable, meaning that elements can be represented by finite strings.

For the computation of the value of each vertex we consider the application
of monotone functions to the values of all its dependencies. Formally, for any
n ∈ N, F(D, n) on a NOR (D,v,⊥) is the set of all monotone functions f :
Dn → D of arity n, where f is monotone if di v d′i for all i, 1 ≤ i ≤ n,
implies f(d1, . . . , dn) v f(d′1, . . . , d

′
n) for any d1, . . . , dn, d

′
1, . . . d

′
n ∈ D, and we

let F(D) =
⋃
n≥0 F(D, n) be the collection of all such functions. We assume

all functions f ∈ F(D, n) for any n ∈ N to be effectively computable, meaning
that for any f ∈ F(D, n) and d1, . . . , dn ∈ D, there exists an algorithm that
terminates and computes the finite representation of f(d1, . . . , dn) ∈ D.

We are now ready to define abstract dependency graphs.
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Definition 5 (Abstract Dependency Graph [25]). An abstract dependency
graph (ADG) is a tuple G = (V,E,D, E) where

– V is a finite set of vertices,
– E : V → V ∗ is an edge function from vertices to sequences of vertices such

that E(v)[i] 6= E(v)[j] for every v ∈ V and every 1 ≤ i < j ≤ |E(v)|, i.e. the
co-domain of E contains only strings over V where no symbol appears more
than once,

– D is NOR with finitely representable elements, and
– E is a labelling function E : V → F(D) such that E(v) ∈ F(D, |E(v)|)

for each v ∈ V , i.e. each edge E(v) is labelled by an effectively computable
monotone function f of arity that corresponds to the length of E(v).

In the following, we assume a fixed ADG G = (V,E,D, E). For each vertex
v ∈ V , E(v) is a string containing all the vertices that represent dependencies
of v and E(v) is the function computing the value of v given the values of all
the dependencies of v in E(v). An assignment is then a function A : V → D,
mapping each vertex to an element of the NOR D = (D,v,⊥). We let A denote
the set of all assignments and lift the ordering from D to assignments: for any
two assignments A1, A2 ∈ A, A1 v A2 iff ∀v ∈ V.A1(v) v A2(v). It follows
that (A,v) is a NOR, with minimum element A⊥ defined for any v ∈ V as
A⊥(v) = ⊥. We define the minimum fixed-point assignment Amin for G as the
minimum fixed point of the function F : A → A, defined for any v ∈ V as
F (A)(v) = E(v)(A(v1), A(v2), . . . , A(vk)) where E(v) = v1v2 · · · vk. As each E(v)
is monotone, it follows that F is a monotone function. In [25] it is proven,
by applying standard reasoning for fixed points of monotonic functions [41],
that Amin exists and is computable by repeated application of F on A⊥. We
end this section by presenting the result of [25]. For any A ∈ Ak let F i(A) be
the i’th repeated application of F on A, defined for i = 0 as F i(A) = A and
F i(A) = F (F i−1(A)) for i > 0.

Theorem 1 ([25]). There exists j ∈ N such that F k(A⊥) = Amin for all k ≥ j.

4.2 The Reduction

We fix a game G = (Π,M, {Mi}i∈Π ,→, `) for the remainder of this section and
present the encoding of the problem G,m |= φ for some state m ∈ M and
PWATL formula φ ∈ LATL by reduction to computing the minimal fixed point
of a suitable abstract dependency graph G = (V,E,D, E). In general, vertices
of the graph are pairs (m,φ) where m is a state of G and φ ∈ LATL is a state-
formula. These are referred to as concrete vertices. As our approach is symbolic,
we introduce another type of vertex. For this, we let L?

ATL = {〈〈C〉〉.?[φ1U≤kφ2] |
k ∈ Nn, φ1, φ2 ∈ LATL} ∪ {〈〈C〉〉.?[X≤kφ] | k ∈ Nn, φ ∈ LATL} be the set of all
symbolic state-formulae. The symbolic vertices are then on the form (m,φ?),
where φ? ∈ L?

ATL. We proceed by defining the domain D.
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Fig. 2: Abstract dependency graph encoding example
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The domain D During the fixed point computation, the
value of any node is, in general, a number that represents
a lower bound on the probability of satisfaction. However,
as we employ the certain-zero optimization of [20], we use
also a special value 0̃, indicating that the value is 0 and can
never change. Hence, 0 is a lower bound whereas 0̃ is an upper bound on the
probability of satisfaction. We define the ordering depicted in Figure 3, where
the dotted line represents all numbers between 0 and 1, and where 0 v 0̃ and
p1 v p2 if p1 ≤ p2 and p1, p2 ∈ [0, 1]. Hence, the certain zero value 0̃ and
the strictly positive probabilities in (0, 1] are incomparable. Thus, the domain
is given by D = ([0, 1] ∪ {0̃},v, 0). For any concrete vertices (m,φ), the value
assigned is either 0, 1 or 0̃. If the value becomes 1, m satisfies φ, thus whenever
the root is assigned 1, the algorithm can safely terminate. However, if the value
is 0, the current belief is that m does not satisfy φ and the algorithm cannot
terminate as the value is a lower bound that may change. Once the value becomes
0̃, it is certain that m does not satisfy φ and the algorithm can terminate. For
symbolic vertices (m, 〈〈C〉〉.?ψ), assigning a probability p to the vertex indicates
the existance of a strategy for the coalition C, such that measuring paths from
m satisfying ψ, yields a probability at least p, no matter the strategy for the
remaining players in C. Hence, G,m |= 〈〈C〉〉.pψ.

Anticipating the definition of the vertex labelling function, we define the
operations min,max,+ and · on elements from the domain D. If the operands
are regular probabilities in [0, 1], the operations are defined in the natural way.
Otherwise, for the certain zero value 0̃ and for any probability p ∈ [0, 1] we let
min{0̃, p} = 0̃, max{0̃, p} = p, 0̃ + p = p and 0̃ · p = 0̃. Hence, 0̃ behaves like

10



0 when used in operations with regular probabilities. If both operands are 0̃ we
let min{0̃, 0̃} = 0̃, max{0̃, 0̃} = 0̃, 0̃ + 0̃ = 0̃ and 0̃ · 0̃ = 0̃.

Graph construction We define the set of vertices V and for each v ∈ V ,
the edge function E(v) and labelling function E(v). The root of the graph is
(m,φ) ∈ V and the rest of the graph is constructed by induction on φ.

For any vertex on the form v = (m∗, φ∗), where φ∗ ∈ LATL, the following
rules define the edge function E(v) and labelling function E(v).

[φ∗ = a ]: The formula has no dependencies and can be verified directly by in-
specting the labelling of the state. Hence, E(v) = ε and if a ∈ `(m∗) then
E(v) = 1, otherwise E(v) = 0̃.

[φ∗ = ¬a ]: We let E(v) = ε, E(v) = 1 if a /∈ `(m∗) and E(v) = 0̃ otherwise.
[φ∗ = φ1 ∨ φ2 ]: We let the vertices (m∗, φ1), (m∗, φ2) ∈ V be the dependencies

of v, hence E(v) = (m∗, φ1)(m∗, φ2). As each successor receives a Boolean
value, disjunction is naturally defined as the maximum of the values of the
two successor vertices and we let E(v)(p1, p2) = max{p1, p2}.

[φ∗ = φ1 ∧ φ2 ]: Similar to disjunction we let (m∗, φ1), (m∗, φ2) ∈ V be the de-
pendencies of v, i.e, E(v) = (m∗, φ1)(m∗, φ2) and E(v)(p1, p2) = min{p1, p2}.

[φ∗ = 〈〈C〉〉.λ(φ1U≤kφ2) ]: The only dependency of v is the symbolic vertex
v′ = (m∗, 〈〈C〉〉.?[φ1U≤kφ2]) ∈ V , i.e. E(v) = v′. As the value of v′ is the
probability p of satisfying the inner path formula, the value of v is 1 if and
only if p . λ:

E(v)(p) =


1 if p . λ

0̃ if p = 0̃ ∧ (λ > 0 ∨ . =>)

0 otherwise

[φ∗ = 〈〈C〉〉.λ(X≤kφ) ]: We let the symbolic vertex v′ = (m∗, 〈〈C〉〉.?(X≤kφ)) ∈
V be the dependency of v, i.e. E(v) = v′. The labelling of v is given by:

E(v)(p) =


1 if p . λ

0̃ if p = 0̃ ∧ (λ > 0 ∨ . =>)

0 otherwise

For any vertex v = (m∗, φ?) with φ? ∈ L?
ATL, the edge function E(v) and labelling

function E(v) are given by the following rules:

[φ? = 〈〈C〉〉.?(φ1U≤kφ2) ]: To satisfy the inner path formula φ1U≤kφ2 for any
path starting in m∗, either φ2 must be satisfied by m∗ or φ1 must be satisfied
by m∗. Hence, we let v1 = (m∗, φ1), v2 = (m∗, φ2) with v1, v2 ∈ V be the two
immediate dependencies of v. In case φ2 is not satisfied by m∗ but φ1 is, the
satisfaction of the inner path formula is due to the successors of m∗. Hence,
any successor of m∗ is also a dependency, if the cost of transitioning to the
successor is within the formula bound k. We let Actk(m∗) = {α1, . . . , αn} be
the k-enabled actions in m∗ and for any αk ∈ Actk(m∗) let succ(m∗)αk =
{mαk

1 , . . . ,mαk
jαk
} be the set of all αk-successors of m∗ where, for all 1 ≤ i ≤
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jαk , wαk
i ≤ k is the cost and pαki is the probability of transitioning to mαk

i ,
respectively.
For each mαk

i we let vαki = (mαk
i , 〈〈C〉〉.?(φ1U≤k−wαki φ2)) ∈ V be a depen-

dency of m∗. Hence, the edge function of v is given as

E(v) = v1v2v
α1
1 · · · v

α1
jα1
· · · vαn1 · · · v

αn
jαn

.

For defining the labelling E(v)(q1, q2, q
α1
1 , . . . , qα1

jα1
, . . . , qαn1 , . . . , qαnjαn ), we let

qαkΣ =
∑jαk
i=1 p

αk
i · q

αk
i be the weighted sum of successor values for any action

αk ∈ Actk(m∗). The exact labelling function of m∗ depends on whether m∗
is owned by a player in the coalition or not.
If m∗ ∈Mi for some player i ∈ C we let

E(v)(q1, q2, q
α1
1 , . . . , qα1

jα1
, . . . , qαn1 , . . . , qαnjαn ) =

max {q2,min{q1, qα1

Σ }, . . . ,min{q1, qαnΣ }} .

Otherwise, if m∗ /∈Mi for all players i ∈ C we let

E(v)(q1, q2, q
α1
1 , . . . , qα1

jα1
, . . . , qαn1 , . . . , qαnjαn ) =

max {q2,min {q1, qα1

Σ , . . . , qαnΣ }} .

[φ? = 〈〈C〉〉.?(X≤kφ) ]: Let Actk(m∗) = {α1, . . . , αn} be the set of k-enabled
actions in m∗ and for any αk ∈ Actk(m∗) let succ(m∗)αk = {mαk

1 , . . . ,mαk
jαk
}

be the set of all αk-successors of m∗ where, for all 1 ≤ i ≤ jαk , wαk
i ≤ k is

the cost and pαki is the probability of transitioning to mαk
i , respectively.

For each mαk
i we let vαki = (mαk

i , φ) ∈ V be a dependency of m∗. Hence, the
edge function of v is given as E(v) = vα1

1 · · · v
α1
jα1
· · · vαn1 · · · v

αn
jαn

. For defining

the labelling E(v)(qα1
1 , . . . , qα1

jα1
, . . . , qαn1 , . . . , qαnjαn ), we let qγΣ =

∑jαk
i=1 p

αk
i ·q

αk
i

be the weighted sum of successor values for any action αk ∈ Actk(m∗). The
exact labelling function of m∗ depends on whether m∗ is owned by a player
in the coalition or not.
If m∗ ∈Mi for some player i ∈ C we let

E(v)(qα1
1 , . . . , qα1

jα1
, . . . , qαn1 , . . . , qαnjαn ) = max{qα1

Σ , . . . , qαnΣ } .

Otherwise, if m∗ /∈Mi for all players i ∈ C we let

E(v)(qα1
1 , . . . , qα1

jα1
, . . . , qαn1 , . . . , qαnjαn ) = min{qα1

Σ , . . . , qαnΣ } .

Monotonicity of the constructed labelling function E follows from the fact that
the functions max, min, sum and product are monotonic functions. By applying
the above definitions repeatedly from the root (m,φ), we obtain an abstract
dependency graph encoding of the problem G,m |= φ.

Example 4. Consider again the stochastic game depicted in Figure 1a. For any
k ∈ N we let φk = 〈〈 , 〉〉> 1

2
[aU≤kb] and φk? = 〈〈 , 〉〉>?[aU≤kb]. We now

12



encode the model-checking problem G,m1 |= φ8 into an abstract dependency
graph G = (V,E,D, E). A part of the resulting graph is visualised in Figure 2a.
Edges connecting the vertices correspond to the specific monotone functions
given by our encoding. The greyed out shapes are not vertices but part of the
monotonic function for a symbolic node, responsible for computing a weighted
sum of successor values, qγΣ , as prescribed by the encoding. We let E(vi) = ε

for 5 ≤ i ≤ 10, E(vi) = 0̃ for 8 ≤ i ≤ 10 and E(vi) = 1 for 5 ≤ i ≤ 7. This
is visualised by vertices having either no outgoing edge or an edge pointing to
the empty set. In general, separate unlabelled edges encode a maximum, while a
minimum is computed over each unlabelled edge. For vertex v2, the edge function
is given by E(v2) = v3v4v5v8v11v12 and the function computed at v2 is thus

E(v2)(q3, q4, q5, q8, q11, q12) = max
{
q8,min{q5, qαΣ},min{q5, qβΣ}

}
where qαΣ = 1

2 · q11 + 1
2 · q3 and qβΣ = 1

10 · q4 + 9
10 · q12. The dashed edge encodes

E(v1)(q2) =


1 if q2 >

1
2

0̃ if q2 = 0̃

0 otherwise

.

Theorem 2 (Correctness). Let G = (Π,M, {Mi}i∈Π ,→, `) be a game, m ∈
M a state and φ ∈ LATL a property. For the abstract dependency graph rooted by
(m,φ) it holds that G,m |= φ iff Amin((m,φ)) = 1.

As our domain D does not satisfy the ascending chain condition, we cannot
reuse the termination argument from [25]. We instead prove the termination by
relying on our assumption that all loops are of strictly positive magnitude.

Theorem 3 (Termination). There is k ∈ N s.t. F j(A⊥) = Amin for all j ≥ k.

Example 5. Consider the abstract dependency graph in Figure 2a. For ver-
tices v11, . . . , v14, the minimal fixed point assignment is given by Amin(v11) =
Amin(v12) = 1

10 and Amin(v13) = Amin(v14) = 1. Assuming that these assign-
ments have been pre-computed, we now repeatedly apply the fixed point operator
to compute the minimal fixed point assignment to the remaining vertices. Hence,
we start from an assignment A′ such that A′(vi) = Amin(vi) for 11 ≤ i ≤ 14
and A′(vi) = A⊥(vi) otherwise. The result can be seen in Figure 2b After 3
iterations, the fixed point has been computed with a value of 1 assigned to v1,
hence by Theorem 2 we can conclude G,m1 |= 〈〈 , 〉〉> 1

2
[aU≤8b].

5 Implementation and Experimental Evaluation

We evaluate our implementation on three different PRISM-games case studies.
In robot coordination [34] problem two robots must reach a goal by traversing
a square grid without crashing into each other; a 3-dimensional weight encodes
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experiment prism above prism
above exact prism

exact below10 prism
below10 below20 prism

below20

R-1-20-5 5.96 3.10 1.92 2.27 2.63 2.21 2.69 2.18 2.73
R-1-20-6 9.54 5.73 1.66 4.39 2.17 4.44 2.15 4.38 2.18
R-1-30-5 14.74 10.50 1.40 10.32 1.43 7.69 1.92 7.87 1.87
R-1-30-6 45.99 25.93 1.77 23.23 1.98 20.71 2.22 20.59 2.23
R-2-20-5 6.38 4.00 1.59 2.84 2.25 2.86 2.23 2.88 2.22
R-2-20-6 9.08 7.67 1.18 5.78 1.57 5.94 1.53 5.87 1.55
R-2-30-5 12.76 11.55 1.10 11.55 1.10 8.75 1.46 9.11 1.40
R-2-30-6 38.11 32.02 1.19 25.56 1.49 25.61 1.49 25.44 1.50

Average 17.82 12.56 1.48 10.74 1.83 9.78 1.96 9.79 1.96

S-1-10 1.03 0.17 6.11 0.11 9.06 0.12 8.54 0.10 10.34
S-1-20 3.32 2.14 1.55 2.07 1.60 0.95 3.48 0.91 3.64
S-2-10 1.00 0.19 5.21 0.10 9.66 0.11 9.15 0.11 9.27
S-2-20 3.74 2.47 1.51 2.37 1.57 1.03 3.62 1.08 3.45
S-3-10 0.98 0.18 5.55 0.11 8.70 0.11 9.19 0.10 9.57
S-3-20 3.95 2.59 1.52 2.30 1.72 1.29 3.05 1.07 3.69
S-4-10 1.22 0.20 6.11 0.10 11.73 0.12 10.16 0.11 11.23
S-4-20 4.84 2.49 1.94 2.47 1.96 2.31 2.10 1.11 4.36

Average 2.51 1.30 3.69 1.20 5.75 0.76 6.16 0.57 6.94

T-29-1697 50.30 55.54 0.91 56.27 0.89 55.75 0.90 53.73 0.94
T-18-1115 73.83 60.40 1.22 64.39 1.15 59.37 1.24 61.59 1.20
T-28-1803 34.43 40.21 0.86 38.53 0.89 36.94 0.93 34.84 0.99
T-29-1871 38.18 45.06 0.85 45.55 0.84 41.84 0.91 39.69 0.96
T-27-1907 38.32 20.17 1.90 17.44 2.20 17.33 2.21 17.89 2.14
T-20-1209 30.21 23.60 1.28 23.81 1.27 22.36 1.35 20.49 1.47
T-23-1565 37.27 28.34 1.32 30.49 1.22 26.96 1.38 26.96 1.38
T-16-828 20.92 27.90 0.75 26.92 0.78 26.33 0.79 25.16 0.83

Average 40.43 37.65 1.14 37.93 1.16 35.86 1.21 35.04 1.24

Fig. 4: R-A-B-C is a 2-robot model with A collaborating robots,
cost-bound of B on a grid of size C with queries of the type
〈〈r1, . . . , rA〉〉.λ(¬crash U≤(B,B,B) goal1). S-X-Y is a sensor model with 4
sensors with X collaborating sensors with a cost-bound of Y and the query
〈〈s1, . . . , sX〉〉.λ(true U≤(Y,Y) decision made). T-Q-R is task graph problem
and checks whether all tasks can be completed within at most Q time using R
energy by the query 〈〈sched〉〉.λ(true U≤(Q,R) tasks complete).

the energy consumption of both robots and the time elapsed. In collective deci-
sion making for sensor networks [13] 4 sensors must agree on 3 preferable sites;
a 2-dimensional weight encodes total energy consumption and time elapsed. In
task-graph-scheduling [9,33], a set of tasks must be scheduled on two proces-
sors; a 3-dimensional weight encodes energy consumption for each processor and
time elapsed. We also compare with a Python implementation for PCTL model-
checking from [30] on the PRISM case study synchronous leader election [29].

A package to reproduce our results can be found at http://people.cs.

aau.dk/~am/LOPSTR2020/. Our open-source implementation is written in C++
without platform specific code. To obviate the need to create our own parser
for PRISM models, we modify the export functionality in PRISM-games to con-
struct an explicit transition system that becomes an input to implementation.
Furthermore, as PRISM-games do not directly support verification of multidi-
mensional cost-bounded properties, we cannot rely on built-in reward structures

14

http://people.cs.aau.dk/~am/LOPSTR2020/
http://people.cs.aau.dk/~am/LOPSTR2020/


experiment tool above python
adg exact python

adg below10 python
adg below20 python

adg

L-4-4-10
python 0.45

11.25
0.48

12.00
0.42

10.50
0.36

12.00
adg 0.04 0.04 0.04 0.03

L-5-4-12 python 3.67
14.12

2.97
11.88

3.14
12.56

2.71
16.94

adg 0.26 0.25 0.25 0.16

L-4-6-10 python 3.8
15.83

3.64
15.83

3.16
21.07

3.24
21.60

adg 0.24 0.23 0.15 0.15

L-6-4-14 python 36.99
25.69

38.32
27.57

35.99
25.89

28.29
31.79

adg 1.44 1.39 1.39 0.89

L-5-6-12 python 88.52
42.56

91.2
45.37

86.31
63.93

85.57
62.92

adg 2.08 2.01 1.35 1.36

Average python 26.69
21.89

27.32
22.53

25.80
26.79

24.03
29.05

adg 0.81 0.78 0.64 0.52

Fig. 5: L-N-K-W is a leader election model with N processes, K choices and
queries of the form P.λ(true U≤(W,2W,3W) elected). Additionally, python de-
notes the implementation from [30] and adg denotes our implementation.

and instead introduce variables to capture the accumulated cost. For each model-
checking question, we bound the variables by a precision derived from the prop-
erty, effectively creating a bounded unfolding of the original model, sufficient for
verifying the query in question. As the model is bounded by the query precision,
it is sufficient to verify in PRISM-games the corresponding unbounded query to
solve the original model-checking problem.

5.1 Results

Experiments are run on a Ubuntu 14.04 cluster with AMD Opteron 6376 proces-
sors. Each experiment has a maximum time-out of two hours and 14GB of virtual
memory. Figure 4 displays the experimental data for the PRISM-games compar-
ison. The verified formulae are of the form 〈〈C〉〉.λ(ψ) and specified in the caption
of the table—the weight dimension being 3 for the robot experiment and 2 for
the remaining two. The column labelled with ‘prism’ shows the time (in seconds)
it took PRISM-games to verify a query (as PRISM-games computes the exact
solution, the times do not vary for the different variants of the formula). The
columns for ‘above’ (λ = p+ 0.000001), ‘exact’ (λ = p), ‘below10’ (λ = p− p

10 )
and ‘below20’ (λ = p − p

5 ) describe the different instantiations of λ used in the
queries, where p is the exact probability computed by PRISM-games. Hence, it
is always the case that a formula is satisfied for ‘exact’, ‘below10’, ‘below20’ and
never for ‘above’. The remaining columns, e.g. prism

above , show the speedup-ratio. As
both tools rely on the explicit engine of PRISM-games for model construction,
we report only the time spent on verification, as the model construction time is
identical for both tools.

The experiments show that for formulae that query the exact or slightly above
probability, our on-the-fly approach achieves verification times comparable or
better than those of PRISM-games. Our approach takes slightly more time to
derive that a formula does not hold, which is expected for an on-the-fly method.
Our running times in general improve as we allow for more slack in the λ bound.
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The robot experiment achieves on average about twice as fast verification for
the ‘below10’ and ‘below20’ queries. In the sensor experiment, the certain-zero
approach in combination with on-the-fly verification achieves for the ‘below20’ on
average seven times faster verification, sometimes showing an order of magnitude
improvement. Regarding the memory consumption, our method uses on average
3.4 times less memory on the robot experiment, 11.0 times less memory on the
sensor experiment and 1.5 times less memory on task graphs.

The efficiency of our approach comes from i) early termination including
the certain-zero optimization and ii) the local (on-the-fly) construction and
exploration of the ADG. In contrast to PRISM-GAMES, we do not calculate
the entire fixed point but only what is necessary to answer the model-checking
question. Experiments show that we are on average 30%, 50%, and 15% (resp.)
times faster for the robot, sensor, and task graph cases (resp.) when terminating
early as opposed to computing the entire fixed point.

Figure 5 displays the experimental data for the comparison with the Python
PCTL model checker from [30], for the synchronous leader election case-study
where the weight dimension is 3. Each row in Figure 5 describes a leader election
instance, run using both the Python implementation (python) and our C++
implementation (adg). The columns labelled python

adg show the speedup relative

to the previous column (i.e. the column to left). The C++ implementation is
an order of magnitude faster than the Python implementation and tends toward
two orders of magnitude as the size of the model increases.

6 Conclusion

We presented an on-the-fly technique for answering whether a turn-based stochas-
tic multiplayer game with weighted transitions satisfies a given alternating-time
temporal logic formula with upper-bounds on the accumulated weight in the
temporal operators and lower-bounds on the probabilities that a certain path
formula is satisfied. Our approach reduces the problem to the computation of
minimum fixed point on a recently introduced notion of abstract dependency
graphs, using a novel reduction relying on a special abstract domain that in-
cludes the certain-zero optimization. We formally prove the correctness of our
reduction and provide an efficient C++ implementation. On a series of exper-
iments, we compare the performance of our approach with PRISM-games and
show in several instances the advantage of using on-the-fly algorithm compared
to the traditional value-iteration method. Our current implementation does not
explicitly output winning strategies, however, this information can be recovered
from the fixed point computed on the constructed ADG. Other interesting ap-
plications of the framework include verifying logics involving both minimal and
maximal fixed points, such as the modal µ-calculus [24], efficient analysis of vari-
ous process algebra such as CCS with quantities (generalizing [21]) and symbolic
analysis of timed systems (see e.g [11]).
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Appendix

A Proofs

Proof. Let v ∈ V be a vertex. We prove the following, by structural induction:

1. If v = (m,φ) is a concrete state,

G,m |= φ iff Amin(v) = 1 .

2. If v = (m,φ?) is a symbolic vertex, where φ? is of the form 〈〈C〉〉.?(ψk), either

– There exists a p ∈ [0, 1] such that

Amin(v) = max
σC∈SC

min
σC∈SC

PσC ,σCG ({π ∈ Paths(m) | G, π |= ψk}) = p ,

– or it is the case that

Amin(v) = 0̃ and max
σC∈SC

min
σC∈SC

PσC ,σCG ({π ∈ Paths(m) | G, π |= ψk}) = 0 .

Clearly the theorem follows from (1).
We proceed by a case-analysis.

[v = (m, a) ]:
As v is a concrete vertex, we consider (1). By the encoding, it follows trivially
that Amin(v) = 1 if and only if a ∈ `(m) and by PWATL semantics we thus
have G,m |= a.

[v = (m,¬a) ]:
Similar to the case v = (m, a).

[v = (m,φ1 ∨ φ2) ]:
As v is a concrete vertex, we consider (1). By PWATL semantics, G,m |=
φ1 ∨ φ2 if and only if G,m |= φ1 or G,m |= φ2. By the inductive hy-
pothesis, G,m |= φ1 if and only if Amin((m,φ1)) = 1 and G,m |= φ1 if
and only if Amin((m,φ2)) = 1. By the encoding, we thus have Amin(v) =
max{Amin((m,φ1)), Amin((m,φ2))} = 1 if and only if G,m |= φ1 ∨ φ2, prov-
ing (1).

[v = (m,φ1 ∧ φ2) ]:
Similar to the case v = (m,φ1 ∧ φ2).

[v = (m, 〈〈C〉〉.λ(φ1U≤kφ2)) ]:
As v is a concrete vertex, we consider (1). By the encoding, vertex v has a
single dependency, given by the vertex v′ = (m, 〈〈C〉〉.?(φ1U≤kφ2).
For the left-to-right implication, we assume G,m |= 〈〈C〉〉.λ(φ1U≤kφ2) and
prove that this implies Amin(v) = 1. By PWATL semantics, we have that
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G,m |= 〈〈C〉〉.λ(φ1U≤kφ2) implies that there exists a strategy for the coalition
C such that the probability of satisfying the inner path formula yields a
probability p ∈ [0, 1], such that p . λ. In particular, there exists a maximal
one. By applying the inductive hypothesis for v′, we then have Amin(v′) = p
and by the labelling function of v, we can conclude that Amin(v) = 1 if and
only if Amin(v′) . λ.
For the right-to-left implication, we assume Amin(v) = 1 and prove that
this implies G,m |= 〈〈C〉〉.λ(φ1U≤kφ2). By the labelling function of v, we
immediately have that Amin(v) = 1 if and only if Amin(v′) . λ. By applying
the inductive hypothesis to v′, we have that there exists a strategy σC for
C that maximises the probability of satisfying the inner path formula, and
that the probability is given by Amin(v′). Hence, σC is a witness for the
satisfaction of 〈〈C〉〉.λ(φ1U≤kφ2) by m.

[v = (m, 〈〈C〉〉.λ(X≤kφ)) ]:
Similar to the case v = (m, 〈〈C〉〉.λ(φ1U≤kφ2)).

[v = (m, 〈〈C〉〉.?(φ1U≤kφ2)) ]:

As v is a symbolic vertex, we consider (2). Let φk
′

? = 〈〈C〉〉.?(φ1U≤k′φ2) for
any k′ ∈ Nn. We consider in the following the case where m ∈ Mi for some
player Mi ∈ C. The argument can easily be modified for the other case.
The encoding implies that Amin(v) is given by

max {Amin((m,φ2),min{Amin((m,φ1)), qα1

Σ }, . . . ,min{Amin((m,φ1)), qαnΣ }} .

where qαΣ =
∑jα
i=1 p

α
i · Amin((mα

i , φ
k−wαi
? )) is the weighted sum of successor

values for any k-enabled action α ∈ Actk(m).
We now consider three cases:

(a) G,m |= φ2.

(b) G,m 6|= φ2 and G,m 6|= φ1.

(c) G,m 6|= φ2 and G,m |= φ1.

For (a), clearly Amin(v) = 1 and by PWATL semantics it follows that
the probability of satisfaction of the inner path formula by any path in
Paths(m) is 1, independent of the strategies chosen for C and C. Hence,
max
σC∈SC

min
σC∈SC

PσC ,σCG ({π ∈ Paths(m) | G, π |= ψk}) = 1.

For (b), similar reasoning implies that Amin(v) ∈ {0, 0̃} and the probability
of satisfying the inner path formula is 0, no matter the coalition strategies.
Hence, both cases of (2) are satisfied.
For (c), we have

Amin(v) = max {qα1

Σ , . . . , qαnΣ } = q
αj
Σ

for some 1 ≤ j ≤ n. By application of the inductive hypothesis for (2),
we have, for all 1 ≤ i ≤ jαj that there exists a strategy ensuring that
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the probability of picking a path from m
αj
i that satisfies φ1U≤k−w

αj
i
φ2 is

maximal and where the probability is given by Amin((mγ
i , φ

k−wγi
? )).

We consider now the two cases Amin(v) = p ∈ [0, 1] and Amin(v) = 0̃ in (2).
If Amin(v) = 0̃ we have, by definition of operations on 0̃, that

Amin((m
αj
i , φ

k−w
αj
i

? )) = 0̃

for any αj-successor m
αj
i . Hence the maximal successor strategies have to

assign probability 0 for the satisfaction of the formulae φ1U≤k−w
αj
i
φ2. As

the action αj is maximal, we can conclude that there exists no strategy
that makes φ1U≤kφ2 satisfiable by paths from m and we can conclude that
max
σC∈SC

min
σC∈SC

PσC ,σCG ({π ∈ Paths(m) | G, π |= ψk}) = 0.

If Amin(v) = p ∈ [0, 1], recall that

Amin(v) = q
αj
Σ =

jαj∑
i=1

p
αj
i ·Amin((m

αj
i , φ

k−w
αj
i

? )) .

It then follows that there exists a maximizing strategy, ensuring that the
probability of picking a path from m that satisfies φ1U≤kφ2 is q

αj
Σ , by ex-

tending the successor strategies with the action αj . Hence,

Amin(v) = max
σC∈SC

min
σC∈SC

PσC ,σCG ({π ∈ Paths(m) | G, π |= ψk}) .

[v = (m, 〈〈C〉〉.?(X≤kφ)) ]:
Similar to the case v = (m, 〈〈C〉〉.?(φ1U≤kφ2)). ut

Proof. As the accumulated cost of any loop of any game is of strictly positive
magnitude, the abstract dependency graph encoding for any PWATL model-
checking problem is a directed acyclic graph. Hence, by the monotonicity of E ,
the value of any vertex can only change a finite number of times during the fixed
point computation. ut

B Adapting PRISM-games to our domain

Although PRISM-GAMES supports reward-structures that assign rewards to
states and transitions, reward-bounded properties of the form φ1U≤kφ2 where
the dimensionality of k is greater than 1, cannot directly be expressed in the
query language of PRISM-games. To solve this problem, we modify the exist-
ing models for each of the three case-studies so that verifying a reward-bounded
property is reduced to verifying a corresponding unbounded formula on the mod-
ified model. To illustrate our approach, we consider a PRISM-games encoding of
the running example in Figure 1a, with respect to the query 〈〈C〉〉> 1

2
[aU≤8b] with

C = { , }. The resulting PRISM-games model can be seen in Listing 1.1. The
model utilizes a query precision qw to do a finite unfolding of the model sufficient
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for verification of the query. Each module represents the behaviour of states be-
longing to a given player. For each cost dimension, we introduce a variable to
keep track of the accumulated weight in the finite unfolding of the game. In this
case the dimension is 1 and the variable is accw. Using weightOK on all guards en-
sures that the underlying transitions respect the precision qw given by the query.
Given the encoding, the corresponding unbounded property to verify is given
by the PRISM-games query 〈〈circle, diamond〉〉P> 1

2
[“a”U (“b” & “weightOK”)]

where qw is set to 8 in the model.
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Listing 1.1: PRISM encoding of running example

1 smg
2 // The p l ay e r s
3 p laye r c i r c l e c i r c l e endplayer
4 p laye r diamond diamond endplayer
5
6 const i n t q w ; // Query p r e c i s i o n
7 const i n t max cost = 5 ; // Max cos t
8 const i n t w max = q w + max cost ; // Max accumulated weight
9 g l o b a l acc w : [ 0 . . w max ] ; // Accumulated weight

10 formula weight OK = ( acc w <= q w ) ; // Command guard
11 g l o b a l s t a t e : [ 1 . . 3 ] i n i t 1 ; // m1,m2,m3
12
13 module c i r c l e
14 [ ] s t a t e=1 & weight OK
15 −> ( 0 . 5 ) : ( s ta te ’=2) & ( acc w ’=acc w+3) +
16 ( 0 . 5 ) : ( acc w ’=acc w+5) ;
17 [ ] s t a t e=1 & weight OK
18 −> ( 0 . 1 ) : ( s ta te ’=3) & ( acc w ’=acc w+3) +
19 ( 0 . 9 ) : ( acc w ’=acc w+3) ;
20 [ ] s t a t e=3 & weight OK
21 −> ( acc w ’=acc w+1) ;
22 endmodule
23
24 module diamond
25 [ ] s t a t e=2 & weight OK
26 −> ( s ta te ’=3) & ( acc w ’=acc w+1) ;
27 [ ] s t a t e=2 & weight OK
28 −> ( acc w ’=acc w+1) ;
29 endmodule
30
31
32 // State l a b e l s
33 l a b e l ”weight OK” = weight OK ;
34 l a b e l ”b” = s t a t e =3;
35 l a b e l ”a” = s t a t e=1 | s t a t e =2;
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